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Abstract
We study the regularity of the law of a quadratic form Q(X , X), evaluated in a
sequence X = (Xi ) of independent and identically distributed random variables,
when X1 can be expressed as a sufficiently smooth function of a Gaussian field.
This setting encompasses a large class of important and frequently used distributions,
such as, among others, Gaussian, Beta, for instance uniform, Gamma distributions,
or else any polynomial transform of them. Let us present an emblematic application.
Take X = (Xi ) a sequence of independent and identically distributed centered ran-
dom variables, with unit variance, following such distribution. Consider also (Qn)

a sequence of quadratic forms, with associated symmetric Hilbert–Schmidt opera-
tors (A(n)). Assume that Tr[(A(n))2] = 1/2, A(n)

i i = 0, and the spectral radius of
A(n) tends to 0. Then, (Qn(X)) converges in a strong sense to the standard Gaus-
sian distribution. Namely, all derivatives of the densities, which are well-defined for
n sufficiently large, converge uniformly on R to the corresponding derivatives of the
standard Gaussian density. While classical methods, from Malliavin calculus or �-
calculus, generally consist in bounding negative moments of the so-called carré du
champ operator �(Q(X), Q(X)), we provide a new paradigm through a second-order
criterion involving the eigenvalues of aHessian-typematrix related to Q(X). ThisHes-
sian is built by iterating twice a tailor-made gradient, the sharp operator �, obtained
via a Gaussian representation of the carré du champ. We believe that this method,
recently developed by the authors in the current paper and Herry et al. (Ann Probab
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52(3):1162–1200, 2024), is of independent interest and could prove useful in other
settings.
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Introduction

Main contributions

Regularity of the law of random variables via Dirichlet form analysis

We study the regularity of the law of a real-valued random variable F , that is a smooth
function of aGaussian field. Thanks to theMalliavin calculus, the underlyingGaussian
structure, called the Wiener space, comes equipped with a Dirichlet form. Here, we
merely recall that the theoryofDirichlet formprovides an ansatz of differential calculus
at the level of the probability space, yielding, in particular, an integration by parts
formalism. Roughly speaking, our analysis builds upon the three following ingredients
at the heart of the theory of Dirichlet forms:

(i) the carré du champ, an unbounded non-negative bilinear form �;
(ii) the infinitesimal generator, an unbounded linear operator L;
(iii) and an algebra of smooth random variables D∞, stable under L and �.

Reminders on Dirichlet forms on the Wiener space are given in Sect. 1.3.1. We nev-
ertheless recall, in this introduction, the fundamental interplay between those three
objects through the integration by parts formula:

E [−XLY ] = E [�(X , Y )] , X , Y ∈ D
∞.

Our techniques allow us to study finely the regularity of the law of a quadratic form in
smooth random variables. To formulate our main result, let us define, for a symmetric
Hilbert–Schmidt operator A with spectrum (λi ), the spectral remainders

Rq(A):=
∑

i1 �=···�=iq

λ2i1 . . . λ2iq
, q ∈ N,

We also recall the definition of the influence of A

τ(A):= sup
i∈N

∑

j∈N

(
a(n)

i j

)2
.

Theorem A (Theorem 2.10) Let (Xi ) be independent copies of a centred and unit
variance random variable X ∈ D

∞. Assume, moreover that,

E
[
�(X , X)−θ

]
< +∞, (0.1)
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for some θ > 0. Let
{
A(n) = (a(n)

i j ) : n ∈ N

}
be a sequence of symmetric Hilbert–

Schmidt operators on �2(N) such that a(n)
i i = 0 for i ∈ N, and

lim inf
n→∞ Rq(A(n)) > 0, q ∈ N;
lim

n→∞ τ(A(n)) = 0.

Then, for all q ∈ N, there exists Nq such that

law
[
〈X ,A(n) X〉

]
∈ C q , n ≥ Nq .

Moreover,

sup
n≥Nq

∥∥∥law
[
〈X ,A(n) X〉

]∥∥∥
C q

< +∞.

Let us illustrate Theorem A by a concrete application. To our knowledge, the fol-
lowing corollary is the first result in the literature providing C∞-convergence for
non-linear polynomial functionals of non-Gaussian random variables. For the sake of
simplicity, we state the result in the setting of uniform distributions. As established in
Sect. 3.1, the uniform variables (Ui ) in the Corollary below can be taken in a larger
class of random variables, including, for instance, the Gaussian variables, the Beta
variables, the Gamma variables, and the multi-linear polynomials thereof. We say that
a sequence of random variables (Xn) C∞-converges to a random variable X with
smooth density f provided for all p ∈ N, there exists Np such that for n ≥ Np, Xn

admits a density fn ∈ C p and

‖ f (p)
n − f (p)‖∞ → 0, p ∈ N.

In this case, we write Xn
C∞−−−→

n→∞ X .

Corollary Take
{
A(n) = (a(n)

i j ) : n ∈ N

}
a sequence of symmetric Hilbert–Schmidt

operators on �2(N) such that a(n)
i i = 0 for i, n ∈ N, and

Tr[(A(n))2] = 1, n ∈ N,

ρ(A(n)):= sup
λ∈spec(A(n))

∣∣λ
∣∣ −−−→

n→∞ 0.

Take also (Ui ) a sequence of independent uniform variables on [−1, 1]. Then

∑

i j

a(n)
i j UiU j

C∞−−−→
n→∞ N (0, 2/3).
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Proof By a classical result of [25], the above spectral conditions imply convergence
in law to a Gaussian. Moreover, by Theorem 3.2 the uniform distribution satisfies the
assumption of Theorem A. In particular, all the C q -norms of the cumulative distri-
bution function Fn are uniformly bounded (for n large enough). Since the Gaussian
distribution has no atom, by a standard Dini-type argument, (Fn) converges uniformly.
By the Landau–Kolmogorov inequality

‖Fn‖C q ≤ √
2‖Fn‖1/2C q−1‖Fn‖1/2C q+1 ,

and, thus, proceeding by induction, (Fn) converges in all C q . �


Motivations and related works

Smooth central limit theorem

It is part of the probabilistic folklore, that if (Xi ) is a sequence of centred, normalized,
independent and identically distributed random variables whose common law has
density in a Sobolev space, then the regularity of the law of the linear functionals

Sn := 1

n1/2

n∑

i=1

Xi ,

improves with n. This fact can be seen at the level of the decay of the Fourier transform
of Sn , by exploiting the linearity of Sn and the associated convolution structure, see
for instance [16]. Our work leverages the theory of Malliavin calculus on the Wiener
space to obtain a non-linear equivalent of this regularization phenomenon.

Improving the type of convergence in the central limit theorem for non-linear
functionals of random fields is a longstanding and intensively studied problem in
probability theory. The lack of linearity rules out methods based on convolution struc-
ture and its regularization properties. Hence, establishing smooth limit theorems, in
this non-linear setting, turns out to be a much harder task.

When the Xi ’s are independent Gaussian, let usmention, among other, theworks [2,
10, 21] that establish that central convergence in law can be improved to convergence
in total variation; while [23] derives similar result for convergence in entropy. In our
companion paper [11], we derive that, on Wiener chaoses, central convergence can
actually always be improved to C∞ convergence of the densities.

For non-Gaussian random variables, less results are available. See however, [3, 4]
where convergence in total variation is consideredwhen the common law of uderlyings
Xi ’s admits an absolutely continuous part. As in the present article, all the aforemen-
tioned results are derived through ideas pertaining to Malliavin calculus and Dirichlet
forms.

We stress out that we do not need to assume asymptotic normality, or even con-
vergence in law, of the random variables under consideration, as our conditions in
Theorem A hold in a wider context. In some cases, it is however, possible to recover
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those conditions from asymptotic normality. See, for instance Sect. 3.2.1, for concrete
examples.

Regularity of the law via positivity of the carré du champ

In his seminal work Malliavin [17] lays the foundation of an infinite dimensional
differential calculus at the level of theWiener space to study the regularity of the density
of a solution of a SDE, thus giving a new proof of a celebrated theorem by Hörmander
[14]. Malliavin [17] establishes that some form of positivity of the Malliavin gradient
implies some form of regularity at the level of the law. Since then, the existence of
negative moments of the Malliavin gradient plays a prominent role in many works
related to Gaussian analysis (see, for instance, [1, 8, 12, 19, 27] for recent works). In
the literature, the problemof existence of negativemoments is,most of the time, tackled
on a case by case basis exploiting the specificity of the model under consideration, or
taken as an assumption. To the best of our knowledge, [6] is the only work developing
a comprehensive theory of regularity for general Gaussian polynomials. They obtain
results regarding Besov regularity, and their work is also based on the study of the
Malliavin derivative. In this work, we introduce novel ideas to systematically study
the existence of negative moments of the Malliavin derivative, allowing us to derive
C∞ regularity of the density beyond the case of Gaussian polynomials.

Outline of the proof and of our construction

A Gaussian representation of the carré du champ

As anticipated, we derive explicit controls of the negative moments of �(F, F), for
some F = F(X1, X2, . . . ) ∈ D

∞, where (Xi ) are independent copies of X ∈ D
∞

satisfying E
[
�(X , X)−θ

]
< ∞ for some θ > 0. Each Xi is a function of variables

(Yi,k)k such that (Yi,k)i,k is an array of independent standard Gaussian variables. We
define in Sect. 2.1.2 the Bouleau derivative:

�G F :=
∑

i∈N
(∂xi F)(DXi · �Gi ),

where G = (Gi,k)i,k is an array of independent standard Gaussian variables inde-
pendent of the underlying Wiener space generated by the (Yik)ik , �Gi :=(Gi,k)k , and
DXi :=(∂yk Xi )k . By construction, �G F has the same law as �(F, F)1/2N where N
is an independent standard Gaussian variable. In particular, we have the following
Fourier–Laplace identity:

E
[
exp (it�G F)

] = E
[
exp

(
− t2

2
�(F, F)

)]
.

From this identity, we see that existence of negative moments for �(F, F) is equiv-
alent to some sufficiently fast Fourier decay of �G F , which in turn is equivalent to
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some regularity of the law of �G F . Combining all of this, we obtain the following
intermediary result.

Theorem B (Theorem 2.4) Assume that �G F has a smooth law, then so does F.

Remark 0.1 We have used the Bouleau derivative and a similar idea in [11] to study
regularization on Wiener chaoses.

Comparison of the Malliavin derivative and the Bouleau derivative

In the theory of Dirichlet forms, and in particular in Gaussian analysis, it is rather
standard to represent the carré du champ � through a so-called Malliavin derivative.
This consists in a separable Hilbert space G together with a map ∇ : L2 → L2(G)

such that

‖∇F‖2
G

= �(F, F).

All separable Hilbert spaces being isomorphic little care is usually given to the choice
of G. The Bouleau derivative �G F is a Malliavin derivative, where we take G to
specifically be a Gaussian space. By doing so, we introduce gaussianity in a a priori
non-Gaussian world, and we can now leverage the rich structure of Gaussian analysis.
This paradigmatic shift in the representation of the derivative is reminiscent of proof
of the isometric embeddality of �2(N) into Lq(0, 1), where �2(N) is explicitly sent
into the Gaussian space. Namely, we identify every v = (vi ) ∈ �2(N)with a Gaussian
variable G(v):=∑i vi Ni with (Ni ) a standard Gaussian sequence. Then, G(v) has
finite q-moment for all q ∈ N, an information that we could not have gained, have we
stayed in �2(N). The idea of taking derivatives in the direction of Gaussian variables
can be traced back to a slightly different construction of Bouleau [7, Chap. V §2] to
study different problems.

Introducing a non-linearity by iterating the derivative

The object �G F is still too close from F , and we were not able to derive meaningful
estimates by working directly at the level of �G F . This motivates the introduction
of the second derivative �H �G F . For another array H = (Hj,l) jl of independent
standard Gaussian variables, also independent of G and Y , we define iterated Bouleau
derivative

�H �G F :=
∑

i, j∈N
(∂xi ∂x j F) (DXi · �Gi ) (DX j · �Hj ) +

∑

i∈N
(∂xi F) �Hi · ([D2Xi ] �Gi ),

where D2Xi :=(∂yk ∂yl Xi )kl . This definition simply corresponds to applying the
Bouleau derivative defined above to the random variable �G F where in this case
we see G as being frozen. The first sum on the right-hand side has the same law as
〈U , (�1/2(∇2F)�1/2)V 〉, where (∇2F)i j = (∂xi ∂x j F), �:=diag(�(X1, X1), �(X2,
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X2), . . . ), and U = (Ui ) and V = (Vi ) are two independent standard Gaussian vec-
tors. Similarly to T. Royen’s proof of the Gaussian correlation inequality [26], we
exploit properties of square of Gaussian variables rather than of Gaussian variables
directly. In our case, this allows us to control, in Proposition 2.8, the regularity of
�H �G F in terms of a quantity related to �1/2(∇2F)�1/2.

Iterating the argument leading to Theorem B, we obtain in Theorem 2.5, that when-
ever the law of �H �G F is smooth then the law of F is also smooth. Concretely, our
reasoning rely on the following chain of implications

�H �G F smooth
Fourier–Laplace�⇒ E

[
�(�G F, �G F)−q ] < ∞, ∀q ∈ N

Malliavin calculus�⇒ �G F smooth

Fourier–Laplace�⇒ E
[
�(F, F)−q ] < ∞, ∀q ∈ N

Malliavin calculus�⇒ F smooth.

Controlling the iterated Bouleau derivative of a quadratic form

When considering a quadratic form F :=〈X ,AX〉, with A a deterministic symmet-
ric Hilbert–Schmidt operators, the term to control in the iterated Bouleau derivative
�H �G F is of the special form: �1/2∇2F�1/2 = �1/2A�1/2, where the randomness
only comes from the diagonalmatrix�. Owing to this particular form,we can explicitly
control this quantity under some spectral assumptions on A, which gives Theorem A.
As a main technical tool, we use two results of independent interest:

• a result showing that existence of a negative moment is preserved by taking multi-
linear polynomials (Proposition 2.12);

• a splitting argument that allows us to improve the positivity of some quantities
under spectral conditions (Proposition 2.16).

These results complement, and are actually based, on existing results regarding invari-
ance and anti-concentration for multi-linear polynomials [9, 18].

Embedding common laws in our setting

To apply our result, we verify thatmany common laws fit in our setting.More precisely,
in Theorem 3.1, we show that under polynomial growth conditions on the derivatives
of the quantile function of a law μ, there exists X ∈ D

∞ with law μ. The condition
E
[
�(X , X)−θ

]
< ∞, is satisfied as soon as μ admits a density in L1+ε for some

ε > 0. In particular, we verify in Theorems 3.2 and 3.4 that all the Beta and Gamma
distributions can be realized on the Wiener space in a way that is suitable to apply our
result. Even though the proofs of the above theorems are mostly computational, the
authors were not aware that the Gaussian setting was rich enough to support such a
variety of laws, and we find this phenomenon of independent interest.
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1 Reminders and notations

1.1 Linear algebra

1.1.1 Symmetric Hilbert–Schmidt operators

We write �2(N) for the usual Hilbert space of square-integrable N-indexed sequences
x = (xi : i ∈ N). A symmetric Hilbert–Schmidt operator A acting on �2(N) can be
identified with a bi-sequence A � (ai j : i, j ∈ N) satisfying:

symmetry ai j = a ji for all i and j ∈ N;
square-integrability Tr A2:=‖a‖2

�2
:=∑i, j a2

i j < ∞;

We sometimes also assume that A has a vanishing diagonal, that is aii = 0 for all
i ∈ N.
(a) Eigenvalues and spectral quantities The operator A is diagonalizable in an
orthonormal basis with real eigenvalues (λi : i ∈ N). We always assume that they are
decreasingly ordered by the absolute values of their eigenvalues:

∣∣λ1
∣∣ ≥ ∣∣λ2

∣∣ ≥ . . . .
The square-integrability can be rephrased in terms of the eigenvalues

Tr A2 =
∑

i∈N
λ2i < ∞.

We consider various quantities associated with A:

• the spectral radius

ρ(A):= sup
i∈N

∣∣λi
∣∣;

• the spectral remainders

Rq(A):=
∑

i1 �=···�=iq

λ2i1 . . . λ2iq
, q ∈ N;

• the partial influences

τi (A):=
∑

j∈N
a2

i j , i ∈ N;

• the maximal influence

τ(A):= sup
i∈N

τi (A) = sup
i∈N

∑

j∈N
a2

i j .

We always have that

τi (A) ≤ τ(A) ≤ Tr A2.
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For I and J ⊂ N, we also write

A(I , J ):=(ai j : (i, j) ∈ I × J ),

for the extracted operator. As anticipated, our Theorem 2.10 deals with operator whose
spectral remainders are positive and influence is small. The following result shows that
it is actually sufficient to control the spectral radius.

Lemma 1.1 Let A be a symmetric Hilbert–Schmidt operator with Tr A2 = 1. Then,

Rq(A) ≥
q−1∏

k=1

(1− kρ(A)2) (1.1)

τ(A) ≤ ρ(A)2. (1.2)

Proof By definition,

Rq(A) =
∑

i1 �=···�=iq−1

λ2i1 . . . λ2iq−1

⎛

⎝
∑

iq /∈{i1,...,iq−1}
λ2iq

⎞

⎠

≥ Rq−1(A)
∑

i≥q

λ2i ≥ Rq−1(A)(1− (q − 1)ρ(A)2).

The first inequality is true since the (λ2i ) is non-increasing. (1.1) follows by an imme-
diate induction. Take i ∈ N. For (1.2), consider ei the i-th vector of the canonical
basis. Then,

τi (A) = ‖Aei‖2 ≤ ρ(A)2.

Taking the supremum over i ∈ N completes the proof. �

(b) Properties of the spectral remainders Provided rank A < q, then Rq(A) = 0.
Actually, the spectral remainderRq(A) measures the distance of A to the operators of
rank q. See [11, Lem. 3 & 4] for a precise statement.

The following representation of the spectral remainder will come handy.

Lemma 1.2 ([15, Thm. 6]) For a symmetric Hilbert–Schmidt operator A:

Rq(A) =
∑

I , J⊂N∣∣I
∣∣=
∣∣J
∣∣=q

[det A(I , J )]2.

1.1.2 Determinantal operators associated with a Hilbert–Schmidt operator

Let q ∈ N andPq(N):= {I ⊂ N : ∣∣I ∣∣ = q
}
. We identifyP1(N) = N. In view of the

Cauchy–Binet formula, it is natural to consider the operatorB:=(bI J : I , J ∈ Pq(N))

with non-negative coefficients
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bI J :=[det A(I , J )]2.

We treat B as a genuine operator, however due to the non-negative nature of its entries,
we consider �1-quantities rather than �2:

• the total mass:

σ(B):=‖b‖�1 :=
∑

I ,J

bI J = Rq(A);

• the �1-partial influences of the index i :

υi (B):=
∑

I , J∈Pq (N)

1i∈I∪J bI J ;

• the �1-maximal influences:

υ(B):= sup
i

υi (B).

Lemma 1.3 With the above notations, assume that Tr A2 = 1, then

υ(B) ≤ 2qτ(A).

Proof Let i ∈ N. For I and J ∈ Pq(N), write I = {i1, . . . , iq
}
and J = { j1, . . . , jq

}

with the elements being increasingly ordered. By definition,
q the set of permutations
on {1, . . . , q}, we have

det A(I , J ) =
∑

σ∈
q

(−1)
∣∣σ
∣∣ q∏

l=1

ail jσ(l) .

By Jensen’s inequality,

bI J = [det A(I , J )]2 ≤ q!
∑

σ∈
q

q∏

l=1

a2
il jσ(l)

.

Thus, we find that

υi (B) ≤
∑

I∪J�i

q!
∑

σ∈
q

q∏

l=1

a2
il jσ(l)

.

On the one hand, when ( j1, . . . , jq) ranges through increasingly ordered sets,
( jσ(1), . . . , jσ(q)) for σ ranging in
q ranges through all non-ordered sets. On the other
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hand to go from increasingly ordered (i1, . . . , iq) to pairwise disjoint (i1, . . . , iq), we
have to pay a factor q!. It follows that

υi (B) ≤ 2
∑

i1 �=···�=iq

∑

j1 �=···�= jq

1{∃l:il=i}
q∏

l=1

a2
il jl .

By symmetry, we finally get

υi (B) ≤ 2q

⎛

⎝
∑

j

a2
i j

⎞

⎠

⎛

⎝
∑

k, j

a2
k j

⎞

⎠
q−1

= 2qτi (A)
(
Tr A2

)q−1
.

This concludes the proof since Tr A2 = 1. �


1.2 Sobolev regularity and Sobolev regularity in Fourier modes

1.2.1 Regularity for functions

We recall notions regarding Sobolev regularity of a function f that we use to measure
the regularity of the density of random variables.

(a) Hölder regularity. For k ∈ N, we write C k for the space of k times continuously
differentiable functions on R, equipped with the norm

‖ f ‖C k := max
l=1,...,k

sup
{∣∣ f (l)(x)

∣∣ : x ∈ R
}
.

Additionally, for α ∈ [0, 1], we write C k,α for the space of f ∈ C k whose k-th
derivative is also α-Hölder, equipped with the norm

‖ f ‖C k,α :=‖ f ‖C k + sup
x �=y

∣∣ f (k)(x) − f (k)(y)
∣∣

∣∣x − y
∣∣α .

(b) Sobolev regularity. Actually, it is more convenient to work with the notion of
weak regularity whose basic definitions are recalled below. For p ∈ [1,∞], we write
L p for the Lebesgue space of order p on R. We also define S is the Schwartz
space of rapidly decreasing functions on R, and S ′ is its dual the space of tempered
distributions. On S ′, we can define by duality a derivative operator ∂ . By spectral
calculus, we can actually make sense of any power of the Laplace operator, that
is we can define, for all s ∈ R+, the operator (1 − ∂2)s on S ′. Every element
f ∈ L p induces a tempered distribution still denoted by f . Conversely, for a tempered
distribution T we write T ∈ L p whenever it is induced by a function in L p. Recall
the definition of the fractional Sobolev spaces:

W s,p:=
{

f ∈ S ′ : (1− ∂2)s/2 f ∈ L p
}

, p ∈ [1,∞], s ∈ R,
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equipped with the norm

‖ f ‖W s,p :=‖(1− ∂2)s/2 f ‖L p .

For s ∈ N, the Sobolev norm ‖·‖W s,p is equivalent to the classical Sobolev norm

‖ f ‖L p + ‖∂s f ‖L p .

Sobolev spaces are relevant for our analysis due to the celebrated Sobolev embeddings

W s,p ↪→ C k,α, k + α = s − 1

p
, k ∈ N, α ∈ [0, 1]. (1.3)

(c) Sobolev regularity in Fourier mode. In this work, it is convenient to work
with the Fourier transform. Recall that by duality, we can define, on S ′, the Fourier
transform, and its inverse F−1. Recall that the Fourier transform sends differential
operators to multiplication operators. In particular,

F[(1− ∂2)s f ](ξ) = (1+ ξ2)s f̂ (ξ), ξ ∈ R, s ∈ R.

We also write f̂ = F f . We then define the Sobolev space in Fourier mode

FW s,p:=
{

f ∈ S ′ : (ξ �→ (1+ ξ2)s/2 f̂ (ξ)) ∈ L p
}

, p ∈ [1,∞], s ∈ R,

equipped with the norm

‖ f ‖FW s,p :=‖(1+ ξ2)s/2 f̂ ‖L p =
∥∥∥F[(1− ∂2)s/2 f ]

∥∥∥
L p

.

Due to the Fourier isomorphism theorem [13, Thm. 7.1.11], we have that FW s,2 =
W s,2 for all s ∈ R. In general, by [13,Thm. 7.1.13], for p ∈ [1, 2] and p′:=p/(p−1) ∈
[2,∞] the Hölder conjugate of p, we have that F : L p → L p′

is bounded. While,
by [13, Thm. 7.9.3], for q > 2, and s > 1/2 − 1/q, F : L q → W −s,2 is bounded.
Consequently, we have that

W s,p ↪→ FW s,p′
↪→ W s−t,2, p ∈ [1, 2], s ∈ R, t >

1

p
− 1

2
. (1.4)

1.2.2 Regularity at the level of the random variable

It is more convenient tomanipulate quantities defined at the level of a random variables
rather than referring to its density. Whenever a random variable Z has density f , we
let

Ns,p(Z):=‖ f ‖FW s,p

Ws,p(Z):=‖ f ‖W s,p .
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We easily verify that

Ns,p(Z) =
(∫ ∣∣

(
1+ ξ2

)s/2
E
[
eiξ Z

] ∣∣pdξ
)1/p

,

where, when p = ∞, the above integral is understood as an essential supremum.
Owing to the duality between L p and L p′

, we find that, for s ∈ N

Ws,p(Z) = sup
{∣∣E

[
∂sϕ(Z)

] ∣∣ : ϕ ∈ C∞
c , ‖ϕ‖L p′ ≤ 1

}
.

1.3 TheWiener space

All random variables are defined on a sufficiently large probability space (�,W, P).
Let us first recall some basic notions regarding the Wiener space and the associated
Dirichlet form. We follow [5] (see also [20, 24]). The Wiener space is the probability
space given by the countable product

⊗

k∈N
(R,B(R), γ ),

whereB(R) is the Borel σ -algebra of R and γ is the standard Gaussian measure. We
consider the projection maps

Yk : RN � (xi ) → xk .

By construction, under γN, (Yk) is a sequence of independent standard Gaussian
variables. Whenever (Xi ) is a sequence of random variables each defined on an inde-
pendent Wiener space, we can look at the sequence (Xi ) defined on the Wiener space.
Indeed, for each i ∈ N writing (Yk,i )k for the coordinate system associated with the
Wiener space on which Xi is defined, we see that (Xi ) is defined on

⊗

k,i∈N
(R,B(R), γ ) �

⊗

k∈N
(R,B(R), γ ).

We write L
p for the space of L p random variables, measurable with respect to the

underlying Wiener space. We stress that our probability space � is larger than the
underlying Wiener space, and contains random variables independent of this underly-
ing Wiener space, In particular L p(P) is larger than L

p.

1.3.1 Dirichlet form on theWiener space

(a) Malliavin derivatives For cylindrical random variables, that are of the form

X = f (Y1, . . . , Yl), f ∈ C∞(Rl), l ∈ N
∗,
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we define the first and second Malliavin derivatives

DX :=(∂yk X)k,

D2X :=(∂yk ∂yl X)kl .

These two differential operators can be extended to non-cylindrical random variables
through a standard closure argument, since D and D2 are closable in L

2(�2(N)) and
L
2(�2(N ⊗ N)) respectively, see [24, Prop. 1.2.1]. Our construction of Malliavin

derivatives coincideswith the settingof an isonormal Gaussian processover theHilbert
space �2(N). In Sect. 2.1.2, choosing the Hilbert space as a Gaussian space leads to
the construction of the Bouleau derivative, that plays a crucial role in our analysis.

(b) Carré du champ Provided a random variable F is smooth enough, for instance
we can take F ∈ R[Y1, . . . , YN ] for some N ∈ N, we define its carré du champ

�(F, F):=
∑

k

(∂yk F)2.

Classically, by density and polarization, this quadratic operator can be extended, by a
standard closure procedure, to an unbounded quadratic form

� : L2 × L
2 → L

1,

Dom �:=
{

F ∈ L
2 : �(F, F) < ∞

}
.

(c) Wiener–Dirichlet form The carré du champ allows us to define a so-called
Dirichlet form, that is a closed symmetric non-negative bilinear form defined on the
dense subspace Dom � ⊂ L

2

E(F, F):=E �(F, F).

To this Dirichlet form corresponds a unbounded self-adjoint Markov generator, some-
times called the generator of the Ornstein–Uhlenbeck semi-group

L : L2 → L
2,

with domainDom L ⊂ Dom E , and characterized by the following integration by parts
formula

E(F, R) = −E [FLR] , F ∈ Dom E, R ∈ Dom L.

(d) Smooth random variables Carrying out our computations requires to work with
elements of a sufficiently large set of randomvariables onwhichwe canperformcertain
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operations. Let us thus introduce the set of smooth random variables

D
∞:=

⎧
⎨

⎩L
k F ∈

⋂

p∈(1,∞)

L
p ∩ Dom L, k ∈ N

⎫
⎬

⎭ .

Recall that in the definition above L0F = F . It is known [5, Chap. 2 §7], that D∞ is
an algebra, and that, whenever F ∈ D

∞, then, also �(F, F) ∈ D
∞.

(e) Important formulas related to the locality The Wiener Dirichlet form is diffu-
sive, meaning that the carré du champ satisfies a chain rule

�(ϕ(F1, . . . , Fd), R) =
d∑

k=1

∂kϕ(F1, . . . , Fd)�(Fk, R),

F1, . . . , Fd , R ∈ Dom E, ϕ ∈ C 1
b ; (1.5)

and a Leibniz rule

�(F R, S) = R�(F, S) + F�(R, S), F, R, S ∈ D
∞. (1.6)

In particular, we have the integration by parts formula for �

E [�(F, S)R] = −E [F RLS]− E [�(R, S)F] , F, R, S ∈ D
∞. (1.7)

1.3.2 Hypercontractivity on smooth polynomial

We finish these reminders by stating some norm equivalence on smooth polynomials,
those aremulti-linear polynomials evaluated in independent copies of elements ofD∞.
Whenever the elements are elements of the Wiener chaoses (see [20] for definitions),
this equivalence of norms is well-known. Because we are working with generic ele-
ments of D∞, we give a complete proof based on hypercontractivity estimates from
[18].

Recall that our Wiener is generated by the independent array (Yi,k)ik . We call
smooth basis a sequence X = {X1,X2, . . .} where there exist a finite number of
functions f1, . . . , f p such that Xi = {

f1((Yi,k)k), . . . , f p((Yi,k)k)
} ⊂ D

∞, and all
the random variables Xi ∈ Xi are centered with unit variance. If I is finite subset of
N, for a collection (Xi ) of random variables with Xi ∈ Xi for all i ∈ I , we denote

X I :=
∏

i∈I

Xi .

Then, we define,

XI :=
{
∏

i∈I

Xi , Xi ∈ Xi

}
,
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and, for all we let m ∈ N,Pm(X ) be the vector space spanned by the random variables
X I ∈ XI for |I | ≤ m. By construction all the Xi ’s are independent. In particular,
E [X I X J ] = 1I=J .

Lemma 1.4 If X is a smooth basis, all the L p-norms are equivalent on Pm(X ).

Proof It is a consequence of [18, Props. 3.16, 3.11 & 3.12]. The Wiener space or the
Dirichlet form are actually not used here. �

Lemma 1.5 Let X be a smooth basis and m ∈ N. Then, the bilinear form E is contin-
uous on (Pm(X ), ‖·‖L2).

Proof Let I and J ⊂ N with |I | ≤ m and |J | ≤ m. Take FI and FJ respectively in
the linear span of XI and XJ . Namely, there exist a finite set K ⊂ N, (ak) ∈ R

K ,
(bk) ∈ R

K , and random variables Xk
i ∈ Xi (i ∈ I , k ∈ K ) and Xk

j ∈ X j ( j ∈ J , k ∈
K ) such that

FI =
∑

k∈K

ak Xk
I , and FJ =

∑

k∈K

bk Xk
J .

From the independence and the centering, we see immediately that

E [FI FJ ] = 1I=J

∑

k,k′∈K

akbk′
∏

i∈I

E
[

Xk
i Xk′

i

]
.

Moreover, by bilinearity and the Leibniz rule for �, we have that

�(FI , FJ ) =
∑

k,k′∈K

∑

i∈I , j∈J

Xk
I\{i}Xk′

J\{ j}�(Xk
i , Xk′

j ).

Since for i �= j , Xi ∈ Xi and X j ∈ X j lives in two independent copies of the Wiener
space, we have in this case �(Xi , X j ) = 0. Thus taking expectation in the expression
above, and using again the independence and the centering, yields

E [�(FI , FJ )] = 1I=J

∑

k,k′∈K

akbk′
∑

i∈I

�(Xk
i , Xk′

i )
∏

i ′∈I\{i}
E
[

Xk
i ′ X

k′
i ′
]
.

Let

c:=m sup
i∈I

sup
Xi ,X ′

i∈Xi

E �(Xi , X ′
i )

E Xi X ′
i

= m sup
X ,X ′∈X1

E �(X1, X ′
1)

E X1X ′
1

.

The equality holds since all the Xi ’s are copies of each other. Moreover, c is finite
since X1 is a finite set of D∞. We have shown, on the one hand that the family (FI )

is orthogonal for the L2-scalar product as well as with respect to the bilinear form E ;
and, on the other hand, that

E(FI , FI ) ≤ c E
[

F2
I

]
.
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Now, take F ∈ Pm(X ). In particular, there exists a finite collection of sets I1, . . . , Il

of cardinality less or equal than m such that F = FI1 + · · · + FIl . By orthogonality
and the above inequality

E(F, F) =
∑

l ′≤l

E(FIl , FIl ) ≤ c
∑

l≤l ′
E
[

F2
Il

]
= C E

[
F2

Il

]
.

This completes the proof. �

Lemma 1.6 Let X be a smooth basis and m ∈ N. Then, there exists a smooth basis
X ′ such that L : Pm(X ) → Pm(X ′). Moreover, L is continuous from (Pm(X ), ‖·‖L p )

to (Pm(X ′), ‖·‖Lq ) for any 1 ≤ p, q < +∞.

Proof Take I ⊂ Nwith |I | ≤ m and X I ∈ XI . For X and Y ∈ D
∞, we have L(XY ) =

XLY +YLX +2�(X , Y ). Since whenever X and Y are defined on independentWiener
space, �(X , Y ) = 0, we find that

LX I = |I |
∑

i∈I

X I\{i}LXi .

The first part of the statement follows by taking X ′:={X ′
1,X ′

2, . . .} with

X ′
i :=Xi ∪ {L(X) : X ∈ Xi }, i ∈ N.

Next, by Lemma 1.5, there exists C > 0 such that for F in Pm(X ) we have
|E [FL(F)] | = E(F, F) ≤ C‖F‖2

L2 . It implies that L : (Pm(X ), ‖·‖L2) →
(Pm(X ′), ‖·‖L2) is continuous. Indeed, we thus have

‖L1/2‖2L2→L2 = sup
‖F‖L2≤1

∣∣‖L1/2F‖2L2

∣∣ = sup
‖F‖L2≤1

∣∣E [FLF]
∣∣ ≤ C < ∞.

This shows that L1/2 is bounded ans subsequently, L too. Since, by Lemma 1.4, all the
L p norms are equivalent on Pm(X ) and Pm(X ′), we conclude. �

Lemma 1.7 Let X be a smooth basis and m ∈ N. Then, there exists a smooth basis X ′
such that � : Pm(X ) × Pm(X ) → P2m−1(X ′). Moreover, for any 1 ≤ p, q < +∞,
the bilinear operator � is continuous when seen as an operator

(Pm(X ), ‖·‖L p ) × (Pm(X ), ‖·‖L p ) −→ (P2m−1(X ′), ‖·‖Lq ).

Proof Using the Leibniz rule for � and the fact that �(X , Y ) = 0 whenever X and Y
are defined on different Wiener spaces, we find that

�(X I , YJ ) =
∑

i∈I∩J

X I\{i}YJ\{i}�(Xi , Yi ), X I ∈ XI , YJ ∈ XJ .
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This shows that the first part of the statement holds setting X ′:={X ′
1,X ′

2, . . .} with

X ′
i :=Xi ∪ {XY − E [XY ] , X , Y ∈ Xi } ∪ {�(X , Y ) − E(X , Y ), X , Y ∈ Xi }.

By Lemma 1.5, there existsC > 0 such that for F ∈ Pm(X ), we have ‖�(F, F)‖L1 =
E(F, F) ≤ C‖F‖2

L2 . It implies that � : (Pm(X ), ‖·‖L2) × (Pm(X ), ‖·‖L2) →
(Pm(X ′), ‖·‖L1) is continuous. By Lemma 1.4, all the L p norms are equivalent on
Pm(X ) and P2m−1(X ′), and we conclude. �


If k is an integer, we use the notation�k(F) for the variable defined by the induction
formula �1 = �, and �k+1(F):=�

[
�k(F), �k(F)

]
, k ∈ N

∗.

Lemma 1.8 Let X be a smooth basis, m, k ∈ N, and 1 < p < +∞. Then, there exists
a constant C such that for any F ∈ Pm(X ) with E

[
F2
] = 1, we have ‖�k(F)‖L p ≤ C

and ‖�k(L F)‖L p ≤ C.

Proof Follows by successive applications of Lemmas 1.6 and 1.7. �


2 Regularity of laws of a random variables on theWiener space

2.1 Regularity estimates for smooth random variables

2.1.1 Regularity of laws from positivity of the carré du champ

The analysis of Dirichlet forms is relevant for the study of regularity of laws. Indeed,
as it is part of the folklore: if F ∈ D

∞ and �(F, F)−1 ∈ ∩1<p<∞L
p, then F has a

law that is C∞. See [28, Thm. 1.14] for this statement. Here, we give a quantitative
version of this estimate.

We fix F ∈ D
∞. Let us define recursively �0(F):=1, and

�k+1(F):=�(F, F)[−�k(F)LF − �(F, �k(F))] + �k(F)�(F, �(F, F)), k ∈ N.

Since for F ∈ D
∞, LF ∈ D

∞,�(F, F) ∈ D
∞, and thatD∞ is an algebra, an induction

yields that �k(F) ∈ D
∞ for all k ∈ N. For convenience, write

�k(F):=‖�k(F)‖L2 .

The quantities �k’s allows us to perform integration by parts and thus to control the
regularity of the density of F .

Proposition 2.1 Let F ∈ D
∞ smooth such that �(F, F)−1 ∈ L

4k for some k ∈ N.
Then,

E
[
ϕ(k)(F)

]
= E

[
ϕ(F)

�k(F)

�(F, F)2k

]
, ϕ ∈ C∞

c . (2.1)
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In particular, we have that

Wk,1(F) ≤ �k(F) E
[
�(F, F)−4k

]1/2
. (2.2)

Proof Since ϕ is bounded, by the Cauchy–Schwarz inequality the right-hand sides in
(2.1) and (2.2) are well-defined. For short we will write in this proof �k :=�k(F),
S:=�(F, F), and

Wk := �k

�(F, F)2k
= �k

S2k
.

We establish (2.1) by induction. For k = 0, it is trivial. Assume that S−1 ∈ L
4k+4 and

that the claim is established up to some k ∈ N. By (2.1), we get that

E
[
ϕ(k+1)(F)

]
= E

[
ϕ′(F)Wk

]
. (2.3)

Using the diffusion property (1.5), we get that

E
[
ϕ′(F)Wk

] = E
[
�(ϕ(F), F)

�k

S2k+1

]
. (2.4)

We shall now carry out computations as if S ∈ D
∞. On the one hand, we have that

S−2k−1 ∈ L
2. On the other hand, by the chain rule (1.5), we find that

�(S−2k−1, S−2k−1) = (2k + 1)2S−4k−4�(S, S).

Let us mention that this a priori formal computation can be made rigorous by doing
the computation at the level of the smooth random variable (S + ε)−2k−1, and then
letting ε → 0. Since �(S, S) ∈ D

∞, this shows that

�(S−2k−1, S−2k−1) ∈ L
1.

Thus, S−2k−1 ∈ D
1,2 = Dom E . Since �k ∈ D

∞, we have shown that �k S−2k−1 ∈
Dom E . Since we also have that ϕ(F) and F ∈ D

∞, all the following computations
make sense. By integration by parts and the Leibniz rule, we get that

−E
[
ϕ(F)

�k

S2k+1 LF

]
= E

[
�

(
ϕ(F)

�k

S2k+1 , F

)]

= E
[
�(ϕ(F), F)

�k

S2k+1

]
+ E

[
ϕ(F)�

(
�k

S2k+1 , F

)]
.

Combining with (2.3) and (2.4) yields

E
[
ϕ(k+1)(F)

]
= E

[
ϕ(F)[−�k S−2k−1LF − �(�k S−2k−1, F)]

]
.
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By the Leibniz rule and the chain rule, we find that

�(�k S−2k−1, F) = S2k−1�(�k, F) − (2k + 1)�k�(S, F)S−2k−2.

Recalling that S = �(F, F) this concludes the proof in view of the definition of the
�k’s. �


2.1.2 The Bouleau derivatives

We now use the formalism of Dirichlet forms on the Wiener space to derive regularity
estimates for the density of a smooth random variable. Roughly speaking, we construct
conditionally Gaussian random variables encoding the properties of the carré du
champ. As anticipated, the following objects play a pivotal role in our analysis.

Definition 2.2 The first and second Bouleau derivatives of X ∈ D
∞ are respectively

defined by

�G X :=DX · �G =
∑

k

(∂yk X)Gk, (2.5)

�H �G X := �H · D2X �G =
∑

kl

(∂yk ∂yl X)Gk Hl , (2.6)

where �G = (Gk) and �H = (Hl) are sequences of independent standard Gaussian
variables, such that the array (Gk, Hl) is independent of the underlying Wiener space.

By construction, �G X has the same law as �(X , X)1/2N where N is a standard
Gaussian variable independent of �(X , X).

Remark 2.3 The Bouleau derivatives are nothing but the celebrated Malliavin deriva-
tives when we take derivative in the direction of an independent Gaussian space.

It is convenient for us to identify �G X and �H �G X with element of the Wiener
space generated by the underlying Wiener space, G and H . With this identification,
we have �G X and �H �G X ∈ D

∞.

2.1.3 Regularity of the random variable through the Bouleau derivative

Our general principle states that the regularity of the law of �G F controls that of the
law F .

Theorem 2.4 Let q ∈ N
∗. Then, for all F ∈ D

∞,

Wq,1(F) � �q(F)N8q+1,∞(�G F)1/2

� �q(F)W8q+1,1(�G F)1/2.
(2.7)
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Here, and in all the paper, we use the notation � to indicate that the inequality is
true up to multiplication by a positive constant depending possibly on q but not the
other parameters.

Proof Let ξ > 0 and λ > 0. By Markov’s inequality, we have that:

P
[
�(F, F) <

1

ξ

]
= P

[
exp

(
−λ2

2
�(F, F)

)
> e−λ2/(2ξ)

]

≤ eλ2/(2ξ) E
[
exp

(
−λ2

2
�(F, F)

)]
.

By construction, �G F is a conditionally Gaussian variable with conditional variance
�(F, F), and we have that

E
[
exp

(
−λ2

2
�(F, F)

)]
= E

[
exp (iλ�G F)

]
. (2.8)

Thus, taking λ = √
2ξ we have that

P
[
�(F, F) <

1

ξ

]
≤ eE

[
exp

(
i(2ξ)1/2�G F

)]
.

It follows that

E
[
�(F, F)−q] = q

∫ ∞

0
ξq−1 P

[
�(F, F) <

1

ξ

]
dξ

≤ eq

2

∫ ∞

0
ξ2q−1 E

[
exp (iξ�G F)

]
dξ

≤ eq

2

(∫ ∞

0

ξ2q−1

(1+ ξ2)q+1/2 dξ

)
N2q+1,∞(�G F).

(2.9)

By Proposition 2.1,

Wq,1(F) ≤ �q(F) E
[
�(F, F)−4q

]1/2
.

From which, together with (2.9), we conclude the first inequality in (2.7). The second
inequality follows by (1.4). �


We can iterate Theorem 2.4.

Theorem 2.5 Let F ∈ D
∞. We have that

Wq,1(F) � �q(F)�8q+1(�G F)N64q+9,∞(�H �G F)1/4.
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Remark 2.6 The recursive definition of the �q involves repeated applications of the
operators L and �. As mentioned above, we look at �G F as an element of the Wiener
space, and we have �G F ∈ D

∞. In particular, �q(�G F) makes sense. We stress
however, that the L and � are applied to all the variables, including G.

Proof In view of Theorem 2.4, it suffices to bound Wr ,1(�G F), with r :=8q + 1. To
do so, we apply Proposition 2.1 to �G F , which is indeed an element of D∞ when
extending the underlying Wiener space with G. We have that

�̄(�G F, �G F) = �(�G F, �G F) + �(F, F),

where �̄ means we compute the carré du champ with respect to all the variables,
while in � we only compute the carré du champ with respect to the initial underlying
Wiener space. Thus, rather than controlling the negative moments of �̄(�G F, �G F) it
is sufficient to control that of �(�G F, �G F). Since we have again the Fourier–Laplace
identity

E
[
exp

(
−λ2

2
�(�G F, �G F)

)]
= E

[
exp (iλ�H �G F)

]
,

repeating the computations leading to (2.9) yields

E
[
�(�G F, �G F)−q] � N2q+1(�H �G F).

We conclude by Proposition 2.1. �


2.2 Regularity for smooth variables of a smooth sequence

2.2.1 Smooth random variables measurable with respect to a smooth sequence

We want to study smooth random variables of a particular form. Namely, we fix
X ∈ D

∞ and we consider (Xi ) a sequence of independent copies of X . In the sense
that, as in Sect. 1.3.2, there exists a function x such that Xi = x((Yi,k)k), where we
recall that our Wiener space is generated by the independent array (Yi,k)ik .

We consider a random variable F = F(X1, X2, . . . ). We moreover assume that
F ∈ D

∞. We write D∞
X for the space of such random variables. Since F ∈ D

∞, the
definitions of the Bouleau derivatives still apply to F . For the reader convenience,
we give the explicit expression of �G F and �H �G F . It is now convenient to consider
an array of independent Gaussian variables (Gi,k, Hj,k)i, j,k , also independent of the
(Yi,k)i,k , and to group them vectorially

�Gi :=(Gi,k)k, �Hj :=(Hj,k)k .
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In this case, writing · or 〈·, ·〉 for the scalar product on �2(N)

�G F =
∑

i∈N
(∂xi F)DXi · �Gi =

∑

i,k∈N
(∂xi F)(∂yi,k Xi )Gi,k . (2.10)

�H �G F =
∑

i, j∈N
(∂xi ∂x j F)(DXi · �Gi )(DX j · �Hj ) +

∑

i∈N
(∂xi F)〈 �Hi ,D2Xi �Gi 〉.

(2.11)

2.2.2 Estimating the regularity of the iterated gradient by Gaussian analysis

The random variable �G�H F is conditionally a Gaussian quadratic form, that is a
Gaussian quadratic form with random independent coefficients. More precisely, there
exists a random linear operator, measurable with respect to the underlying Wiener
space, A such that

�H �G F = 〈G,AH〉.

The explicit formula for A is involved but could be inferred from (2.11); we do not
write the formula as we show below that A has the same law as another random
operator, more tractable for our needs. At the intuitive level, looking at �H �G F as a
Gaussian quadratic forms with random independent coefficients allows to control its
Fourier transform with spectral remainders of an operator related to A. In this section,
we follow this idea in order to deduce exploitable bounds from Theorem 2.5. Let us
start with an estimation of the regularity of the law of a Gaussian quadratic form, that
is with deterministic coefficients.

Lemma 2.7 Let N = (Ni ) and W = (Wi ) be two independent sequences of indepen-
dent standard Gaussian variables andA be a deterministic symmetric Hilbert–Schmidt
operator. Then,

Nq/2,∞(〈N ,AW 〉) � Rq(A)−1/4, q ∈ N.

Proof We first prove the claim for the non-independent case W = N and then explain
how it is sufficient to conclude. Write F :=〈N ,AN 〉. By diagonalization we have
A = PT �P where � is the diagonal operator of real eigenvalues of A and P is an
orthogonal operator. By the invariance of Gaussian measures under isometries, we
find that

F = 〈PN ,�PN 〉 law= 〈N ,�N 〉.

Recalling that

E
[
eiξ N2

1

]
= (1− 2iξ)−1/2 ,
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we get that

∣∣E
[
eiξ F

] ∣∣ =
∏

k

∣∣1− 2iξλk
∣∣−1/2 =

∏

k

(1+ 4ξ2λ2k)
−1/4.

Developing the product yields

∏

k

(
1+ 4ξ2λ2k

)
= 1+

∑

p

4pξ2pRp(A).

Finally, we have that

∣∣E
[
eiξ F

] ∣∣ � (1+ ξ)−q/2Rq(A)−1/4,

from which the claim follows in the case N = W . Now, consider two independent
sequences N and W . Write

A�2:=
(
0 A
A 0

)

The characteristic polynomial of A�2 is given by

det

(−λId A
A −λId

)
= det(λ2Id− A2) = det(λId− A) det(λId+ A).

Thus the spectrum of A�2 is obtained by duplicating the spectrum of A up to a sign,
and it follows that Rq(A�2) ≥ Rq(A). Since

〈N ,AW 〉 =
〈(

N
W

)
,A�2

(
N
W

)〉
,

we conclude by the previous case. �

We now derive the pivotal abstract result of this paper. We write, for i ∈ N,

�i :=�(Xi , Xi ), and, for I ⊂ N, �I :=∏i∈I �i . Let us consider the random sym-
metric Hilbert–Schmidt operator given by the Hessian of F with respect to the Xi ’s,
namely

∇2F = (∂xi ∂x j F)i, j .

We define the random non-negative coefficients

bI J :=(det(∇2F)(I , J ))2, I , J ⊂ N,
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where we recall that (∇2F)(I , J ) stands for the extracted sub-matrix from ∇2F . The
followingmulti-linear polynomial in the�i ’s allows to control the regularity of smooth
random variables

Sq(F):=
∑

|I |=|J |=q

bI J �I �J1I∩J=∅ (2.12)

Proposition 2.8 Let F ∈ D
∞
X , we have

Wq,1(F) � �q(F)�8q+1(�G F) E
[
S128q+18(F)−1/4

]1/4
. (2.13)

Proof Let (e1, e2, . . . ) be the canonical basis of �2(N), and let us write u · v for the
�2(N) scalar product of u and v ∈ �2(N). For all i ∈ N, consider a random orthogonal
transformation Pi : �2(N) → �2(N) that depends only on the underlying (Yk,i )k , but,
in particular, not on G and H , where we only impose that

Pi e1:=�
−1/2
i DXi .

We can fulfil this constraint since ‖DXi‖2�2(N)
= �i . Let us write

G̃i := Pi �Gi , H̃i := Pi �Hi .

By definition and orthogonality of Pi , we have

DXi · �Gi = �
1/2
i (Pi e1) · �Gi = �

1/2
i e1 · G̃i = �

1/2
i G̃i,1.

Using (2.11), and then subsisting this new basis we find

�H �G F =
∑

i, j

(∂xi ∂x j F) (DXi · �Gi ) (DX j · �H j ) +
∑

i∈N
(∂xi F) �Hi · ([D2Xi ] �Gi ).

=
∑

i, j

(∂xi ∂x j F) (�
1/2
i G̃i,1) (�

1/2
j H̃ j,1) +

∑

i

(∂xi F) (P−1
i H̃i ) · ([D2Xi ]P−1

i G̃i ).

Up to relabelling of indices, we can find random operators A and B such that

〈H̃ ,AG̃〉 =
∑

i, j

(∂xi ∂x j F) (�
1/2
i G̃i,1) (�

1/2
j H̃ j,1);

〈H̃ , BG̃〉 =
∑

i

(∂xi F) (P−1
i H̃i ) · ([D2Xi ]P−1

i G̃i ).

The explicit formulas for A and B are not relevant. Define the matrix C:=A+B. Using
Theorem 2.5 and Lemma 2.7 yields

Wq,1(F) � �q(F)�8q+1(�G F) E
[
R128q+18 (C)−1/4

]1/4
.
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Let q ′:=128q + 18. The matrix B is diagonal, since it only involves terms of the
form G̃i and H̃i with the same index i . In particular, whenever I ∩ J = ∅, we find
B(I , J ) = 0. Thus, by the Cauchy–Binet formula Lemma 1.2,

Rq ′(C) ≥
∑

|I |=|J |=q ′
(det C(I , J ))21I∩J=∅ =

∑

|I |=|J |=q ′
(det A(I , J ))21I∩J=∅.

Consider � = diag(�1, �2, . . . ), up to a suitable choice of indices, we have

A = �1/2(∇2F)�1/2.

Using that � is diagonal, we find

det A(I , J ) = �
1/2
I (det(∇2F)(I , J ))�

1/2
J .

This completes the proof. �


2.3 Regularity of laws of random quadratic forms

In this section, we use our general theorem in order to derive sufficient conditions for
the regularity of random quadratic forms.More precisely, as in Sect. 2.2.1, we consider
let X ∈ D

∞ and (Xi ) a sequence of independent variables with the same law as X .
We also take A = (ai j ) a deterministic symmetric Hilbert–Schmidt operator on �2(N)

with aii = 0 for all i ∈ N, and we consider the homogeneous quadratic form

QA:=〈AX , X〉 =
∑

i �= j

ai j Xi X j . (2.14)

Regularity on the law of QA will follow from regularity on the law of X1.

Assumption 1 There exists θ > 0 such that

P [�(X1, X1) ≤ ε] � εθ , ε > 0. (2.15)

Remark 2.9 Assumption 1 is equivalent to E
[
�(X1, X1)

−p0
]

< ∞ for some p0 > 0.
In view of Sect. 2.1.1 this implies that X1 has a density in some Sobolev space W s0,1

for some s0 > 0. We stress that we allow s0 < 1.

Our main result shows that the law of QA is regular provided the influence of A is
small enough. The rest of this section is devoted to the proof of this theorem.

Theorem 2.10 Under Assumption 1. Let q ∈ N and δ > 0. There exists τq,δ > 0 such
that for all A with

Tr A2 = 1, (2.16)

R128q+18(A) > δ, (2.17)

τ(A) < τq,δ, (2.18)
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the law of QA is in W q,1, and in particular, it is in C  q−1". Moreover, for some
ηq > 1/4,

Wq,1(QA) � 1

δηq
.

Remark 2.11 For the sake of simplicity, we did not keep track of the explicit constant
τq,δ . It could however be recovered from a careful examination of our computations.

2.3.1 A general small ball estimate for multi-linear polynomials

As could be anticipated from the previous sections our analysis is concerned with the
positivity of some random quadratic forms. We thus start with some auxiliary results
of independent interest. A multi-linear polynomial is a function

p(x):=
∑

I⊂N

aI xI , x ∈ R
∞,

where xI :=∏i∈I xi , and (aI : I ∈ N) are real coefficients such that aI = 0 for all I
with

∣∣I
∣∣ > d for some d ∈ N. We call the degree of the polynomial the largest d such

that aI �= 0 for some
∣∣I
∣∣ = d.

Proposition 2.12 Let (Ui ) be a sequence of independent and identically distributed
random variables with finite third moment, and such that there exists θ > 0 with

sup
b∈R

P
[∣∣U1 − b

∣∣ ≤ ε
]

�
(

ε

Var [U1]1/2

)θ

, ε ≥ 0. (2.19)

For all d ∈ N, let

θd :=
(

θ

2
∧ 1

32

)
1

4d−1 . (2.20)

Then, for every p multi-linear polynomial of degree d

sup
b∈R

P
[∣∣p(U ) − b

∣∣ ≤ ε
]

�
(

ε

Var [p(U )]1/2

)θd

, ε ≥ 0. (2.21)

Remark 2.13 We did not try to optimize the constant θd . Finding the optimal expo-
nent would be an interesting problem, not only in connexion with this work but also
regarding generalization of the inequality of Carbery & Wright [9].

Proof By homogeneity, we assume that U1 is centered and with variance 1, and that
Var [p(U )] = ∑

a2
I = 1. We proceed by induction on d. In the following, we
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understand amulti-linear polynomial of degree 0 as a constant.We consider theweaker
property: for every multi-linear polynomial of degree d ≥ 0,

P
[∣∣p(U )

∣∣ ≤ η
]

� ηθd , η ≥ 0. (2.22)

For d = 0, it is clear that (2.22) holds with θ0 = 1 (or any other positive real number)
as long as p �= 0. We also have that (2.21) implies (2.22). Let us assume that we have
proven (2.22) for some d ≥ 0 and show that (2.21) holds for d + 1.
(a) Large influence estimate Fix i ∈ N. Let us write

Si :=
∑

I�i

aI UI\{i},

Ri :=
∑

I ��i

aI UI .

In this way, we have that p(U ) = Ui Si + Ri , and Si and Ri are independent of Ui .
When d = 0, we understand U∅ = 1, and thus Si = ai . By (2.19), it follows that

P
[∣∣p(U ) − a

∣∣ ≤ ε
] = P

[∣∣Ui Si + Ri − a
∣∣ ≤ ε, Si > η

]+ P
[∣∣p(U ) − a

∣∣ ≤ ε, Si ≤ η
]

�
(

ε

η

)θ

+ P
[
Si ≤ η

]
.

Since Si is a multi-linear polynomial of degree d, by the induction hypothesis (2.22),

P
[∣∣p(U ) − a

∣∣ ≤ ε
]

�
(

ε

η

)θ

+
(

η

‖Si‖L2

)θd

. (2.23)

(b) Small influence estimate The above bound is useless, whenever τ := supi E
[
S2

i

]

is small. In that case, we use a celebrated invariance principle for polynomials by
Mossel, O’Donnell & Oleszkiewicz. Consider G = (Gi ) a vector of independent
standard Gaussian variables, then according to [18, Thm. 2.1],

P
[∣∣p(U ) − a

∣∣ ≤ ε
]

� dτ 1/8(d+1) + P
[∣∣p(G) − a

∣∣ ≤ ε
]
.

By a famous inequality of Carbery & Wright [9, Cor. of Thm. 2], we find that

P
[∣∣p(G) − a

∣∣ ≤ ε
] ≤

(
ε

‖p(G) − a‖L2

)1/(d+1)

.

By assumption, we have that Var [p(G)] = 1. Altogether this shows that

P
[∣∣p(U ) − a

∣∣ ≤ ε
]

� τ 1/8(d+1) + ε1/(d+1). (2.24)

(c) Combining the estimates Whenever τ � ε1/4, we choose (2.24) yielding

P
[∣∣p(U ) − a

∣∣ ≤ ε
]

� ε1/32(d+1) + ε1/4(d+1).
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On the other hand, when τ � ε1/4, we choose (2.23) with η = ε1/2, and this gives

P
[∣∣p(U ) − a

∣∣ ≤ ε
]

� εθ/2 + εθd/4.

Thus we have that

θ1 = 1

32
∧ θ

2
,

θd+1 = θd

4
, d > 1.

This shows that θd = ( 1
32 ∧ θ

2 )/4d−1. �

By using the comparison between L1 and L2, we immediately get the following

corollary.

Corollary 2.14 Under the same assumptions as in Proposition 2.12, and assume more-
over that U1 ≥ 0, and aI ≥ 0. Then,

sup
a∈R

P
[∣∣p(U ) − a

∣∣ ≤ ε
]

�
(

ε

E [p(U )]

)θd

. (2.25)

2.3.2 Improving positivity by splitting independent terms

Recall that we have fixed a symmetric Hilbert–Schmidt operator A with vanishing
diagonal, and with unit norm. Fix q ∈ N. Recall that we consider the set of subsets of
N with exactly q elements, that is

Pq(N):= {I ⊂ N : ∣∣I ∣∣ = q
}
.

We consider:

• the symmetric trace-class operator

B:= (bI J : I , J ∈ Pq(N)
)
,

with bI J := (det A(I , J ))2 ≥ 0, for all I and J ∈ Pq(N);
• a sequence of independent non-negative random variables (Ui : i ∈ N), and

UI :=
∏

i∈I

Ui , I ∈ Pq(N);

• and the non-negative random variable:

S:=
∑

I ,J∈Pq (N)

bI J UI UJ1I∩J=∅.
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Recall that we have defined the �1-influence υ(B) and the total mass σ(B) in
Sect. 1.1.2. In the next section, we apply the results of this section to Ui = �i . In
this case, one would have S = Sq(F) as defined in (2.12). However, the results of this
section only depend on the fact that the �i ’s are non-negative, and they depend on no
other properties of the carré du champ.

Remark 2.15 The random variable S is non-negative since all the terms are non-
negative. However, it is not non-negative as a quadratic form in UI since the operator
B may fail to be non-negative.

Proposition 2.16 Assume that E
[
U 2
1

]
< ∞, and that there exists θ > 0 such that

P [U1 ≤ ε] � εθ , ε > 0. (2.26)

Let κ ∈ N. Assume that

τ(A) ≤ 1

(4q)5κ+2
.

Then, with θ2q defined in (2.20),

P [S ≤ ε] �
(

ε32κ

Rq(A) − τ(A)Rq−2(A)

)θ2q2κ

, ε > 0.

(a) Heuristics Consider disjoint subsets Ll ⊂ Pq(N), for l = 1, . . . , 2κ . Let

Sl :=
∑

(I ,J )∈Ll×Ll

1I∩J=∅bI J UI UJ .

Then, the Sl ’s are mutually independent. Since each term in the sum on the right-hand
side is a multi-linear polynomial of degree 2q, provided we can apply (2.25) on each
of the first term, this allows to improve our bound. We now show this procedure is
indeed feasible.

(b) Splitting the mass via a probabilistic method Given L ⊂ Pq(N), we write
BL = (bI J : I , J ∈ L) for the extracted operator.

Lemma 2.17 There exists L ⊂ Pq(N) such that

σ
(
BL
)
≥ 1

16
σ(B) − 2q

16
υ(B);

σ
(
BL

C
)
≥ 1

16
σ(B) − 2q

16
υ(B).

Proof Our proof implements the probabilistic method. Since σ and υ are linear, by
homogeneity, we assume that σ(B) = 1. Let us consider a family of independent
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Bernoulli variables (εI : I ∈ Pq(N)) with mean 1/2. We define the random set and
random variables

L:= {I ∈ Pq(N) : εI = 1
} ;

T :=
∑

(I ,J )∈L×L

bI J =
∑

I J

εI εJ bI J .

T̂ :=
∑

(I ,J )∈LC×LC

bI J =
∑

I J

(1− εI )(1− εJ )bI J .

For I , J , I ′, J ′ ∈ Pq(N), we have that if εI εJ (1−εI ′)(1−εJ ′) �= 0, then εI = εJ =
1− εI ′ = 1− εJ ′ = 1. This implies that {I , J } ∩ {I ′, J ′} = ∅. This later condition is
implied by (I ∪ J ) ∩ (I ′ ∪ J ′) = ∅. By independence, for such I , J , I ′, J ′, we have

E [εI εJ (1− εI ′)(1− εJ ′)] = E [εI εJ ]E [(1− εI ′)(1− εJ ′)] .

By a direct computation, we have

E [εI εJ ] = 1

4
1I �=J + 1

2
1I=J ≥ 1

4
.

Developing the product we thus find

E
[
T T̂
]
≥ 1

16

∑

(I∪J )∩(I ′∪J ′)=∅
bI J bI ′ J ′ = 1

16
(σ (B))2 − 1

16

∑

(I∪J )∩(I ′∪J ′) �=∅
bI J bI ′ J ′ .

Now we compute

∑

(I∪J )∩(I ′∪J ′) �=∅
bI J bI ′ J ′ ≤

∑

i∈N

⎛

⎝
∑

I ,J

1i∈I∪J bI J

⎞

⎠
2

=
∑

i∈N
υi (B)2 ≤ υ(B)

∑

i∈N
υi (B)

≤ 2qυ(B)σ (B).

For the last inequality, we have used

∑

i∈N
1i∈I∪J = ∣∣I ∪ J

∣∣ ≤ 2q.

Since σ(B) = 1, we have shown

E
[
T T̂
]
≥ 1

16
(1− 2qυ(B)).

Owing to the fact that T ∨ T̂ ≤ 1, we find

E
[
T ∧ T̂

]
≥ E

[
T T̂
]
≥ 1

16
(1− 2qυ(B)).
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This shows that there exists a realization of L(ω) fulfilling the requirements of the
lemma. �

(c) Reduction to multi-linear polynomials By definition, σ(B) = Rq(A). However,
in the definition of S:=∑(I ,J )∈L×L

1I∩J=∅bI J UI UJ , we have removed the “diago-
nal” in order to work with multi-linear polynomials. The following result allows to
verify that we do not lose too much mass.

Lemma 2.18 Assume that bI J = (det A(I , J ))2, with A as above. Let L ⊂ Pq(N).

Define B̂L:=(bI J : I , J ∈ L, I ∩ J = ∅). Then,

∣∣σ(BL) − σ(OBL)
∣∣ � τ(A)Rq−2(A).

Proof To lighten the notation, we drop the dependence in L. If q = 1, the claim is

∑

i, j∈L
a2

i j =
∑

i, j∈L
1i �= j a

2
i j ,

which is immediate, since by assumptionA vanishes on the diagonal. Thus, we assume
that q ≥ 2. We have

σ(B) = σ (̂B) +
∑

∣∣I
∣∣=
∣∣J
∣∣=q

I ,J∈L

1I∩J �=∅bI J .

Let I = {i1, . . . , iq} and J = { j1, . . . , jq} ∈ L. Assume that m ∈ I ∩ J . By
assumption there exist k0 and l0 ∈ {1, . . . , q} such that ik0 = jl0 = m. Since by
assumption, amm = 0, expanding the determinant along the row m gives

det A(I , J ) =
∑

l �=l0

(−1)l+mam, jl det A(I \ {m}, J \ { jl}).

Since for l �= l0,m ∈ J\{ jl}, we expand the along the rowm, andwe get, by symmetry
of A

det A(I , J ) =
∑

l �=l0

∑

k �=k0

(−1)l+k+2m−1am, jl am,ik det A(I \ {m, ik}, J \ {m, jl}).

When q = 2, in the above expression det A(∅,∅) is understood as 1. Thus,

∑
∣∣I
∣∣=
∣∣J
∣∣=q

1I∩J �=∅bI J �
∑

m∈N

∑
∣∣I
∣∣=
∣∣J
∣∣=q

∑

j∈J\{m}

∑

i∈I\{m}
a2m, j a2m,i (det A(I \ {m, i}, J \ {m, j}))2 .

�
∑

m∈N
τm (A)2

∑
∣∣I
∣∣=
∣∣J
∣∣=q−2

(det A(I , J ))2

� τ(A)R1(A)Rq−2(A).

This concludes the proof. �
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(d) Extraction of independent sums We now have all the necessary tools to con-
clude.

Proof of Proposition 2.16 Let us define for all k ∈ N the pairwise disjoint sets
L

(k)
1 , . . . ,L

(k)

2k ⊂ Pq(N) using an iterative procedure described below. To each of

the L(k)
l , we associate the operators B(k)

l :=BL
(k)
l , and the random sums

S(k)
l :=

∑

(I ,J )∈L(k)
l ×L

(k)
l

bI J UI UJ .

Since the Ui ’s are independent and that, for a given k, the L(k)
l ’s are pairwise disjoint,

the S(k)
l are mutually independent.

We initialize L
(0)
1 :=Pq(N). Then, for all k ∈ N, if there exists l ∈ {1, . . . , 2k

}

such that 2qυ(B) > 1
2σ(B(k)

l ), we stop the procedure; otherwise define L
(k+1)
l and

L
(k+1)
l+2k as the sets obtained by applying Lemma 2.17 to B(k)

l . We write kmax the integer
at which the procedure stops. Our procedure guarantees that

σ(B(k)
l ) ≥ σ(B)

32k
, k ≤ kmax . (2.27)

On the other hand at step k the procedure continues provided

υ(B) ≤ 1

(4q)5k+1
.

This shows that kmax ≥ κ . Using the mutual independence of the S(kmax )
l ’s and the

fact that the bI J ’s and UI ’s are non-negative we get

P [S ≤ ε] ≤
2κ∏

l=1

P
[

S(κ)
l ≤ ε

]
. (2.28)

Define

B̂(κ)
l :=(bI J1{I∩J=∅} : I , J ∈ L

(κ)
l );

By invoking Corollary 2.14, and Lemma 2.18 together with (2.27), we find that, since
Rq−2(A) ≤ R1(A) = 1,

P
[

S(κ)
l ≤ ε

]
�

⎛

⎝ ε

E
[

S(κ)
l

]

⎞

⎠
θ2q

�
(

ε

σ (B̂(κ)
l )

)θ2q

�
(

32κε

σ (B) − 32κτ (A)

)θ2q

.

(2.29)

Combining (2.28) and 2.29, the proof is complete, since σ(B) = Rq(A) �
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2.3.3 Control of the spectral remainders of 01/2A01/2

Proof of Theorem 2.10 Fix A satisfying our assumptions. For short write Q:=QA. The
general strategy is to apply Proposition 2.8. We obtain

Wq,1(Q) ≤ �q(Q)�8q+1(�G Q) E
[
S128q+18(Q)−1/4

]1/4
.

By Lemma 1.8 with X :={X1} and m:=2, since ‖Q‖L2 = 1, in view of the recursive
definition of the �k’s, using repeatedly Hölder’s inequality, there exists Cq > 0 such
that

�q(Q) ≤ Cq , q ∈ N.

Similarly, E
[
(�G Q)2

] = E [�(Q, Q)] is some fixed constant and

�G Q = 2
∑

i jk

ai j Xi (DX j · �G j ).

Thus, applying Lemma 1.8 with X :=
{

X1, (DX1 · �G1)
}
and m:=2, we conclude that

there exists C ′
q > 0 such that

�q(�G Q) ≤ C ′
q , q ∈ N.

Thus we are left to control the spectral remainders of S128q+18(Q).
Let q ′ = 128q + 18, and κ ∈ N such that 2κθ2q ′ > 1/4. Let us take

τq,δ:=(4q)−5κ−2 ∧ δ
2 . Recall that we have set bI J :=(det A(I , J ))2 for I and J ∈

Pq ′(N). Since ∇2Q = A,

Sq ′(Q) =
∑

|I |=|J |=q ′
bI J �I �J1I∩J=∅.

By (2.15) and choice of κ , the assumptions of Proposition 2.16 are fulfilled, and, since
τ(A) ≤ τq,δ ≤ δ/2 and Rq ′−2(A) ≤ R1(A) = 1, we find that

P
[Sq ′(Q) ≤ ε

]
�
(

ε32κ

Rq ′(A) − τ(A)Rq ′−2(A)

)θ2q′2κ

�
(

ε32κ

δ/2

)θ2q′2κ (2.30)

Whenever ηq :=2κθ2q ′ > 1/4, this shows that
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E
[
Sq ′(Q)−1/4

]1/4
� δ−ηq .

We conclude by Proposition 2.8. �


Remark 2.19 (Improved constants when X1 is log-concave) In the previous proof, we
have use Assumption 1 combined with a splitting argument in order to derive a small
ball estimate for

Sq :=
∑

I ,J∈Pq (N)

bI J �I �J .

Since we rely on Proposition 2.12, we obtain the non-optimal exponent θd . However,
in some cases we can expect a much better exponent to appear. This is for instance
the case as soon as Sq is a multi-linear polynomial of degree dq in the Xi and X1 as a
log-concave law. In this case by an inequality of Carbery & Wright [9, Cor. of Thm.
2], we find that

P
[
Sq ≤ ε

]
�
(

ε

E
[
Sq
]
) 1

dq

.

We could redo the same proof with θd replaced by 1/d. This could yield to better
constants.

3 Examples and applications

3.1 Examples of laws satisfying our assumptions

We now give concrete examples where Theorem 2.10 can be applied. Namely, we give
explicit laws μ that can be realized as the law of a random variable X ∈ D

∞ such that
�(X , X) has some small negative moment. Let us writeL for the set of all such laws.

3.1.1 Explicit laws

Our general theorem to build examples of laws inL is as follows. We write � for the
cumulative distribution function of the standard Gaussian distribution, namely

�(x):=
∫ x

−∞
e−s2/2 ds√

2π
;

Theorem 3.1 Let μ ∈ P(R) supported on some interval I . Write q for its quantile
function, and let X :=q(�(N )), where N is a standard Gaussian.
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(i) Assume that μ has finite p-moments for all p ∈ N, and q is aC∞-diffeormorphsim
from (0, 1) to I and that

lim sup
t→0−

tkq(k)(t) < ∞; (3.1)

lim sup
t→1+

(1− t)kq(k)(t) < ∞. (3.2)

Then, X ∈ D
∞.

(ii) Assume that q ∈ C 1 and that μ admits a density in L1+ε for some ε > 0. Then,
X satisfies (2.15) for some θ > 0.

In particular, if both conditions hold μ ∈ L .

Proof (i) Write T = q ◦�. It is well-known that T transport the Gaussian distribution
to μ. Since � : R → (0, 1) is a C∞-diffeomorpshim, and q : (0, 1) → I is also
a C∞-diffeomorphism, we have that T is a smooth diffeomorphism. To check that
X ∈ D

∞, it is sufficient to check that T (k)(N ) ∈ L p for all k ∈ N
∗ and p ≥ 1.

Classically,

�(k+1)(x) = (−1)ke−x2/2Hk(x), x ∈ R,

where Hk is the k-th Hermite polynomial. For k ∈ N
∗, write Pk for the set of all

partitions of {1, . . . , k}. By the Faà di Bruno formula, we have

T (k) =
∑

τ∈Pk

q(|τ |) ◦ �
∏

I∈τ

�(|I |) = e−kx2/2
∑

τ∈Pk

q(|τ |) ◦ �
∏

I∈τ

(−1)|I |−1H|I |−1.

We recall that as x → ∞, �(x) ∼ 1− ce−x2/2 1
x . Thus by (3.1), we find that

∣∣T (k)(x)
∣∣ � e−kx2/2

∑

τ∈Pk

(
1

x
e−x2/2

)−|τ |∏

I∈τ

H|I |−1(x), x → ∞.

We see that the worst behaviour as x → ∞ arises when |τ | = k. In this case, the
equivalent gives that T (k) has a polynomial behaviour as x → ∞. A similar argument
based on (3.1) shows that T (k) has a polynomial behaviour as x → −∞. This shows
that

E
[∣∣T (k)(N )

∣∣p
]

< ∞, k ∈ N
∗, p ≥ 1,

which was to be demonstrated.
(ii) In view of the assumption, with F the cumulative distribution function of μ

�(T (N ), T (N )) = q ′(�(N ))2(�′(N ))2 = 1

F ′(q(�(N )))2
e−N2

.
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Using that X = q ◦ �(N ), the find

E
[
�(X , X)−θ

] = E
[
eθ N2

F ′(X)2θ
]
.

By Cauchy–Schwarz inequality and assumption the above quantity is finite for θ small
enough. The proof is complete. �


We now compute explicit examples.

(a) Beta distribution Over [−1,+1], we consider β(a, b) the Beta distribution with
parameter a > −1 and b > −1, that is the law whose density with respect to the
Lebesgue measure is proportional to (1− x)a (1+ x)b.

Theorem 3.2 For all a > −1 and b > −1, β(a, b) ∈ L .

Proof The density distribution of β(a, b) is C∞((−1, 1)). Thus, the cumulative dis-
tribution function is a C∞-diffeomorphism, and thus so is the quantile function q.
Moreover, β(a, b) is compactly supported thus (ii) in Theorem 3.1 holds. We very
that (i) also holds thanks to Lemma 3.3 below. �

Lemma 3.3 Let a > −1, b > −1, and q the quantile function of β(a, b). Then for all
k ∈ N

as t → 0,

{
q(t) ∼ t

1
b+1 − 1.

q(k)(t) ∼ t
1

b+1−k .
(3.3)

as t → 1,

{
q(t) ∼ 1− (1− t)

1
a+1 .

q(k)(t) ∼ (1− t)
1

a+1−k .
(3.4)

Proof By symmetry we only establish the equivalents at t → 1. In this proof the
constant c > 0 can change from line to line. Consider the cumulative distribution
function of β(a, b):

F(x):=c
∫ x

−1
(1− s)a(1+ s)bds, x ∈ (−1, 1).

Near 1, we find

F(x) ∼ 1− c
∫ 1

x
(1− s)a = 1− c(1− x)a+1.

Using that F ◦ q = id, we thus get

1− c(1− q(t))a+1 ∼ t,

and from there

q(t) ∼ 1− c(1− t)
1

a+1 .
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This proves the claim for k = 0. Using the rule for derivation of inverse functions, we
find that

q ′ = c

(1− q)a(1+ q)b
. (3.5)

Thus

q ′ ∼ c

(1− t)
a

a+1
= c(1− t)

1
a+1−1.

This proves the claim for k = 1. Let us now proceed by induction. Applying the
Leibniz rule and then the Faà di Bruno formula to (3.5), we find

q(k+1) =
k∑

p=0

(
k

p

) ∑

τ∈Pp

(1− q)−a−|τ |∏

I∈τ

q(|I |) ∑

σ∈Pk−p

(1+ q)−b−|σ | ∏

J∈σ

q(|J |).

Applying the induction hypothesis we thus find that near 1

q(k+1) ∼ c
k∑

p=0

(
k

p

) ∑

τ∈Pp

(1− t)−
a+|τ |
a+1

∏

I∈τ

(1− t)
1

a+1−|I | ∑

σ∈Pk−p

∏

J∈σ

(1− t)
1

a+1−|J |.

Using that for τ ∈ Pp,
∑

I∈τ |I | = p, we see that exponent in (1− t) in one summand
is

− a

a + 1
− |τ |

a + 1
+ |τ |

a + 1
− p + |σ |

a + 1
− k + p = 1

a + 1
− (k + 1) + |σ |

a + 1
.

The worst exponent is thus obtained for p = k in which case σ = ∅. This gives the
announced estimate. �

(b) Gamma distribution Over R+, we consider γ (a) the gamma distribution with
parameter a > −1 with density proportional to e−x xa .

Theorem 3.4 For all a > −1, γ (a) ∈ L .

Proof The density distribution of γ (a) is C∞(R+). Thus, the cumulative distribution
function is a C∞-diffeomorphism, and thus so is the quantile function q. Moreover,
there exists ε > 0 such that a(1+ ε) > −1. Thus

∫ ∞

0
(e−x xa)1+ε < ∞.

This shows that (ii) in Theorem 3.1 holds. We verify that (i) also holds thanks to
Lemma 3.6 below. �
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Remark 3.5 Some Gamma distributions can be realized as elements of D∞ without
transporting them from aGaussian via the quantile functions. For instance, for k ∈ N

∗,
γ (n/2− 1) is a chi-squared law with n degree of freedom and can thus be realised as
a sum of square of Gaussian variables. We however give a proof based on quantiles as
it allows to cover all the cases.

Lemma 3.6 Let q be the quantile function of μa. Then,

as t → 0, qk(t) ∼ t
1

a+1−k . (3.6)

as t → 1, qk(t) ∼ (1− t)−k . (3.7)

Proof Consider the cumulative distribution function of μa

F(x):=
∫ x

0
sae−sds.

As x → ∞, we have

F(x) ∼ 1− xae−x .

Using that F ◦ q = id, we find that

eqq−a ∼ (1− t)−1.

Now we use that

q ′ = 1

e−qqa
∼ (1− t)−1.

We proceed by induction. By the Leibniz rule and the Faà di Bruno formula,

q(k+1) =
k∑

p=0

(
k

p

) ∑

τ∈Pp

eq
∏

I∈τ

q(|I |) ∑

σ∈Pk−p

q−a−|σ | ∏

J∈σ

q(|J |).

By the induction hypothesis, we obtain the equivalent

q(k+1) ∼ eqq−a
k∑

p=0

(1− t)−p
∑

σ∈Pk−p

q−|σ |(1− t)−k+p.

Even if we do not know an equivalent of q as t → 1, we know hat q(t) → +∞ as
t → 1. Thus the worst case in the above equivalent is obtained for p = k and then
|σ | = 0. This proves the claim by induction. Similarly, as x → 0, we have

F(x) ∼
∫ x

0
sads = xa+1.
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This shows that q ∼ t
1

a+1 and q ′ ∼ t
1

a+1−1. By induction, we also show the rest of the
claim �


3.1.2 Stability of our assumption under probabilistic operations

ActuallyL is stable under various natural probabilistic operations. We writeμ∗ν for
the convolution of μ and ν ∈ P(R), that is the law of X + Y with (X , Y ) ∼ μ ⊗ ν.
Similarly, we write μ ' ν for the law of XY .

(a) Stability under convolution

Lemma 3.7 If μ and ν ∈ L . Then μ ∗ ν ∈ L .

Proof Let X and Y ∈ D
∞ satisfying Assumption 1 with law μ. Without loss of

generality, we can assume that X and Y are defined on independent Wiener spaces.
Since D∞ is a linear space, X + Y ∈ D

∞. Moreover, since X and Y are defined on
different Wiener spaces we have

�(X + Y , X + Y ) = �(X , X) + �(Y , Y ).

Thus X + Y satisfies Assumption 1. �

Remark 3.8 Wecould actually consider evenmore general laws. Indeed, ifμ ∈ L , and
ν ∈ P(R), then Theorem 2.10 applies for X ∼ μ ∗ ν. To see this, consider X ∈ D

∞
and satisfying Assumption 1with lawμ defined on theWiener space, and Y with law ν

defined on another probability space (�0,W0, P0). In general, Y cannot be realised on
a Wiener so our analysis does not apply verbatim. However, we could equip (�0, P0)

with the trivial carré du champ �0(F, F) = 0 for all random variables F defined
on �0. Then we can equip the product space �̄:=(R,B(R), γ )N ⊗ (�0,W0, P0),
with he product Dirichlet structure of � and �0 (see [5, Chap. V §2]). In this case,
�̄(X + Y , X + Y ) = �(X , X) + �0(Y , Y ) = �(X , X) thus X + Y satisfies the small
ball estimate (2.15). Moreover, defining

�̄G(X + Y ):=�G X
law= �̄(X + Y , X + Y )1/2N ,

and D̄
∞:=D

∞ ⊗ L2(P0), our abstract result Theorem 2.5 extends to this setting.
Indeed, this result is solely based on the Fourier–Laplace identity (2.8), the chain rule
(1.5), the integration by parts (1.7), and the fact that �̄G(X + Y ) ∈ D̄

∞. All these
ingredients still hold for this generalized setting.

(b) Stability under product

Lemma 3.9 Let μ and ν ∈ L . Assume, moreover, that there exists θ ′ > 0 such that

∫
y−θ ′

ν(dy) < ∞.

Then μ ' ν ∈ L .
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Proof Let X and Y ∈ D
∞ satisfying Assumption 1. Without loss of generality, we

assume that X and Y are defined on independent Wiener spaces. Since D
∞ is an

algebra, we find that XY ∈ D
∞. Moreover,

�(XY , XY ) = X2�(Y , Y ) + Y 2�(X , X) ≥ Y 2�(X , X).

Thus XY satisfies Assumption 1. �


Remark 3.10 As inRemark 3.8,we could generalize the result above. Ifμ ∈ L and ν ∈
P(R) with some negative finite negative moments, then we can apply Theorem 2.10
whenever X ∼ μ ' ν. As in Remark 3.8, we construct a Dirichlet form on the product
that is trivial on the Y -component. In this case we find

�̄(XY , XY ) = Y 2�(X , X),

and the small ball estimate (2.15) holds.

(c) Multi-linear chaos The two operations above allow us to consider multi-linear
polynomials. For instance consider (Zi ) a sequence of independent random variables
with (possible non identical) laws are taken among Gaussian, Beta, or Gamma distri-
bution. Then, p(Z1, . . . , Zn) where p is a multi-linear polynomials has also a law in
L .

3.2 Applications

3.2.1 Improving normal convergence for quadratic forms

In this section, we consider a sequence of independent copies (Xi ) of some X ∈ D
∞

satisfying Assumption 1. We also consider a sequence of quadratic forms

Qn :=
∑

i, j

a(n)
i j Xi X j ,

for some sequence
{
A(n):=(a(n)

i j ) : n ∈ N

}
of symmetric Hilbert–Schmidt operators

with vanishingdiagonal. In this section,we assume that (A(n)) satisfies someconditions
ensuring that (Qn) converges in law to a Gaussian distribution, and we show that the
convergence is automatically improved inC∞-convergence. By this, we mean that for
all q ∈ N, there exists Nq ∈ N such that for n ≥ Nq , the law of Qn has a C q -density
and that this density converges in C q to that of a standard Gaussian.

Leptokurtic randomvariables Wesay that a randomvariable Z is leptokurticwhenever
E [Z ] = 0, E

[
Z2
] = 1, and E

[
Z4
] ≥ E

[
N 4
] = 3 where N is a standard Gaussian

variable.
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Proposition 3.11 With the above notation, assume moreover that X1 is leptokurtic and
that

Qn
law−−−→

n→∞ N (0, 1).

Then,

Qn
C∞−−−→

n→∞ N (0, 1).

Proof By [22], we find that the spectral radius ρ(A(n)) → 0 as n → ∞. Let q ∈ N.
By Lemma 1.1 this implies that lim supRq(A(n)) > 0 and τ(A(n)) → 0. We apply
Theorem 2.10 to conclude. �


3.2.2 Improving the Carbery–Wright inequality

Assume that the Xi ’s are centered, normalized, and with log-concave, and let
Q:=〈X ,AX〉 be a random quadratic form in the Xi ’s. Then, a celebrated result of
Carbery & Wright [9] states that

P [Q ≤ ε] � ε1/2. (3.8)

However, whenever ρ(A) is small enough Theorem 2.10 ensures that the law of Q has
a continuous density. Thus (3.8) is improved to

P [Q ≤ ε] � ε. (3.9)

Note that (3.8) holds for any (Xi ) whose joint law is a log-concave distribution (not
necessarily independent); while (3.9) holds for sequence of independent random vari-
ables such that Assumption 1 hold and the influence is small enough. The use of the
Carbery–Wright inequality is ubiquitous in probability theory, and an improvement of
their inequality could improve several fundamental results in probability theory. We
are planning to explore in details such consequences in a future work.
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