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Abstract
We study the regularity of the law of a quadratic form Q(X, X), evaluated in a
sequence X = (X;) of independent and identically distributed random variables,

when X can be expressed as a sufficiently smooth function of a Gaussian field.
This setting encompasses a large class of important and frequently used distributions,
such as, among others, Gaussian, Beta, for instance uniform, Gamma distributions,
or else any polynomial transform of them. Let us present an emblematic application.
Take X = (X;) a sequence of independent and identically distributed centered ran-
dom variables, with unit variance, following such distribution. Consider also (Q;)
a sequence of quadratic forms, with associated symmetric Hilbert—Schmidt opera-
tors (A®). Assume that Tr[(A(M)?] = 1/2, Ag’) = 0, and the spectral radius of
A™ tends to 0. Then, (Q,(X)) converges in a strong sense to the standard Gaus-
sian distribution. Namely, all derivatives of the densities, which are well-defined for
n sufficiently large, converge uniformly on R to the corresponding derivatives of the
standard Gaussian density. While classical methods, from Malliavin calculus or I'-
calculus, generally consist in bounding negative moments of the so-called carré du
champ operator I'(Q(X), Q(X)), we provide a new paradigm through a second-order
criterion involving the eigenvalues of a Hessian-type matrix related to Q (X). This Hes-
sian is built by iterating twice a tailor-made gradient, the sharp operator g, obtained
via a Gaussian representation of the carré du champ. We believe that this method,
recently developed by the authors in the current paper and Herry et al. (Ann Probab
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Regularity of laws via Dirichlet forms: application...

Introduction
Main contributions
Regularity of the law of random variables via Dirichlet form analysis

We study the regularity of the law of a real-valued random variable F, that is a smooth
function of a Gaussian field. Thanks to the Malliavin calculus, the underlying Gaussian
structure, called the Wiener space, comes equipped with a Dirichlet form. Here, we
merely recall that the theory of Dirichlet form provides an ansatz of differential calculus
at the level of the probability space, yielding, in particular, an integration by parts
formalism. Roughly speaking, our analysis builds upon the three following ingredients
at the heart of the theory of Dirichlet forms:

(i) the carré du champ, an unbounded non-negative bilinear form I’;

(ii) the infinitesimal generator, an unbounded linear operator L;
(iii) and an algebra of smooth random variables D°°, stable under L and T".
Reminders on Dirichlet forms on the Wiener space are given in Sect. 1.3.1. We nev-

ertheless recall, in this introduction, the fundamental interplay between those three
objects through the integration by parts formula:

E[-XLY]=E[['(X,Y)], X,YeD®.

Our techniques allow us to study finely the regularity of the law of a quadratic form in
smooth random variables. To formulate our main result, let us define, for a symmetric
Hilbert—Schmidt operator A with spectrum (A;), the spectral remainders

Ry(Ay= Y Aj...hp. qeN,
i1 7ig

We also recall the definition of the influence of A

T(A):=sup Z (ai(;’)>2 .

ieNjeN

Theorem A (Theorem 2.10) Let (X;) be independent copies of a centred and unit
variance random variable X € D*°. Assume, moreover that,

E[I(X, X)™%] < +o0, (0.1
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for some 6 > 0. Let {A(") = (ai(]'.’)) ‘n e N} be a sequence of symmetric Hilbert—

Schmidt operators on €*(N) such that al.(f) =0fori e N, and

liminf R,(A™) >0, geN;
n—o0

lim t(A™) = 0.
n—oQ
Then, for all g € N, there exists N, such that
law [(X, A(”)X)] %l n=N,.
Moreover,

< +00.
€4

sup Hlaw [(X, A(")X)]

n>Ny

Let us illustrate Theorem A by a concrete application. To our knowledge, the fol-
lowing corollary is the first result in the literature providing % °°-convergence for
non-linear polynomial functionals of non-Gaussian random variables. For the sake of
simplicity, we state the result in the setting of uniform distributions. As established in
Sect. 3.1, the uniform variables (U;) in the Corollary below can be taken in a larger
class of random variables, including, for instance, the Gaussian variables, the Beta
variables, the Gamma variables, and the multi-linear polynomials thereof. We say that
a sequence of random variables (X,) ¥ *°-converges to a random variable X with
smooth density f provided for all p € N, there exists N, such that forn > N,, X,
admits a density f, € ¢P and

1P - P -0, peN.

(KOO
In this case, we write X,, —— X.
n—oo

Corollary Take {A(”) = (al-(]'-')) ‘n € N] a sequence of symmetric Hilbert—Schmidt

operators on 82(N) such that ai(l.") =0fori,n €N, and

Tr[(A™)? =1, neN,
p(AM):=  sup |A| — 0.

).espec(AM) n—00
Take also (U;) a sequence of independent uniform variables on [—1, 1]. Then
ij

S aPuu; S N (0,2/3).
n—oo
T
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Proof By a classical result of [25], the above spectral conditions imply convergence
in law to a Gaussian. Moreover, by Theorem 3.2 the uniform distribution satisfies the
assumption of Theorem A. In particular, all the ¥?-norms of the cumulative distri-
bution function F, are uniformly bounded (for n large enough). Since the Gaussian
distribution has no atom, by a standard Dini-type argument, (F,,) converges uniformly.
By the Landau—Kolmogorov inequality

1/2 1/2
1Fallzs < V2N Fallfe 1 Fallyfoen
and, thus, proceeding by induction, (F,) converges in all €. O

Motivations and related works
Smooth central limit theorem

It is part of the probabilistic folklore, that if (X;) is a sequence of centred, normalized,
independent and identically distributed random variables whose common law has
density in a Sobolev space, then the regularity of the law of the linear functionals

1 n
Sn::m ZX,’,
i=1

improves with n. This fact can be seen at the level of the decay of the Fourier transform
of S,, by exploiting the linearity of S,, and the associated convolution structure, see
for instance [16]. Our work leverages the theory of Malliavin calculus on the Wiener
space to obtain a non-linear equivalent of this regularization phenomenon.

Improving the type of convergence in the central limit theorem for non-linear
functionals of random fields is a longstanding and intensively studied problem in
probability theory. The lack of linearity rules out methods based on convolution struc-
ture and its regularization properties. Hence, establishing smooth limit theorems, in
this non-linear setting, turns out to be a much harder task.

When the X;’s are independent Gaussian, let us mention, among other, the works [2,
10, 21] that establish that central convergence in law can be improved to convergence
in total variation; while [23] derives similar result for convergence in entropy. In our
companion paper [11], we derive that, on Wiener chaoses, central convergence can
actually always be improved to 4’°° convergence of the densities.

For non-Gaussian random variables, less results are available. See however, [3, 4]
where convergence in total variation is considered when the common law of uderlyings
X;’s admits an absolutely continuous part. As in the present article, all the aforemen-
tioned results are derived through ideas pertaining to Malliavin calculus and Dirichlet
forms.

We stress out that we do not need to assume asymptotic normality, or even con-
vergence in law, of the random variables under consideration, as our conditions in
Theorem A hold in a wider context. In some cases, it is however, possible to recover
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those conditions from asymptotic normality. See, for instance Sect. 3.2.1, for concrete
examples.

Regularity of the law via positivity of the carré du champ

In his seminal work Malliavin [17] lays the foundation of an infinite dimensional
differential calculus at the level of the Wiener space to study the regularity of the density
of a solution of a SDE, thus giving a new proof of a celebrated theorem by Héormander
[14]. Malliavin [17] establishes that some form of positivity of the Malliavin gradient
implies some form of regularity at the level of the law. Since then, the existence of
negative moments of the Malliavin gradient plays a prominent role in many works
related to Gaussian analysis (see, for instance, [1, 8, 12, 19, 27] for recent works). In
the literature, the problem of existence of negative moments is, most of the time, tackled
on a case by case basis exploiting the specificity of the model under consideration, or
taken as an assumption. To the best of our knowledge, [6] is the only work developing
a comprehensive theory of regularity for general Gaussian polynomials. They obtain
results regarding Besov regularity, and their work is also based on the study of the
Malliavin derivative. In this work, we introduce novel ideas to systematically study
the existence of negative moments of the Malliavin derivative, allowing us to derive
&> regularity of the density beyond the case of Gaussian polynomials.

Outline of the proof and of our construction
A Gaussian representation of the carré du champ

As anticipated, we derive explicit controls of the negative moments of I'(F, F), for
some F = F(X1, X2,...) € D, where (X;) are independent copies of X € D>
satisfying E [T (X, X)™?] < oo for some 6§ > 0. Each X; is a function of variables
(Y; 1)k such that (Y; x); x is an array of independent standard Gaussian variables. We
define in Sect.2.1.2 the Bouleau derivative:

tGF:=Y (3, F)(DX; - G),
ieN

where G = (G x); x is an array of independent standard Gaussiall variables inde-
pendent of the underlying Wiener space generated by the (Yix)ix, Gi:=(G; i)k, and
DX;:=(dy, X;)k. By construction, fig F has the same law as I'(F, F)Y2N where N
is an independent standard Gaussian variable. In particular, we have the following
Fourier—Laplace identity:

2
E [exp (itjng)] =E [exp (—%F(F, F)>:| .

From this identity, we see that existence of negative moments for I'(F, F) is equiv-
alent to some sufficiently fast Fourier decay of fig F, which in turn is equivalent to
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some regularity of the law of 5 F. Combining all of this, we obtain the following
intermediary result.

Theorem B (Theorem 2.4) Assume that i F has a smooth law, then so does F.

Remark 0.1 We have used the Bouleau derivative and a similar idea in [11] to study
regularization on Wiener chaoses.

Comparison of the Malliavin derivative and the Bouleau derivative

In the theory of Dirichlet forms, and in particular in Gaussian analysis, it is rather
standard to represent the carré du champ I" through a so-called Malliavin derivative.
This consists in a separable Hilbert space G together with a map V: L?> — L?*(G)
such that

IVF|% =T (F, F).

All separable Hilbert spaces being isomorphic little care is usually given to the choice
of G. The Bouleau derivative g F is a Malliavin derivative, where we take G to
specifically be a Gaussian space. By doing so, we introduce gaussianity in a a priori
non-Gaussian world, and we can now leverage the rich structure of Gaussian analysis.
This paradigmatic shift in the representation of the derivative is reminiscent of proof
of the isometric embeddality of 2(N) into L9(0, 1), where £2(N) is explicitly sent
into the Gaussian space. Namely, we identify every v = (v;) € £2(N) with a Gaussian
variable G(v):=); v; N; with (N;) a standard Gaussian sequence. Then, G (v) has
finite g-moment for all ¢ € N, an information that we could not have gained, have we
stayed in £2(N). The idea of taking derivatives in the direction of Gaussian variables
can be traced back to a slightly different construction of Bouleau [7, Chap. V §2] to
study different problems.

Introducing a non-linearity by iterating the derivative

The object g F is still too close from F, and we were not able to derive meaningful
estimates by working directly at the level of g5 F. This motivates the introduction
of the second derivative #gig F. For another array H = (Hj ;) of independent
standard Gaussian variables, also independent of G and Y, we define iterated Bouleau
derivative

tuiGFi= ) (0y0:,F) (DX - G;) (DX, - Hj)+ Y (3, F) H; - (ID*X{1Gy),
i,jeN ieN

where D2X,~::(8yk 0y, Xi)r. This definition simply corresponds to applying the
Bouleau derivative defined above to the random variable 5 F where in this case
we see G as being frozen. The first sum on the right-hand side has the same law as
(U, CVX(VEF)TY2)V), where (V2F);j = (0x; 0y, F), [i=diag(N'(X1, X1), T'(X2,
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X2),...),and U = (U;) and V = (V;) are two independent standard Gaussian vec-
tors. Similarly to T. Royen’s proof of the Gaussian correlation inequality [26], we
exploit properties of square of Gaussian variables rather than of Gaussian variables
directly. In our case, this allows us to control, in Proposition 2.8, the regularity of
fpfc F in terms of a quantity related to ri2(w2priz,

Iterating the argument leading to Theorem B, we obtain in Theorem 2.5, that when-
ever the law of g F is smooth then the law of F' is also smooth. Concretely, our
reasoning rely on the following chain of implications

Malliavin calculus

Fourier-Lapl
i F smooth =T BT (4G F, 86 F) 1] < 00,¥g € N n ¢ 4 F smooth
Fourier—Lapl javi
ouner:;ip ace E [F(F, F)_q] < oo, Vq eN Malliavin calculus F smooth.

Controlling the iterated Bouleau derivative of a quadratic form

When considering a quadratic form F:=(X, AX), with A a deterministic symmet-
ric Hilbert—Schmidt operators, the term to control in the iterated Bouleau derivative
fpfcF is of the special form: r/2v2pri/2 = T1/2pA11/2 where the randomness
only comes from the diagonal matrix I". Owing to this particular form, we can explicitly
control this quantity under some spectral assumptions on A, which gives Theorem A.
As a main technical tool, we use two results of independent interest:

e aresult showing that existence of a negative moment is preserved by taking multi-
linear polynomials (Proposition 2.12);

e a splitting argument that allows us to improve the positivity of some quantities
under spectral conditions (Proposition 2.16).

These results complement, and are actually based, on existing results regarding invari-
ance and anti-concentration for multi-linear polynomials [9, 18].

Embedding common laws in our setting

To apply our result, we verify that many common laws fit in our setting. More precisely,
in Theorem 3.1, we show that under polynomial growth conditions on the derivatives
of the quantile function of a law wu, there exists X € D> with law . The condition
E[I'(X,X)™?] < oo, is satisfied as soon as 1 admits a density in L'** for some
¢ > 0. In particular, we verify in Theorems 3.2 and 3.4 that all the Beta and Gamma
distributions can be realized on the Wiener space in a way that is suitable to apply our
result. Even though the proofs of the above theorems are mostly computational, the
authors were not aware that the Gaussian setting was rich enough to support such a
variety of laws, and we find this phenomenon of independent interest.
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1 Reminders and notations
1.1 Linear algebra
1.1.1 Symmetric Hilbert-Schmidt operators

We write £2(N) for the usual Hilbert space of square-integrable N-indexed sequences
x = (x; : i € N). A symmetric Hilbert-Schmidt operator A acting on £>(N) can be
identified with a bi-sequence A >~ (g;; : i, j € N) satisfying:

symmetry a;; =aj; foralliand j € N;

square-integrability Tr A2:=||a||%2:= Zi, j aizj < 00;

We sometimes also assume that A has a vanishing diagonal, that is a;; = 0 for all
ieN

(a) Eigenvalues and spectral quantities The operator A is diagonalizable in an
orthonormal basis with real eigenvalues (A; : i € N). We always assume that they are
decreasingly ordered by the absolute values of their eigenvalues: ])q ] > |)L2‘ > ...
The square-integrability can be rephrased in terms of the eigenvalues

TrA? = ZAIZ < 00.
ieN

We consider various quantities associated with A:

e the spectral radius

p(A):=sup [A;];
ieN

e the spectral remainders

Rg(Ay:= Y A ...h, aqeN;
i1 g

e the partial influences

7 (A):= afj i eN;
jeN

o the maximal influence

T(A):=sup7;(A) = supZaizj.
ieN iENjeN

We always have that
T(A) < T(A) < TrA%
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For I and J C N, we also write
AL, J):=(aj; : (i, j) e I x J),

for the extracted operator. As anticipated, our Theorem 2.10 deals with operator whose
spectral remainders are positive and influence is small. The following result shows that
it is actually sufficient to control the spectral radius.

Lemma 1.1 Let A be a symmetric Hilbert—Schmidt operator with Tr A> = 1. Then,

q—1

RyA) = [ T4 —kp(A)?) (1.1)
k=1

T(A) < p(A)%. (12)

Proof By definition,

RyBy= > Mg P

i1 Fig—1 iqé{il,.‘.,iqfl}
> Ry 1(A) D A7 = Ry 1(A)(1 = (g — Dp(A)).

i=q

The first inequality is true since the (Al.z) is non-increasing. (1.1) follows by an imme-
diate induction. Take i € N. For (1.2), consider ¢; the i-th vector of the canonical
basis. Then,

T (A) = [|Aei]I> < p(A)~.

Taking the supremum over i € N completes the proof. O

(b) Properties of the spectral remainders Provided rank A < ¢, then R, (A) = 0.
Actually, the spectral remainder R, (A) measures the distance of A to the operators of
rank g. See [11, Lem. 3 & 4] for a precise statement.

The following representation of the spectral remainder will come handy.

Lemma 1.2 ([15, Thm. 6]) For a symmetric Hilbert—Schmidt operator A:

RyA)= > [detA(, ).

1.1.2 Determinantal operators associated with a Hilbert-Schmidt operator
Letq € Nand 22,(N):={I C N: |I| = q}. We identify £ (N) = N. In view of the

Cauchy-Binet formula, it is natural to consider the operator B:=(b;; : I, J € Z,(N))
with non-negative coefficients
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bry:=[det A, ]>.

We treat B as a genuine operator, however due to the non-negative nature of its entries,
we consider £'-quantities rather than £2:

o the rotal mass:

o B):=[Iblli:=_b1s = Ry(A);
1,J

e the ¢'-partial influences of the index i:

v (B):= Z Lierusbry;

1,7eP,(N)

e the ¢'-maximal influences:

U(B)::Sl_lp v; (B).

Lemma 1.3 With the above notations, assume that Tr A* = 1, then
v(B) < 2gt(A).
Proof Leti € N.For I and J € &, (N), write I = {il, ...,iq} and J = {jl, ...,jq}

with the elements being increasingly ordered. By definition, X, the set of permutations
on{l,...,q}, we have

q
detA(l,J) = Z (—1)|U‘ Hailja(l)'
o€y =1

By Jensen’s inequality,

q
bry = [detA(I, J))* < q! Z Ha?zja(l)'
oex, I=1
Thus, we find that
q
vi(B) < Z q! Z Ha?zja(z)'

1UJ3i  oeZ, =1

On the one hand, when (ji,..., j;) ranges through increasingly ordered sets,
(Jo(1)» - - -+ Jo(¢)) for o ranging in 3, ranges through all non-ordered sets. On the other
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hand to go from increasingly ordered (i1, . . ., iy) to pairwise disjoint (iy, ..., iy), we
have to pay a factor ¢!. It follows that

vi(B) <2 Z Z 1{Ellll l}l_[alljl

i1#Flg 17 Fq
By symmetry, we finally get
q-1
u® <2 (Ya | [ Tad | =2qmer (mea?)"
J k.j
This concludes the proof since Tr A> = 1. O

1.2 Sobolev regularity and Sobolev regularity in Fourier modes
1.2.1 Regularity for functions
We recall notions regarding Sobolev regularity of a function f that we use to measure

the regularity of the density of random variables.

(a) Holder regularity. For k € N, we write ¥ for the space of k times continuously
differentiable functions on R, equipped with the norm

I fllri= max sup {|fP )] : x e R},

.....

Additionally, for « € [0, 1], we write €k for the space of f € €% whose k-th
derivative is also «-Holder, equipped with the norm

| f®O @) — fO)|
e—y|*

Il fllgre:=|fllgr + sup
xF#y

(b) Sobolev regularity. Actually, it is more convenient to work with the notion of
weak regularity whose basic definitions are recalled below. For p € [1, oo], we write
ZLP for the Lebesgue space of order p on R. We also define .% is the Schwartz
space of rapidly decreasing functions on R, and . is its dual the space of tempered
distributions. On ., we can define by duality a derivative operator 9. By spectral
calculus, we can actually make sense of any power of the Laplace operator, that
is we can define, for all s € R, the operator (I — 8%)° on .#”. Every element
f € P induces a tempered distribution still denoted by f. Conversely, for a tempered
distribution 7" we write 7' € .Z’” whenever it is induced by a function in .Z’7. Recall
the definition of the fractional Sobolev spaces:

WP = {f e (11— fe zl’} . pell,o0l s €R,
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equipped with the norm
£ s =I (L =922 fll 0.
For s € N, the Sobolev norm ||-||,s.p is equivalent to the classical Sobolev norm
I fll.zr +110° fll zp-

Sobolev spaces are relevant for our analysis due to the celebrated Sobolev embeddings
1

WP ¢, k+ta=s——, keN aecl01] (1.3)
p

(c) Sobolev regularity in Fourier mode. In this work, it is convenient to work
with the Fourier transform. Recall that by duality, we can define, on ., the Fourier
transform, and its inverse . —1 Recall that the Fourier transform sends differential
operators to multiplication operators. In particular,

FIA =0 f16) = A +E)°f(€). §eR sek.
We also write f = F f. We then define the Sobolev space in Fourier mode
Frir=lfes @ A+E) P fEne2r). pelliool seR,

equipped with the norm
1Fwsni=l (48272 flgn = | FLL = 02211 .

Due to the Fourier isomorphism theorem [13, Thm. 7.1.11], we have that F#$ 2=
W2 foralls € R.Ingeneral, by [13, Thm.7.1.13],for p € [1,2]and p:=p/(p—1) €
[2, co] the Holder conjugate of p, we have that F: £P — & P is bounded. While,
by [13, Thm. 7.9.3], forg > 2,and s > 1/2 — 1/q, F: X1 — # =52 is bounded.
Consequently, we have that

, 11
WP s FYSP s w72 pell,2],seR, 1> —— 5 (4
p

1.2.2 Regularity at the level of the random variable
It is more convenient to manipulate quantities defined at the level of a random variables

rather than referring to its density. Whenever a random variable Z has density f, we
let

Ns,p(Z):ZHf”}'WSw
W o (Z):=|fllpsp.
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We easily verify that

Ny p(Z) = (/ | (1 +52>s/2E [eigz] ’pdg)l/p’

where, when p = oo, the above integral is understood as an essential supremum.
Owing to the duality between .£” and .£’7 , we find that, for s € N

W, p(Z2) =sup {|E[3°0(2)] | : ¢ € 6, llgll o < 1}.
1.3 The Wiener space

All random variables are defined on a sufficiently large probability space (€2, 20, P).
Let us first recall some basic notions regarding the Wiener space and the associated
Dirichlet form. We follow [5] (see also [20, 24]). The Wiener space is the probability
space given by the countable product

QR B®), y),

keN

where B (R) is the Borel o -algebra of R and y is the standard Gaussian measure. We
consider the projection maps

Yi: RN 5 (x;) = x.
By construction, under y~, (¥;) is a sequence of independent standard Gaussian
variables. Whenever (X;) is a sequence of random variables each defined on an inde-
pendent Wiener space, we can look at the sequence (X;) defined on the Wiener space.

Indeed, for each i € N writing (¥ ;)i for the coordinate system associated with the
Wiener space on which X; is defined, we see that (X;) is defined on

Q) ®, B®), y) =~ QR BR), y).

k,ieN keN
We write IL? for the space of L? random variables, measurable with respect to the
underlying Wiener space. We stress that our probability space €2 is larger than the

underlying Wiener space, and contains random variables independent of this underly-
ing Wiener space, In particular L? (P) is larger than L.”.

1.3.1 Dirichlet form on the Wiener space
(a) Malliavin derivatives For cylindrical random variables, that are of the form

X=f¥,....Y), feE°R, IeN,
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we define the first and second Malliavin derivatives

DX:=(dy, X)«,

D% X :=(dy, dy, X)ui-
These two differential operators can be extended to non-cylindrical random variables
through a standard closure argument, since D and D2 are closable in L2(¢2(N)) and
L2(£*(N ® N)) respectively, see [24, Prop. 1.2.1]. Our construction of Malliavin
derivatives coincides with the setting of an isonormal Gaussian process over the Hilbert

space £2(N). In Sect.2.1.2, choosing the Hilbert space as a Gaussian space leads to
the construction of the Bouleau derivative, that plays a crucial role in our analysis.

(b) Carré du champ Provided a random variable F is smooth enough, for instance
we can take F € R[Yq, ..., Yy] for some N € N, we define its carré du champ

I'(F, F)::Z(Byk F)>.
k

Classically, by density and polarization, this quadratic operator can be extended, by a
standard closure procedure, to an unbounded quadratic form

F:LZXL2—>L1,

DomF::{F el?: I'(F,F) < oo}

(c) Wiener-Dirichlet form The carré du champ allows us to define a so-called
Dirichlet form, that is a closed symmetric non-negative bilinear form defined on the
dense subspace Dom I' C .2

E(F,F)=ET(F, F).

To this Dirichlet form corresponds a unbounded self-adjoint Markov generator, some-
times called the generator of the Ornstein—Uhlenbeck semi-group

L: L2 — L2,

with domain Dom L € Dom &, and characterized by the following integration by parts
formula

E(F,R)=—E[FLR], F e Domé&, R € DomL.

(d) Smooth random variables Carrying out our computations requires to work with
elements of a sufficiently large set of random variables on which we can perform certain
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operations. Let us thus introduce the set of smooth random variables

D¥:={lFe (] L’NDomL, keN
pe(l,00)
Recall that in the definition above L°F = F. It is known [5, Chap. 2 §7], that D* is
an algebra, and that, whenever F' € D, then, also I'(F, F) € D*°.

(e) Important formulas related to the locality The Wiener Dirichlet form is diffu-
sive, meaning that the carré du champ satisfies a chain rule

d
D(@(F1, - Fa), R) =) 0@ (Fi, ..., FOT(Fy, R,
k=1
Fi,...,Fs, ReDom&, ¢ € €} (1.5)
and a Leibniz rule
['(FR,S)=RI'(F,S)+ FI'(R, S), F, R, S € D*. (1.6)
In particular, we have the integration by parts formula for I'
E[I'(F,S)R]=—E[FRLS]—E[['(R, S)F], F, R, SeD* (1.7

1.3.2 Hypercontractivity on smooth polynomial

We finish these reminders by stating some norm equivalence on smooth polynomials,
those are multi-linear polynomials evaluated in independent copies of elements of D°°.
Whenever the elements are elements of the Wiener chaoses (see [20] for definitions),
this equivalence of norms is well-known. Because we are working with generic ele-
ments of D>, we give a complete proof based on hypercontractivity estimates from
[18].

Recall that our Wiener is generated by the independent array (Y; x);x. We call
smooth basis a sequence X = {X], X>, ...} where there exist a finite number of
functions f1, ..., fp such that X; = { fi((Y;1)i). - ... fp((Yix)k)} C D™, and all
the random variables X; € A; are centered with unit variance. If 7 is finite subset of
N, for a collection (X;) of random variables with X; € A} for alli € I, we denote

X[Z:HXi.

iel
Then, we define,
Xp= {sz X; € 9\1} ,
iel
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and, for all we letm € N, Py, (X') be the vector space spanned by the random variables
X1 € Ay for |I| < m. By construction all the X;’s are independent. In particular,
E[X;X;]1=1/=,.

Lemma 1.4 If X is a smooth basis, all the LP-norms are equivalent on Py, (X).

Proof 1t is a consequence of [18, Props. 3.16, 3.11 & 3.12]. The Wiener space or the
Dirichlet form are actually not used here. O

Lemma 1.5 Let X be a smooth basis and m € N. Then, the bilinear form & is contin-
uous on (P, (X), |||l .2)-

Proof Let I and J C N with |I| < m and |J| < m. Take F; and F respectively in
the linear span of X; and X;. Namely, there exist a finite set K C N, (ax) € RX,
(bx) € R, and random variables X € X; (i € I,k € K) and X’; eX;(jel ke
K) such that

=Y aXj, and F;=) kX

keK keK

From the independence and the centering, we see immediately that

E[FF)=1; Y aby[]E [Xf‘Xf/] .

k,k'eK iel

Moreover, by bilinearity and the Leibniz rule for I", we have that

PFLFD= 3 D XXM X)),
kk'eKiel,jel

Since fori # j, X; € X; and X; € & lives in two independent copies of the Wiener
space, we have in this case F(X i» Xj) = 0. Thus taking expectation in the expression
above, and using again the 1ndependence and the centering, yields

EIN(FL F)l=1i=s Y abe Y TxExE) T B[xixt].

kk'eK iel i’el\{i}
Let
ET(X;, X)) El(X1, X))
c:=msup SUp ————,— =m Sup ———0——
i€l X; X[eX; EXiXi X, X'eX) EXle

The equality holds since all the X;’s are copies of each other. Moreover, c is finite
since X is a finite set of D°°. We have shown, on the one hand that the family (Fy)
is orthogonal for the IL2-scalar product as well as with respect to the bilinear form &;
and, on the other hand, that

E(F1, Fi) = cE[FP].
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Now, take F' € P,,(X). In particular, there exists a finite collection of sets I1, ..., [;
of cardinality less or equal than m such that ' = Fj, + --- + Fy,. By orthogonality
and the above inequality

5@3F)=§25@@J@)SCEZE[Fﬂ==CE[Fﬂ.

<l =<r
This completes the proof. O

Lemma 1.6 Let X be a smooth basis and m € N. Then, there exists a smooth basis
X' such that L: Py (X) — P (X’). Moreover, L is continuous from (P, (X), ||| .r)
t0 (P (X"), -l a) forany 1 < p,q < +o0.

Proof Take I C Nwith [I| < mand X; € Xj.For X and Y € D*°, we have L(XY) =
XLY +YLX+2I'(X, Y). Since whenever X and Y are defined on independent Wiener
space, I'(X, Y) = 0, we find that

LX; = || ZX]\{,‘}LX,’.

iel
The first part of the statement follows by taking X":={X], A7, ...} with
X=X U{L(X): X e X}, ieN.

Next, by Lemma 1.5, there exists C > 0 such that for F in P, (X) we have
|[E[FL(F)]| = EWF,F) < C”F”ir It implies that L: (P (X), [I-ll.2) —
(P (X", Il z2) is continuous. Indeed, we thus have

L2 sup |ILY?F|2,| = sup |E[FLF]|<C <.

2
||L2—>L2 =
IF]l,><1 IF]l,><1

This shows that L!/? is bounded ans subsequently, L too. Since, by Lemma 1.4, all the
LP norms are equivalent on P,,(X) and P, (X’), we conclude. O
Lemma 1.7 Let X be a smooth basis and m € N. Then, there exists a smooth basis X’

such that T': Pp(X) X Ppu(X) = Pam_1(X'). Moreover, forany 1 < p,q < +o0,
the bilinear operator T is continuous when seen as an operator

P (X, -l p) X (P (), -l ) —> Pam—1 (X7, Il o)

Proof Using the Leibniz rule for I' and the fact that I'(X, Y) = 0 whenever X and Y
are defined on different Wiener spaces, we find that

(X, Yy = Z XniYna'(Xs, Yy,  Xpe &, Yyedy.
ieln
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This shows that the first part of the statement holds setting X":={X7, A7, ...} with
X=X U{XY —E[XY],X,Y e {JU{I'(X,Y)—EX,Y), X,Y € Xi}.

By Lemma 1.5, there exists C > O such that for F' € P, (X), wehave |I'(F, F)||;1 =
E(F,F) < C|F|7,. It implies that T': (P (X), [I-12) X (Pm(X), [I-l2) —
(P (X", Il z1) is continuous. By Lemma 1.4, all the L” norms are equivalent on
P (X) and Pa,—1(X), and we conclude. O

If k is an integer, we use the notation K (F) for the variable defined by the induction
formula I'' = T, and T**1(F):=T [TX(F), T*(F)], k € N*.

Lemma 1.8 Let X be a smooth basis, m, k € N, and 1 < p < +00. Then, there exists
a constant C such that forany F € Py, (X) with E [Fz] = 1, we have |T*(F) lpr <C
and |[T*(LF)|z» < C.

Proof Follows by successive applications of Lemmas 1.6 and 1.7. O

2 Regularity of laws of a random variables on the Wiener space
2.1 Regularity estimates for smooth random variables
2.1.1 Regularity of laws from positivity of the carré du champ

The analysis of Dirichlet forms is relevant for the study of regularity of laws. Indeed,
as it is part of the folklore: if F € D* and ['(F, )y le Ni<p<ooll?, then F has a
law that is °*°. See [28, Thm. 1.14] for this statement. Here, we give a quantitative
version of this estimate.

We fix F € D*°. Let us define recursively Wo(F):=1, and

Vi1 (F):=I'(F, F)[-VY (F)LF — T'(F, Wi (F)] + Y (FT(F,T(F, F)), keN.

Since for F € D*®°,LF € D*°,I'(F, F) € D, and that D*> is an algebra, an induction
yields that W (F) € D for all k € N. For convenience, write

Vi (F):=[|W (F) |2

The quantities Wy ’s allows us to perform integration by parts and thus to control the
regularity of the density of F.

Proposition 2.1 Let F € D™ smooth such that T'(F, F)~' € L* for some k € N.
Then,

Vi (F)

EPWWﬂ=EPw%ﬁ?EZ

} . @e?™ . 2.1)
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In particular, we have that
2
Wit (F) < Wi(FYE[T(F, -] " 22)
Proof Since ¢ is bounded, by the Cauchy—Schwarz inequality the right-hand sides in
(2.1) and (2.2) are well-defined. For short we will write in this proof W:=W;(F),
S:=I'(F, F), and

[\ L\ 3

Wi=———mr = —+.
k [(F, F)2k S2k

We establish (2.1) by induction. For k = 0, it is trivial. Assume that S -1 ¢ L%+4 and
that the claim is established up to some k € N. By (2.1), we get that

E[o" (R =E[¢'(F)Wi]. 23)

Using the diffusion property (1.5), we get that

E [¢/(F)W;] = [r(go(m F) SW} 2.4)

We shall now carry out computations as if S € D*. On the one hand, we have that
§—2k=1 ¢ 1.2, On the other hand, by the chain rule (1.5), we find that

D(S7271 57271 = 2k + 1)257%741(8, 9).
Let us mention that this a priori formal computation can be made rigorous by doing
the computation at the level of the smooth random variable (S + £)~2k~1 and then
letting ¢ — 0. Since I'(S, §) € D, this shows that
r(§~2k-1 §=2k=1) e L1,
Thus, S~%~! € D2 = Dom &. Since ¥ € D, we have shown that ¥; S~ %1 ¢

Dom £. Since we also have that ¢(F) and F € D>, all the following computations
make sense. By integration by parts and the Leibniz rule, we get that

—E [go(F) SZH LF] E [ ( (F) S;I;H : F)}
—E [F(¢(F) F) S;IZH} +E |:<p(F)F <S;I1:i1 : F)] .
Combining with (2.3) and (2.4) yields
E [<p<’<+1>(F)] —E [(p(F)[—\IIkS_Zk_lLF (W ST, F)]] .
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By the Leibniz rule and the chain rule, we find that
F(\Ilks—Zk—l’ F) = SZk—lr‘(‘I’k, F) — Qk+ D)W, I'(S, F)S—Zk—?

Recalling that S = I'(F, F) this concludes the proof in view of the definition of the
U’s. O

2.1.2 The Bouleau derivatives

We now use the formalism of Dirichlet forms on the Wiener space to derive regularity
estimates for the density of a smooth random variable. Roughly speaking, we construct
conditionally Gaussian random variables encoding the properties of the carré du
champ. As anticipated, the following objects play a pivotal role in our analysis.

Definition 2.2 The first and second Bouleau derivatives of X € D are respectively
defined by

16X:=DX -G = Y (3,,X)Gr. (2.5)
k
fuicX:=H -D’XG =Y (3,0, X)G¢Hi, (2.6)

ki

where G = (Gy) and H = (H;) are sequences of independent standard Gaussian
variables, such that the array (G, Hj) is independent of the underlying Wiener space.

By construction, g X has the same law as I'(X, X)/2N where N is a standard
Gaussian variable independent of I'(X, X).

Remark 2.3 The Bouleau derivatives are nothing but the celebrated Malliavin deriva-
tives when we take derivative in the direction of an independent Gaussian space.

It is convenient for us to identify X and y G X with element of the Wiener

space generated by the underlying Wiener space, G and H. With this identification,
we have g X and figfigX € D*.

2.1.3 Regularity of the random variable through the Bouleau derivative

Our general principle states that the regularity of the law of i F' controls that of the
law F.

Theorem 2.4 Let g € N*. Then, for all F € D*°,

W, 1(F) S W, (F)Nsgi1,00(2G F)'/?

2.7
S W, (F)Wsgy1,1(86 )2 @D
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Here, and in all the paper, we use the notation < to indicate that the inequality is
true up to multiplication by a positive constant depending possibly on g but not the
other parameters.

Proof Let & > 0 and A > 0. By Markov’s inequality, we have that:
! 22 ~12/(2%)
P F(F,F)<g =P |exp —?F(F,F) > e
22/ 2
<e /GO R |:exp <_7F(F’ F)>:| .

By construction, fig F is a conditionally Gaussian variable with conditional variance
I'(F, F), and we have that

2
E |:exp (—%F(F, F)>:| = E [exp (i F)] . (2.8)
Thus, taking A = /2 we have that
1 . 1/2
P |:F(F, F) < E] <¢E [exp (1(25) jng>] .

It follows that

E[[(F,F) 1] =g¢ /Oogq—l P [F(F, F) < é] dg
0

IA

% /0 27V E [exp (€46 F)] dé 2.9)

eq o0 %-2q—1
=7 ( /0 Wc@) Nag+1,00 (86 F).

By Proposition 2.1,
W12
W,.1(F) < W, (F)E [F(F, F)~ q] .

From which, together with (2.9), we conclude the first inequality in (2.7). The second
inequality follows by (1.4). O

We can iterate Theorem 2.4.

Theorem 2.5 Let F € D*°. We have that

W, 1 (F) S W, (F)Wsy11 (86 F)Neag19,00 (811G F)'/*.
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Remark 2.6 The recursive definition of the W, involves repeated applications of the
operators L and I'. As mentioned above, we look at i F' as an element of the Wiener
space, and we have §GF € D*. In particular, ¥, (1 F) makes sense. We stress
however, that the L and I" are applied to all the variables, including G.

Proof In view of Theorem 2.4, it suffices to bound W, (g F), with r:=8¢q + 1. To
do so, we apply Proposition 2.1 to g F, which is indeed an element of D°° when
extending the underlying Wiener space with G. We have that

T(#GF,46F) =T ({6 F, 46 F) + ' (F, F),

where T' means we compute the carré du champ with respect to all the variables,
while in I' we only compute the carré du champ with respect to the initial underlying
Wiener space. Thus, rather than controlling the negative moments of THGF,tcF)it
is sufficient to control that of I' (§g F, i F'). Since we have again the Fourier—Laplace
identity

22 .
E [exp <—?F(IiGF, ﬁGF)ﬂ = E [exp (iMn G F)] .
repeating the computations leading to (2.9) yields

E[T (46 F. 16 F) ] < Nog11(Entc F).
We conclude by Proposition 2.1. O

2.2 Regularity for smooth variables of a smooth sequence
2.2.1 Smooth random variables measurable with respect to a smooth sequence

We want to study smooth random variables of a particular form. Namely, we fix
X € D and we consider (X;) a sequence of independent copies of X. In the sense
that, as in Sect. 1.3.2, there exists a function x such that X; = x((¥; x)«), where we
recall that our Wiener space is generated by the independent array (Y; x)ik.

We consider a random variable F = F (X1, X»,...). We moreover assume that
F e D*°. We write DY for the space of such random variables. Since ' € D, the
definitions of the Bouleau derivatives still apply to F. For the reader convenience,
we give the explicit expression of i F and g F. It is now convenient to consider
an array of independent Gaussian variables (G; «, Hj k)i, j k, also independent of the
(Y k)i k» and to group them vectorially

Gi:=(Giwr»  Hj=(Hj .

@ Springer



R. Herry et al.

In this case, writing - or (-, -) for the scalar product on 2(N)

86F =Y (3, F)DX; - Gi = Y (3, F)(dy,, X)Gi . (2.10)
ieN i,keN
tniGF = Y (3y0x, F)(DX; - G)(DX; - Hj) + Y (3, F)(H;. D*X;G)).
i,jeN ieN
(2.11)

2.2.2 Estimating the regularity of the iterated gradient by Gaussian analysis

The random variable gty F is conditionally a Gaussian quadratic form, that is a
Gaussian quadratic form with random independent coefficients. More precisely, there
exists a random linear operator, measurable with respect to the underlying Wiener
space, A such that

tniclF = (G,AH).

The explicit formula for A is involved but could be inferred from (2.11); we do not
write the formula as we show below that A has the same law as another random
operator, more tractable for our needs. At the intuitive level, looking at g F as a
Gaussian quadratic forms with random independent coefficients allows to control its
Fourier transform with spectral remainders of an operator related to A. In this section,
we follow this idea in order to deduce exploitable bounds from Theorem 2.5. Let us
start with an estimation of the regularity of the law of a Gaussian quadratic form, that
is with deterministic coefficients.

Lemma 2.7 Let N = (N;) and W = (W;) be two independent sequences of indepen-

dent standard Gaussian variables and A be a deterministic symmetric Hilbert—Schmidt
operator. Then,

Ny2.00((N,AW)) SR (A4, g el

Proof We first prove the claim for the non-independent case W = N and then explain
how it is sufficient to conclude. Write F:=(N, AN). By diagonalization we have
A = PT AP where A is the diagonal operator of real eigenvalues of A and P is an
orthogonal operator. By the invariance of Gaussian measures under isometries, we
find that

F = (PN, APN) 2 (N, AN).
Recalling that
E [ei“’?] — (1 —2ig)" 12,
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we get that

[E[e47 ]| =TT —2iend| ™% = [Ta1 +4e%d 7.

k k

Developing the product yields

[T(1+46%2) =14 3 4762 R, (A).
p

k

Finally, we have that
[E[7]| s a+6) 7 R, )74,

from which the claim follows in the case N = W. Now, consider two independent
sequences N and W. Write
0|A
@2._
A= <A 0)

The characteristic polynomial of A%? is given by

det (%) = det(A’ld — A?) = det(Ald — A) det(rld + A).

Thus the spectrum of A9? is obtained by duplicating the spectrum of A up to a sign,
and it follows that R, (A%?) > R, (A). Since

o ={ (1) (1)

we conclude by the previous case. O

We now derive the pivotal abstract result of this paper. We write, for i € N,
I'i:=I'(X;, X;), and, for I C N, F;::]_[iel I';. Let us consider the random sym-
metric Hilbert—Schmidt operator given by the Hessian of F' with respect to the X;’s,
namely

V2F = (3, 0x, F)i ;-
We define the random non-negative coefficients

bry:=(det(V>F)(I,J)?* 1,JCN,
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where we recall that (VZF)(I, J) stands for the extracted sub-matrix from V2F. The
following multi-linear polynomial in the I';’s allows to control the regularity of smooth
random variables

Sy(Fy:=">_ b Tl 10— (2.12)
1=J1=q

Proposition 2.8 Let F € DS, we have

< —14]V4
W1 (F) S Wo(F)\¥s1 (G P E [Sizsgs (P77 @213)

Proof Let (e, ea, ...) be the canonical basis of ZZ(N), and let us write u - v for the
£2(N) scalar productof u and v € £%2(N). For all i € N, consider a random orthogonal
transformation P; : £2(N) — ¢2(N) that depends only on the underlying (Yk.i )« but,
in particular, not on G and H, where we only impose that

—1/2

Piel = Fi DX,‘ .
We can fulfil this constraint since |[DX; ||%2 ™ = I';. Let us write

5,‘2: Piéi, ﬁiiz Piﬁi.
By definition and orthogonality of P;, we have

1/2

pd 1/2 pud ~ 1/2
DX, G; =T*(Pie1)-G; =T,"%¢; - G; =T,/

Gi,l-
Using (2.11), and then subsisting this new basis we find

8HiGF =) (3505, F) (DX; - G;) (DX - Hj) + Y (3, F) H; - (ID*X;1G)).
i,j ieN
=" @wdy, F) TG (P H; 0+ 0y F) (PT Hy) - (D X,1P71 G
= x; Ox j i i1 j j.1 Xi i i ilr; i)
i i
Up to relabelling of indices, we can find random operators A and B such that

(H,AG) = Y (0,0, F) (02 Gi.1) (02 Hj )
i.j
(H,BG) =) (3, F) (P;'Hy) - (ID*X;1P; ' Gy).

The explicit formulas for A and B are not relevant. Define the matrix C:=A + B. Using
Theorem 2.5 and Lemma 2.7 yields

EALE
W1 (F) S Wy (F)¥sy 1 (56 F)E [Rizsgiis (O]
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Let ¢’ :=128¢g + 18. The matrix B is diagonal, since it only involves terms of the
form G; and H; with the same index i. In particular, whenever I N J = {J, we find
B(I1, J) = 0. Thus, by the Cauchy—Binet formula Lemma 1.2,

Ry(©Q = Y ([detCU, ) lnj=p= Y (detAU, 1) lins=p.
1=|J1=q" =|J1=q"

Consider I' = diag(I"1, ['2, .. .), up to a suitable choice of indices, we have
A=T">v2F)r'/2
Using that I' is diagonal, we find
detA(I, J) = T')/*(det(V2F)(1, J)T Y.

This completes the proof. O

2.3 Regularity of laws of random quadratic forms

In this section, we use our general theorem in order to derive sufficient conditions for
the regularity of random quadratic forms. More precisely, as in Sect.2.2.1, we consider
let X € D* and (X;) a sequence of independent variables with the same law as X.
We also take A = (a;;) a deterministic symmetric Hilbert—Schmidt operator on 22(N)

with a;; = 0 for alli € N, and we consider the homogeneous quadratic form
Op:=(AX, X) Za,]XX (2.14)
i#j

Regularity on the law of Qa will follow from regularity on the law of X.

Assumption 1 There exists 6 > 0 such that
P['(X;, X)) <e] <&, e>0. (2.15)

Remark 2.9 Assumption 1 is equivalent to E [I"(Xl, Xl)_po] < oo for some pg > 0.

In view of Sect.2.1.1 this implies that X has a density in some Sobolev space #/0-!
for some so > 0. We stress that we allow sg < 1.

Our main result shows that the law of QA is regular provided the influence of A is
small enough. The rest of this section is devoted to the proof of this theorem.

Theorem 2.10 Under Assumption 1. Let g € N and § > 0. There exists T4, 5 > 0 such
that for all A with

TrA> =1, (2.16)
Ri28g+18(A) > 4, (2.17)
T(A) < 148, (2.18)

@ Springer



R. Herry et al.

the law of Qa is in W91, and in particular, it is in €971, Moreover, for some
ng > 1/4,

1
< —
Wy (0 < 5
Remark 2.11 For the sake of simplicity, we did not keep track of the explicit constant
74,s- It could however be recovered from a careful examination of our computations.

2.3.1 A general small ball estimate for multi-linear polynomials

As could be anticipated from the previous sections our analysis is concerned with the
positivity of some random quadratic forms. We thus start with some auxiliary results
of independent interest. A multi-linear polynomial is a function

p(x)::Zanc/, x € R,
ICN

where x;:=[]; <1 Xi»and (a; : I € N) are real coefficients such that a; = 0 for all /
with |I | > d for some d € N. We call the degree of the polynomial the largest d such
that a; # 0 for some }I| =d.

Proposition 2.12 Let (U;) be a sequence of independent and identically distributed
random variables with finite third moment, and such that there exists 0 > 0 with

0
€
supP||U| —b| <e| < | ———= ) , e>0. 2.19
supP ([ }_]N<WHMWJ 19
Foralld e N, let
04:= 9/\ ! ! (2.20)
= 2732/ 4T '

Then, for every p multi-linear polynomial of degree d

£ O
P[|lpU)—b <) > 0. 221
Z‘éﬁé [l |S€]N<Var[p(U)]l/2> £= (@21)

Remark 2.13 We did not try to optimize the constant ;. Finding the optimal expo-
nent would be an interesting problem, not only in connexion with this work but also

regarding generalization of the inequality of Carbery & Wright [9].

Proof By homogeneity, we assume that U is centered and with variance 1, and that
Var [p(U)] = Za% = 1. We proceed by induction on d. In the following, we
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understand a multi-linear polynomial of degree O as a constant. We consider the weaker
property: for every multi-linear polynomial of degree d > 0,

P[lp)] <n] <™. n=o0. (2.22)

For d = 0, itis clear that (2.22) holds with 8yp = 1 (or any other positive real number)
as long as p # 0. We also have that (2.21) implies (2.22). Let us assume that we have
proven (2.22) for some d > 0 and show that (2.21) holds for d + 1.

(a) Large influence estimate Fix i € N. Let us write

Sii= Z arUniy,

I1>i

RiZZZaIUI.

1%

In this way, we have that p(U) = U;S; + R;, and S; and R; are independent of Uj.
When d = 0, we understand Uy = 1, and thus S; = a;. By (2.19), it follows that

PHp(U)—a| §8]:P[|U,-S,-+R,-—a| <e, S >n]+P[|p(U)—a’ <e, S 5;7]

< (8)0+P[Si <n.

n

Since S; is a multi-linear polynomial of degree d, by the induction hypothesis (2.22),

& 0 n 04
P[|p(U)_“|§8]§(Z) +(ns,-uLz) ' (2:23)

(b) Small influence estimate The above bound is useless, whenever 7:= sup; E [S 12]
is small. In that case, we use a celebrated invariance principle for polynomials by
Mossel, O’Donnell & Oleszkiewicz. Consider G = (G;) a vector of independent
standard Gaussian variables, then according to [18, Thm. 2.1],

P[|p(U) —al| <&] Sdt'/B4tD L P[|p(G) —a < ¢].
By a famous inequality of Carbery & Wright [9, Cor. of Thm. 2], we find that

g )1/(d+1)

P G) — T
[Ipe@ “'58]5(||p<G>—a||Lz

By assumption, we have that Var [p(G)] = 1. Altogether this shows that
P[|p(U) —a| < &] < !/8@HD 4 pl/@+D), (2.24)

(c) Combining the estimates Whenever 7 < ¢!/4, we choose (2.24) yielding

P[|p(U) —a| < g] < &!/3HD 4 l/d@+D),
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On the other hand, when t 2> e'/4, we choose (2.23) with n = £1/2 and this gives
P[|lp(U)—a|<¢] < 012 4 glal4,

Thus we have that

1 0
01 === N =,
32 2
04
0, = —, d> 1.
d+1 2 >
i — (L A 0y/gd—1
This shows that ; = (A )/ O

By using the comparison between L' and L2, we immediately get the following
corollary.

Corollary 2.14 Under the same assumptions as in Proposition 2.12, and assume more-
over that Uy > 0, and a; > 0. Then,

e O
P U) — < — . 2.25
supP[lp@) a|5€]N(E[p(U)]> (2:29)

2.3.2 Improving positivity by splitting independent terms

Recall that we have fixed a symmetric Hilbert—-Schmidt operator A with vanishing
diagonal, and with unit norm. Fix ¢ € N. Recall that we consider the set of subsets of
N with exactly g elements, that is

Z,N):={I CN: |I| =q}.

We consider:

e the symmetric trace-class operator
B:=(b1s: 1, J € Z,(N)),

with by j:= (det A(I, J))?> > 0, forall [ and J € Z,(N);
e a sequence of independent non-negative random variables (U; : i € N), and

Up=[]ui. 1e2,N):

iel

e and the non-negative random variable:

S:= Z bryUIU 1 n=p.
1.IeZ,N)
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Recall that we have defined the £!-influence v(B) and the total mass o (B) in
Sect. 1.1.2. In the next section, we apply the results of this section to U; = I';. In
this case, one would have § = S, (F) as defined in (2.12). However, the results of this
section only depend on the fact that the I';’s are non-negative, and they depend on no
other properties of the carré du champ.

Remark 2.15 The random variable S is non-negative since all the terms are non-
negative. However, it is not non-negative as a quadratic form in U; since the operator
B may fail to be non-negative.

Proposition 2.16 Assume that E [Ulz] < 00, and that there exists 6 > 0 such that
PlU <e] <&, e>0. (2.26)

Let k € N. Assume that

1
T(A) < W

Then, with 0y defined in (2.20),

< £32K P
PIS=el2 (Rq(A) - r(A)Rq—2<A>> S

(a) Heuristics Consider disjoint subsets L; C &2, (N), for/ =1,...,2%. Let
Sp:= Z Linj=pb1sU1U;.

(1,J)ely xLy

Then, the S;’s are mutually independent. Since each term in the sum on the right-hand
side is a multi-linear polynomial of degree 2g, provided we can apply (2.25) on each
of the first term, this allows to improve our bound. We now show this procedure is
indeed feasible.

(b) Splitting the mass via a probabilistic method Given L. C &7, (N), we write
B =, :1,J € L) for the extracted operator.

Lemma 2.17 There exists L. C &, (N) such that
1 2
L)~ & 4 .
’ (B ) = 1767 ® 16V ®:
1 2q
B]LC) > —oB) — Lyp).
"( = 167 ® 15V ®

Proof Our proof implements the probabilistic method. Since o and v are linear, by
homogeneity, we assume that o(B) = 1. Let us consider a family of independent
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Bernoulli variables (¢; : I € &,(N)) with mean 1/2. We define the random set and
random variables

]L::{I e Z,N):¢g = 1};

T:= Z bry = ZS[SJb[J.
(I,J)eLxL 1J

Ti= ) b= (—en—epbr.
(I,J)el.€ xIL.¢ 1J

Forl,J,1',J" € #,(N),wehave thatif e;e;(1 —e;)(1 —ey) # 0,thene; = &5 =

1 —¢p =1—¢gy = 1. This implies that {1, J} N {I/, J/} = (. This later condition is

implied by (/ U J) N (I’ U J’) = @. By independence, for such I, J, I’, J', we have
Elere;(1 —ep)(1 —ey)]l = EleresJE[(1 —ep)(1 —gy0)].

By a direct computation, we have

Bl

1 1
Elejes] = le;éJ + 51121 >

Developing the product we thus find

1

“ 1 1

E[TT]>— Y bibry = —(®) — — ) by by

Z 16 17bry 16(0( ) T 17bry
UNHNI'UT)=) (TUNHNUT'UT) 2

Now we compute

2

Do bubry <Y D liewsbis | =) v <v®)) ui(B)

TUDHNI'UT)AD ieN \ 1,7 ieN ieN
< 2qu(B)o (B).

For the last inequality, we have used

Zlieluj =|1UJ| <2q.
ieN

Since o (B) = 1, we have shown
E [TT] = L2200y
=16 qUiB-
Owing to the fact that T v T <1, we find
E [T A f] >E [Tf] > L Z 20y,
- — 16
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This shows that there exists a realization of L(w) fulfilling the requirements of the
lemma. o

(c) Reduction to multi-linear polynomials By definition, o (B) = R, (A). However,
in the definition of S:= Z(,,J)ELX]L 1;nj=pbr ;U U, we have removed the “diago-
nal” in order to work with multi-linear polynomials. The following result allows to
verify that we do not lose too much mass.

Lemma 2.18 Assume that by; = (detA(I, J))?, with A as above. Let L C Z,N).
Define BL:=(by, : I, J € L, I N J = B). Then,
|0 (BY) — 0 @] S t(ARy-2(A).
Proof To lighten the notation, we drop the dependence in L. If ¢ = 1, the claim is
2 2
D=2 lizjay,
i,jel i,jel

which is immediate, since by assumption A vanishes on the diagonal. Thus, we assume
that g > 2. We have

o(B) =o(B) + Z Linszabry.
1125 =
1,JelL

Let I = {i1,....ig} and J = {j1,..., g} € L. Assume that m € I N J. By
assumption there exist ky and lp € {1,..., g} such that iy, = j;,, = m. Since by
assumption, a,,,, = 0, expanding the determinant along the row m gives

det A, J) = 3 (=) ay, ; det AU {m), J\ (i),
1#ly

Since forl # ly,m € J\{ji}, we expand the along the row m, and we get, by symmetry
of A

detA(L, J) =Y Y (=D ay, ay i det AU {m, i), T\ {m, ji).
1#ly k#ko

When g = 2, in the above expression det A(#, ) is understood as 1. Thus,

Yo lnusbis S YL D DY ap jan (@etAU N\ {m, i}, J\ (m, j)%.

|1]=[7=q meN ||| 7|=g J€J \tm} i€l\(m)
Y wm®? Y (detAd, )))?
meR s

STARIAR -2 (A).

This concludes the proof. O
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(d) Extraction of independent sums We now have all the necessary tools to con-

clude.

Proof of Proposition 2.16 Let us define for all k € N the pairwise disjoint sets

Lgk), cee ]Lg,i) C Z,(N) using an iterative procedure described below. To each of
(k)

the Ll(k), we associate the operators Bl(k) =Bl , and the random sums

k
Sl()1= Z b[jU[Uj.
(1.l LM

Since the U;’s are independent and that, for a given k, the ]Ll(k) ’s are pairwise disjoint,
the Sl(k) are mutually independent.

We initialize Lio):zﬁq (N). Then, for all k € N, if there exists [ € {l, R 2"}
such that 2qu(B) > %G(Bl(k)), we stop the procedure; otherwise define ILI(HI) and

Ll(lj;,(l) as the sets obtained by applying Lemma 2.17 to Bl(k). We write k;,,, the integer

at which the procedure stops. Our procedure guarantees that

o (B)

U(Bl(k)) = E

k < Kmax- (2.27)

On the other hand at step k the procedure continues provided

1

This shows that k4 > k. Using the mutual independence of the Sl(k’"”)’s and the

fact that the by ;’s and U, ’s are non-negative we get

2’(
Ps<el<[]P[s" <e]. (2.28)
=1

Define
B s=(brs sy : 1. J € L);

By invoking Corollary 2.14, and Lemma 2.18 together with (2.27), we find that, since
Rg—2(A) < Ri(A) = 1,

02

& I3 % 32¢¢ 02
s ees () ) e )
E [SI(K)] G(BI(K)) o(B) — 32¢7(A)
(2.29)
Combining (2.28) and 2.29, the proof is complete, since o (B) = R, (A) m]
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2.3.3 Control of the spectral remainders of '/2AI"/2

Proof of Theorem 2.10 Fix A satisfying our assumptions. For short write Q:=Qa. The
general strategy is to apply Proposition 2.8. We obtain

1/4
Wq.1(Q) = ¥ (Q)¥sy11(8c Q) E [8128q+18(Q)71/4] .

By Lemma 1.8 with X:={X} and m:=2, since || Q||;2 = 1, in view of the recursive
definition of the Wy ’s, using repeatedly Holder’s inequality, there exists C; > 0 such
that

¥, (0)<Cp  geN

Similarly, E [(#¢ @)*] = E[I'(Q, Q)] is some fixed constant and

¢ 0 = ZZaini(DXj . 6;)-
ijk

Thus, applying Lemma 1.8 with X:= {Xl, (DX - 61 )} and m:=2, we conclude that

there exists C (’] > 0 such that

v, (c0)<C,, qeN

Thus we are left to control the spectral remainders of Si284418(Q).
Let ¢ = 128¢ + 18, and ¥ € N such that 26, > 1/4. Let us take

rq,(;::(étq)’s’“2 A % Recall that we have set by j:=(det A(I, J))? for [ and J €
2, (N). Since V2Q = A,

Sy(@ = Y byl lin=p.
H=|Jl=¢'

By (2.15) and choice of «, the assumptions of Proposition 2.16 are fulfilled, and, since
T(A) <145 <8/2and Ry_2(A) < Ri(A) = 1, we find that

< £32¢ P
P[S,(0) <¢] S (R,,/(A) — r(A)qu_z(A)>

< £32¢\ %20
~\é§/2

Whenever n,:=2“0, > 1/4, this shows that

(2.30)
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E [st,/(Q)*”“]”4 <57,

We conclude by Proposition 2.8. O
Remark 2.19 (Improved constants when X is log-concave) In the previous proof, we

have use Assumption 1 combined with a splitting argument in order to derive a small
ball estimate for

Sqiz Z b]jF[Fj.
1,JeZ4(N)

Since we rely on Proposition 2.12, we obtain the non-optimal exponent 6,;. However,
in some cases we can expect a much better exponent to appear. This is for instance

the case as soon as S is a multi-linear polynomial of degree d, in the X; and X as a
log-concave law. In this case by an inequality of Carbery & Wright [9, Cor. of Thm.

2], we find that
1
< € “
P|S .
[ q <8] ~ <E[Sq])

We could redo the same proof with 6, replaced by 1/d. This could yield to better
constants.

3 Examples and applications
3.1 Examples of laws satisfying our assumptions
We now give concrete examples where Theorem 2.10 can be applied. Namely, we give

explicit laws u that can be realized as the law of a random variable X € D such that
I'(X, X) has some small negative moment. Let us write . for the set of all such laws.

3.1.1 Explicit laws

Our general theorem to build examples of laws in .Z is as follows. We write ® for the
cumulative distribution function of the standard Gaussian distribution, namely

* 2,, ds
@(x)::f e P —,
—00 \/27‘[

Theorem 3.1 Let u € P (R) supported on some interval 1. Write q for its quantile
function, and let X:=q(®P(N)), where N is a standard Gaussian.
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(1) Assume that p has finite p-moments for all p € N, and q is a €*°-diffeormorphsim
from (0, 1) to I and that

lim sup tkq(k)(t) < 00; 3.1
t—0~

lim sup(1 — t)kq(k) (1) < o0. 3.2)
t—11

Then, X € D,
(ii) Assume that ¢ € €' and that w admits a density in L'*¢ for some ¢ > 0. Then,
X satisfies (2.15) for some 6 > 0.

In particular, if both conditions hold nu € £.

Proof (i) Write T = g o ®. It is well-known that T transport the Gaussian distribution
to w. Since ®: R — (0, 1) is a ¥*°-diffeomorpshim, and ¢: (0, 1) — [ is also
a € °°-diffeomorphism, we have that T is a smooth diffeomorphism. To check that
X e D™, it is sufficient to check that T® (N) e L? for all k € N* and p > 1.
Classically,

o* () = (—Dfe ™ 2Hi(x), xeR,

where Hj is the k-th Hermite polynomial. For k € N*, write 3, for the set of all

partitions of {1, ..., k}. By the Faa di Bruno formula, we have
T® = 3" gl o @[Tl = e 2 3" g0 o o T (1) Hyp 1.
TP Iet TP Iet

We recall that as x — oo, ®(x) ~ 1 — ce’x2/2%. Thus by (3.1), we find that

=l
’T(k)(x)‘ < o—kx?/2 Z (%e_,ﬂﬂ) HH‘”‘I(X)’ X — 00.

TPy Iet

We see that the worst behaviour as x — oo arises when |t| = k. In this case, the
equivalent gives that 7 has a polynomial behaviour as x — co. A similar argument
based on (3.1) shows that 7®) has a polynomial behaviour as x — —oo. This shows
that

E[|T(k)(N)|p] <00, keN* p>1,

which was to be demonstrated.
(ii) In view of the assumption, with F' the cumulative distribution function of w

1 _N2

FTN,TN =/CDN 2<I>/N 2=—
(T, T(N)) = 4" (@@ (N))* = Frorsse
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Using that X = g o ®(N), the find
E[I(X,X)] =E [eGNzF/(X)ze] .
By Cauchy—Schwarz inequality and assumption the above quantity is finite for 6 small
enough. The proof is complete. O
We now compute explicit examples.
(a) Beta distribution Over [—1, +1], we consider B(a, b) the Beta distribution with

parameter a > —1 and b > —1, that is the law whose density with respect to the
Lebesgue measure is proportional to (1 — x)“ (1 + x)b.

Theorem 3.2 Foralla > —1 and b > —1, B(a,b) € Z.

Proof The density distribution of B(a, b) is €°°((—1, 1)). Thus, the cumulative dis-
tribution function is a ¥ °°-diffeomorphism, and thus so is the quantile function q.
Moreover, f(a, b) is compactly supported thus (ii) in Theorem 3.1 holds. We very
that (i) also holds thanks to Lemma 3.3 below. O

Lemma3.3 Leta > —1, b > —1, and q the quantile function of B(a, b). Then for all
keN

1
1) ~ b+l — 1.
ast—o, | 4O~ ol (3.3)
g® @) ~ 1517k,
1
~ 1= (1 —p)a.
ast 1, | 10 (=nm (3.4)
g® @) ~ A - @

Proof By symmetry we only establish the equivalents at ¢+ — 1. In this proof the
constant ¢ > 0 can change from line to line. Consider the cumulative distribution
function of B(a, b):

X
F(x)::c/ 1—9)%1+s5)Pds, xe(=1,1).
—1
Near 1, we find

1
F(x)'vl—c/ 1=95)=1-c(1—x)*".

Using that F o g = id, we thus get
1—c(—gq@)™ ~1,
and from there

g(t) ~ 1 —c(l — e,
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This proves the claim for k = 0. Using the rule for derivation of inverse functions, we
find that

C
e 3.5
T 0= +q7 G-)
Thus
'~ —c—par!
(1 — ryast

This proves the claim for £k = 1. Let us now proceed by induction. Applying the
Leibniz rule and then the Faa di Bruno formula to (3.5), we find

k

g =3 <Z) S - I g S (4 T g0,

p=0 eB, Iet oePi_, Jeo

Applying the induction hypothesis we thus find that near 1

2D~ CZ (p) - 5y- S [Ta-naa S TTa-na

TeP, let 0Py, Jeo

Using that for € B, Y ser Il = p, we see that exponent in (1 —¢) in one summand
is
a Rl Il o] ! o]

_ —pH e —ktp=—— — kD
a1l axl a1 Progy kre= g kDT

The worst exponent is thus obtained for p = k in which case ¢ = ¢. This gives the
announced estimate. O

(b) Gamma distribution Over R, we consider y (a) the gamma distribution with

parameter a > —1 with density proportional to e *x¢.

Theorem 3.4 Foralla > —1, y(a) € Z.

Proof The density distribution of y (a) is €°°(R.). Thus, the cumulative distribution
function is a ¥°°-diffeomorphism, and thus so is the quantile function ¢g. Moreover,
there exists € > 0 such that a(1 + &) > —1. Thus

o0
/ (e—xxcl)l-‘r&‘ < 00
0

This shows that (ii) in Theorem 3.1 holds. We verify that (i) also holds thanks to
Lemma 3.6 below. O
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Remark 3.5 Some Gamma distributions can be realized as elements of D> without
transporting them from a Gaussian via the quantile functions. For instance, for k € N*,
y(n/2 — 1) is a chi-squared law with n degree of freedom and can thus be realised as
a sum of square of Gaussian variables. We however give a proof based on quantiles as

it allows to cover all the cases.

Lemma 3.6 Let g be the quantile function of jty. Then,

ast — 0, qk(t)'vtﬁ_k.
ast > 1, ¢~ Q-0

Proof Consider the cumulative distribution function of u,

F(x):= /x s%e™ds.
0
As x — 00, we have
F(x) ~1—x%"".
Using that F' o ¢ = id, we find that
elg™ ~ 1 -0~

Now we use that

1
’r_ ~ _ -1
q = p—y 1-n"".

We proceed by induction. By the Leibniz rule and the Faa di Bruno formula,
(K
g =3 ( ) A I P SR § Pl
p=0 p teP, et o€Pr_, Jeo
By the induction hypothesis, we obtain the equivalent

k
q(k—i-l) ~elg™@ Z(l —1)P Z q—lal(l _ t)—k+p‘

p=0 o€P—p

(3.6)
(3.7)

Even if we do not know an equivalent of g as t — 1, we know hat g(t) — 400 as
t — 1. Thus the worst case in the above equivalent is obtained for p = k and then

|o| = 0. This proves the claim by induction. Similarly, as x — 0, we have
X
F(x) ~ / s%ds = x*t1,
0
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1

1
This shows that g ~ 7a+T and ¢’ ~ rart L By induction, we also show the rest of the
claim O

3.1.2 Stability of our assumption under probabilistic operations

Actually .7 is stable under various natural probabilistic operations. We write p * v for
the convolution of i and v € Z(R), that is the law of X + Y with (X,Y) ~ u ® v.
Similarly, we write u ¢ v for the law of XY.

(a) Stability under convolution

Lemma3.7 Ifpuandv € L. Then uxv € L.

Proof Let X and Y € D™ satisfying Assumption 1 with law . Without loss of
generality, we can assume that X and Y are defined on independent Wiener spaces.
Since D*° is a linear space, X + Y € ID°°. Moreover, since X and Y are defined on
different Wiener spaces we have

TX+Y,X+Y)=TX,X)+(,7Y).

Thus X + Y satisfies Assumption 1. O

Remark 3.8 We could actually consider even more general laws. Indeed, if © € £, and
v € Z(R), then Theorem 2.10 applies for X ~ u * v. To see this, consider X € D>
and satisfying Assumption 1 with law u defined on the Wiener space, and Y with law v
defined on another probability space (2¢, 20¢, Pp). In general, Y cannot be realised on
a Wiener so our analysis does not apply verbatim. However, we could equip (20, Po)
with the trivial carré du champ ['g(F, F) = O for all random variables F defined
on . Then we can equip the product space Q:=(R, BR), )/)N ® (R0, 2o, Poy),
with he product Dirichlet structure of I' and I'g (see [5, Chap. V §2]). In this case,
TX+Y,X+Y)=T(X,X)+To(Y,Y) = T'(X, X) thus X + Y satisfies the small
ball estimate (2.15). Moreover, defining

law

AG(X +Y) =X = (X+7Y,X+Y)/°N,

and D®:=D> ® L2(Py), our abstract result Theorem 2.5 extends to this setting.
Indeed, this result is solely based on the Fourier—Laplace identity (2.8), the chain rule
(1.5), the integration by parts (1.7), and the fact that Bc(X +7Y) € D. All these
ingredients still hold for this generalized setting.

(b) Stability under product

Lemma3.9 Let u and v € L. Assume, moreover, that there exists ' > 0 such that
_9/
/ y 7 v(dy) < oo.
Then pov e Z.
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Proof Let X and Y € D satisfying Assumption 1. Without loss of generality, we
assume that X and Y are defined on independent Wiener spaces. Since D™ is an
algebra, we find that XY € D°°. Moreover,

D(XY,XY)=X>I'(Y,Y) + Y’T'(X, X) > Y’T'(X, X).

Thus XY satisfies Assumption 1. O

Remark 3.10 AsinRemark 3.8, we could generalize the result above. If © € £ andv €
Z(R) with some negative finite negative moments, then we can apply Theorem 2.10
whenever X ~ u ¢ v. As in Remark 3.8, we construct a Dirichlet form on the product
that is trivial on the Y-component. In this case we find

[(XY,XY) = YT (X, X),

and the small ball estimate (2.15) holds.

(c) Multi-linear chaos The two operations above allow us to consider multi-linear
polynomials. For instance consider (Z;) a sequence of independent random variables
with (possible non identical) laws are taken among Gaussian, Beta, or Gamma distri-
bution. Then, p(Zy, ..., Z,) where p is a multi-linear polynomials has also a law in

Z.

3.2 Applications
3.2.1 Improving normal convergence for quadratic forms

In this section, we consider a sequence of independent copies (X;) of some X € D>
satisfying Assumption 1. We also consider a sequence of quadratic forms

QnZZZai(j’?)Xin,
i.j

for some sequence {A(”):z(al.(;')) :neN } of symmetric Hilbert-Schmidt operators

with vanishing diagonal. In this section, we assume that (A?") satisfies some conditions
ensuring that (Q,) converges in law to a Gaussian distribution, and we show that the
convergence is automatically improved in 4°°-convergence. By this, we mean that for
all ¢ € N, there exists N; € N such that forn > N, the law of Q, has a ¢1-density
and that this density converges in €7 to that of a standard Gaussian.

Leptokurticrandom variables We say that arandom variable Z is leptokurtic whenever
E[Z]=0,E [Zz] =1,and E [24] >E [N4] = 3 where N is a standard Gaussian
variable.
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Proposition 3.11 With the above notation, assume moreover that X1 is leptokurtic and
that

law

Qn —— A0, 1).
n—oo
Then,
(gOO
0y, —— A0, 1).
n— 00

Proof By [22], we find that the spectral radius p(A"™) — O asn — oo. Letq € N.
By Lemma 1.1 this implies that lim sup R, (A™) > 0 and T(A™) — 0. We apply
Theorem 2.10 to conclude. O

3.2.2 Improving the Carbery-Wright inequality

Assume that the X;’s are centered, normalized, and with log-concave, and let
Q:=(X, AX) be a random quadratic form in the X;’s. Then, a celebrated result of
Carbery & Wright [9] states that

P[Q <e] Sel/2 (3.8)

However, whenever p(A) is small enough Theorem 2.10 ensures that the law of Q has
a continuous density. Thus (3.8) is improved to

P[Q<elSe (3.9)

Note that (3.8) holds for any (X;) whose joint law is a log-concave distribution (not
necessarily independent); while (3.9) holds for sequence of independent random vari-
ables such that Assumption 1 hold and the influence is small enough. The use of the
Carbery—Wright inequality is ubiquitous in probability theory, and an improvement of
their inequality could improve several fundamental results in probability theory. We
are planning to explore in details such consequences in a future work.
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