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1. Introduction

In this paper, we establish new transport-entropy inequalities for various random point
measures including the important case of Poisson random measures.

The investigation of transport-entropy inequalities starts in the nineties with works by
Marton [30,29] and by Talagrand [44], in connection with the concentration of measure
phenomenon for product measures. We refer to [26, Chapter 6], [45, Chapter 22|, [6,
Chapter 9], and [19,18] for general introductions and surveys on these intimately related
topics. In this field, the so-called Talagrand’s transport inequality and Marton’s universal
transport inequality, that we now briefly present, are of prime importance.

In order to state these inequalities, we introduce some notations. Suppose that (Z,d)
is some complete separable metric space, and denote by (Z) the set of Borel probability
measures on Z. For k > 1, the Monge-Kantorovich distance W), (also called Wasserstein
distance) between v, vy € P(Z) is defined by

W}f(lll,l/g) = 1nf]E [dk(Xl,Xg)] 5 (11)
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where the infimum runs over the set of all pairs (X7, X5) of random variables such that
X, ~ vy and X ~ vo. The relative entropy H of v, with respect to v, is defined by

d
H(n|vs) = /logd—zldyl, (1.2)
2

if 11 < v, and 400 otherwise.
We say that a probability measure p € P(Z) satisfies Talagrand’s transport inequality’
with constant a > 0 if, for all v, v, € P(Z), it holds

Wi (v, vs) < a[H(vilp) + H(veln)] . (1.3)

This inequality, first proved for the standard Gaussian measures in [44], now plays a
central role in the literature devoted to concentration of measure, coercive inequalities for
Markov semigroups (logarithmic Sobolev and Poincaré inequalities, and their offshoots)
[32,8], and curvature-dimension conditions for weighted Riemannian manifolds or, more
generally, metric measured spaces [41,42,27]. Various sufficient conditions are available
to ensure that a given probability measure satisfies (1.3) (see [19] for an overview and
[17] for a necessary and sufficient condition when Z = R). Dimension free concentration
of measure is the main application of Talagrand’s inequality (and of its variants): if a
probability measure p satisfies (1.3), then, for any n > 1, and for any vector (X1, ..., X,)
of i.i.d random variables with common law u, it holds

+2

P(f(X1,...,Xp) >t) <eta, V>0, (1.4)

for every function f: Z™ — R which is of mean 0 with respect to u®" and 1-Lipschitz
with respect to the ¢2 product distance on Z",

i=1

n 1/2
dg(ﬂ?,y) = (Z dz(xl,y1)> ’ T,y € zZ". (15)

We refer to [19] for a presentation of the nice general argument due to Marton that
enables to deduce (1.4) from (1.3). Remarkably, all the deviation inequalities in (1.4)
hold simultaneously with the same constant a for all dimensions n > 1 (a property which
actually characterizes Talagrand’s inequality [16]). This type of dimension free bounds
plays an important role in analysis, probability, or statistics in high dimensions [43,26].

Marton’s inequality involves a variant of the Monge-Kantorovich costs, which we
denote by M in the sequel and we define as follows:

M2(V1|I/2) = 1nf]E []P}(Xl 7& X2|X2)2] 5 (16)

1 Here, to be precise, we refer to a symmetric version of Talagrand’s inequality, involving two probability
measures vy, Va.



4 N. Gozlan et al. / Journal of Functional Analysis 281 (2021) 109141

where the infimum runs over the set of all pairs (X1, X2) of random variables such that
X, ~ v; and X5 ~ vo. We refer to Section 2.2 for the presentation of the unifying
framework of generalized transport costs introduced in [23] which contains in particular
Monge-Kantorovich as well as Marton transport costs. Marton’s transport cost also ad-
mits the following explicit expression: if 1y and v, are absolutely continuous with respect
to some measure p on Z, with v1 = fip and vo = fou, then the results of [30] imply that
f 2
M2 (1 |y) = / {1 - 1} fodp. (1.7)
£l
Contrary to Talagrand’s inequality, which holds only for some specific probability mea-
sures, according to [30], all probability measures satisfy Marton’s inequality. A classical
version of Marton’s universal transport inequality reads as follows: for any probability
measure p on Z, it holds that

MP () < AH(1|p) + 4H (v2n), (1.8)

for all vy,vs € P(Z). One can understand this inequality as a reinforcement of the
classical Csiszar-Kullback-Pinsker inequality (see, for instance, [19] and the references
therein) comparing the squared total variation distance to relative entropy. We refer to
[13,36,37] for subsequent refinements of Marton’s inequality. Similarly to (1.3), Marton’s
inequality has interesting consequences in terms of concentration of measure. As Mar-
ton [30] shows, (1.8) gives back the universal concentration of measure inequalities for
product measures involving the so-called “convex distance” discovered by Talagrand in
[43]. To avoid entering into too technical details in this introduction, let us recall a more
concrete consequence of (1.8) in terms of deviation inequalities for convex functions (see
[30,13] for details). Namely, if we equip Z = R? with the standard Euclidean norm and
u € P(RP) has a bounded support with diameter D, then for any n > 1, and for any
vector (Xi,...,X,,) of i.i.d random variables with common law u, we have that

P(f(X1,....Xn) 2 ) <e /AP w0, (1.9)

for all conver or concave function f: (RP)"® — R which is of mean 0 with respect to u®"
and 1-Lipschitz with respect to the Euclidean norm on (R?)™.

Transport-entropy inequalities share a pivotal tensorization mechanism; this mech-
anism enables one to recover the dimension-free deviation bounds (1.4) or (1.9) from
(1.3) or (1.8). For instance, if u satisfies Talagrand’s inequality on a space (Z,d) with
a constant a, then its tensor product u®" also satisfies Talagrand’s inequality on the
space (Z™,ds) with dy given by (1.5) and with the same constant a. This tensorization
property, which comes from classical disintegration formulas for the functionals W5 and
H, is explained in full generality, for instance in [19]. In this work, we use this stability by
tensorization as a pervasive tool to obtain transport type inequalities for random point
measures.
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Let us now give a flavor of the content of this paper. In brief, understanding what
happens to Talagrand’s and Marton’s transport inequalities in the framework of random
point processes serves as the basic motivation behind this work. More precisely, in this
article, we consider a particular class of point processes called mized binomial point
processes; they are of the following form:

N
n=3 6x, (1.10)
=1

where N is a random variable taking values in N :={0,1,2,...}, (X;);>1 is a sequence
of i.i.d random variables with values in Z independent of N, and 4, is the Dirac mass at
u € Z. In the definition above, and everywhere in the rest of this work, by convention,
an empty sum is equal to zero. This random point process 7 takes values in the set
of all Borel finite measures on Z, written #;,(Z) throughout the paper. We usually
denote by x € P(N) the law of N, and by p € P(Z) the common law of the X;’s,
which we often refer to as the “sampling measure” of the process 1. We denote the law
of n by B, € P(My(Z)). Notably, when N is a Poisson random variable with mean
A > 0, the point process 1 is a Poisson point process, with (finite) intensity measure
En=v =Xy € Mp(Z). We also denote by II, € P(M,(Z)) the law of such a Poisson
point process. We can also consider Poisson point processes with a o-finite intensity
measure; for the sake of simplicity, in this introduction, we only consider the finite
intensity case. We refer to Section 3.1 for further information and definitions on these
elementary random point processes.

In this work, we highlight a general principle leading to transport-entropy inequalities
for point processes: B, , inherits the transport inequalities satisfied by its sampling
probability measure . To state a first representative result illustrating this general rule,
let us introduce some notations. Given vy, vy € M(Z), we extend the definition given in

(1.1):

mWs (4, 2), if 1)(Z) =1a(Z) =m > 0;
Wi(v,v5) =40, if 11(Z) = w(Z) = 0; (1.11)
+00, it v1(2) # 1a2(Z).

Then, we define a process level Monge-Kantorovich cost W on P(.4y,(Z)) as follows:
for any II;, I, € P(My(Z)),

W22(H1’H2) =infE [W22(7717772)} ;

where the infimum runs over the set of couples (11,72) of random measures such that
n1 ~ II; and 7y ~ II5. The condition W2 (I, II) < +o00 is a strong assumption. Indeed,
if it holds then there exists a couple (11,72), such that 1, ~ II; and 72 ~ I3, and such
that 71(Z) = n2(Z) almost surely.
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With these notions at hand, we can now state an analogue of Talagrand’s inequality
for mixed binomial processes.

Theorem 1.1. Suppose that p € P(Z) satisfies Talagrand’s inequality (1.3) with a con-
stant a > 0, then for any k € P(N), the probability measure B, ,, € P(My(Z)) satisfies
the following inequality: for all 1,1y € P(My(Z)) such that W3 (I, 1l,) < +oo,

W, (111, I12) + 2aH(A|k) < aH(I1|B,x) + aH (12| B, ), (1.12)

where A € P(Ry) is such that for all i € {1,2}, I;({n € M(Z) : n(Z) € A}) = A(A4),
for all Borel A C R,.

This result is another instance of a phenomenon highlighted in a paper by Erbar &
Huesmann [14]: geometric functional inequalities lift from the base space Z to the space
of configurations. More precisely, if Z is a Riemannian manifold with Ricci curvature
bounded by K € R, with infinite volume measure vol, and Riemannian distance d, the
results of [14] show that

K
H(IL | Myo1) < (1 —t)H(p|Tyer) + tH (| Tye1) — 3t(1 — )W (T, T1y),  (1.13)

where Il denotes the Poisson point process with intensity measure vol, and where II;
is any Wa-geodesic from Il to IIy, for Iy and Iy € P(My(Z)) with My (Z) denoting
the space of measures 7 such that n(K) € N for all compact K C Z. This means that the
curvature property of the metric measured space (Z,d,vol) transfers to the (extended)
metric measured space (Mg (Z), Wa, IIyo1). Indeed, (1.13) states that (Mg (Z), Wa, i)
has a synthetic Ricci curvature in the sense of Lott-Sturm-Villani bounded below by
K (see, for instance, one of the seminal papers [41,27] for definitions of synthetic Ricci
lower bound in terms of convexity of the relative entropy, as well as [2, Definition 9.1]
for a definition in the extended metric measured spaces setting). This lifting of Ricci
lower bound is very natural, if we think of Il, as the invariant measure of a system
of non-interacting N Brownian motions on Z, where N has a Poisson law with mean
vol(M) (possibly infinite). In the case where K > 0, the manifold is compact so that
T, has a representation as a mixed binomial process, and, provided the results of [14]
carry to the compact case, taking ¢t = %7 and using that the entropy is non-negative in
(1.13) immediately yields, for all IIy, II; € (Mg (M)) such that W3 (Ily, II;) < oo:

K
IWQQ(HmHl) < H(HO|HVO]> + H(H1|Hvol)-

Let us stress that our argument works under the sole assumption that the space Z
supports a Talagrand inequality and is quite elementary. For other aspects of the relation
between the geometry of Z and the geometric, analytic and probabilistic aspects of
My (Z) see [1,34,35,12].
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To state an analogue of Marton’s inequality, we introduce the following cost: for any
0,y € P(My(Z)),

2
M?(II; [II3) = inf E /]E 772] na(de) | ,

[1 ) m(x)}

2 (‘T) +
where n;(z) is a slight abuse of notation for n;({z}), and where the infimum runs over
the set of couples (11, 72) of random measures such that n; ~ IT; and 7g ~ 5.

Theorem 1.2. For any v € My(Z), the Poisson point process 11, satisfies the following
inequality: for all 111,11y € P(My(Z)),

M2 (I [T) < 4H (I3 [11,)) + 4H (15 |TL,).

A similar statement actually holds for Poisson point processes associated with a o-
finite sampling measure v, see Theorem 3.5 for a precise result.

Let us mention that other authors derived universal transport-entropy inequalities for
Poisson point processes. For instance, Ma et al. [28] combine arguments of exponential
integrability of [7] with the modified logarithmic Sobolev inequality for Poisson point
processes of [46] in order to derive some L;-transportation inequalities for Poisson point
processes. To state their results, let us define

Trv (i, z) = inf E|[n1 — n2llpy,

where the infimum is over all 7, ~ II; and all 7o ~ I3, and || - ||, is the total variation
norm. Assuming, for simplicity, ¥(Z) = 1 and choosing ¢ = 1 in [28, Theorem 2.6] yields

a(TTV(HaHV)) < H(H‘Hu)v (114)

where a(r) = (147)log(14+7r) —r. In order to compare our inequalities in greater details,
we would need to compare a(T7y ) and M2. However, this does not seem to be possible
in general. One reason for that is that since the 7;’s are not probability measures, one
cannot apply Jensen’s inequality.

As mentioned earlier, Marton introduces her inequality so one may derive concentra-
tion of measure with respect to the so-called Talagrand convex distance. In the setting of
Poisson point processes, [33] uses the Talagrand convex distance to prove concentration
of measure results for Poisson random measures. In Section 4, we recover, in the spirit of
Marton’s work, the results of [33] using Theorem 1.2. Building on the ideas of [9], [3] con-
siders a different approach towards concentration of measure for Poisson point processes.
They obtain various general conditions on a functional F': #,(Z) — R under which the
random variable F(n) satisfies some deviation inequality. Since the space .#,(Z) does
not come with a natural distance, a rather involved technical condition replaces the con-
dition of being Lipschitz that appeared in (1.4). However, [3,4] shows that the so-called
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geometric U-statistics always satisfy this condition, and hence always satisfy some con-
centration of measure estimate. Based on Theorem 1.2, we recover a deviation inequality
for U-statistics in the spirit of [3,4] with a simple argument. It would be interesting to
know whether we could recover the main result of [3] for generic functionals from our
transport inequality. This question will be examined elsewhere.

Theorems 1.1 and 1.2 are consequences of more general results presented in Sec-
tions 3.2 and 3.3. As already mentioned above, the tensorization property of the transport
inequality satisfied by the sampling measure on the base space is crucial in our analysis.
Heuristically, this dimension free structure matters, since a random point process n as
in (1.10) can be seen as a random vector of random dimension (up to the permutation
of its coordinates). It should be noted that in the work [14] on Ricci curvature bounds
on the configuration space, even if the arguments are different, tensorization properties
also play a pivotal role (in that case the tensorization of the Bakry-Emery condition).

The paper is organized as follows. Section 2 contains generalities about spaces of
measure, optimal transport and functional inequalities. Section 2.1 recalls some basic
facts about the weak topology of the space of measures over a Polish space. Sections 2.2
and 2.3 present, in a self-contained way, the structural properties of the generalized op-
timal transport and the related transport-entropy inequalities introduced by [23], and
the subsequent results of [5]. This framework encompasses, as a particular case, Tala-
grand and Marton inequalities. In Section 2.4, we recall two further stability properties
of transport-entropy inequalities: stability by tensorization (as already explained this
property is at the heart of our argument), stability by push-forward, and stability by
approximation. Section 3 is the core of this article and contains our main results that are
Theorems 3.1, 3.3 and 3.5. We start, in Section 3.1, with some reminders on binomial
point processes and Poisson point processes. In Section 3.2, we prove Theorem 3.1, that
states that a Talagrand inequality for p implies a Talagrand-type inequality for B,, .,
and that implies Theorem 1.1. We first show our result for the simple case of binomial
processes of deterministic size, and then extend it to random size using some properties
of optimal transport and relative entropy under conditioning. Section 3.3 contains sev-
eral results about Marton-type transport-entropy inequalities on the configuration space.
Our first result in that direction is Theorem 3.3, that states that a Marton inequality for
1 implies a transport-entropy inequality for binomial process of deterministic size. Since,
for a properly chosen distance, all probability measures satisfy a Marton inequality, this
produces Corollary 3.4 stating a universal Marton inequality for binomial process of fixed
size. Contrary to the case of Talagrand inequality, we cannot extend our results to mixed
binomial processes of arbitrary random size. In Theorem 3.5, we extend Corollary 3.4
to Poisson point processes with o-finite intensity measure using a strong approximation
of the Poisson point process by thinning a binomial process. This result implies Theo-
rem 1.2. In Section 4, we study the consequences of our transport-entropy inequalities in
terms of concentration of measure. In Section 4.1, we explain how to recover the main
findings of [33] from Theorem 3.5. In Section 4.2, we also discuss concentration of mea-
sure for a particular class of functionals, containing in particular geometric U-statistics,
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and extend some results of [3,4] to this class of functionals. Finally, in Section 5 we
discuss the consequences of Theorem 3.3 in terms of modified logarithmic Sobolev in-
equality. Following [23], Theorem 5.1 is a general modified logarithmic Sobolev inequality
on the Poisson space where the energy term is given in term of an infimum-convolution
operator. Corollary 5.2 shows how we can partially deduce from this general modified
logarithmic Sobolev inequality the modified logarithmic Sobolev inequality of [46] for
monotonic functionals.
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2. Preliminaries on measures and optimal transport

In what follows, (F,d) is a complete and separable metric space. We recall below basic
topological properties of some sets of measures on E, then we introduce the framework
and the basic properties of (generalized) optimal transport costs between two measures
on F and finally, we recall definitions and basic properties of transport-entropy inequali-
ties. In the subsequent sections, we apply the material of the present section with £ = Z,
Z being the state space of our point process, or with E = /(7).

2.1. Topology of spaces of measures

We always regard the space E as a measurable space equipped with its Borel o-algebra
B(FE). We recall that we denote by ,(FE) the space of finite measures and by P(F)
the set of probability measures on E. We also write .#y(E) for the space of Radon
measures that are finite on balls. We write €,(F) for the space of bounded continuous
functions, and %y(E) for the space of continuous functions vanishing outside of a ball.
We endow the sets #,(F) and P(FE) with the weak topology that is generated by the
maps f*: v — [ fdv with f € €,(E). On the other hand, we endow the space /y(E)
with the vague topology that is generated by the f* with f € €o(F). According to [24,
Section 4.1, 4, (E) and P(E) (with the weak topology), and #(E) (with the vague
topology) are Polish spaces (complete, separable, and metrizable). We often work with
the following subset of ./, (E):
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k
.%N(E)z{z%i:kEN,al,...,akeE} (2.1)

i=1

corresponding to finite configurations over E. We also work with /g (FE) consisting of
all £ € My(E) such that, for every closed ball B C E, {5 € My (B). The spaces 4 (E)
or My (E) are the natural state space of our point processes.

Lemma 2.1. The set Mn(E), resp. Mg (E), is a closed subset of My(E), resp. Mo(E).
In particular, Mw(E) and Mg (E) are a Polish spaces.

Proof. Let {§, : n € N} C Mn(E) converging to some & € M,(E). Let us show that
¢ belongs to N (FE). Since &,(F) is a sequence of integers converging to (FE), it must
be that k := {(F) € N and that &,(E) = k for all n sufficiently large. Then, since
(€n)n>0 is converging, it is according to Prohorov’s theorem a tight sequence: for any
e > 0, there exists a compact set K. C FE such that sup,,~¢&.(E \ K;) < e. Taking
in particular ¢ = 1/2 and using the fact that the &,’s are sums of Dirac masses, one
sees that &,(E \ K;/3) = 0. In other words, for all n large enough &, = Zle Oarn,
with z7, ..., 2} € Ky /. Using a diagonal extraction argument, one can assume without
loss of generality that =} — x; € Ky, for all i € {1,...,k}. This easily implies that
&= Zle 0z, and so £ € My (E). Now let {&, : n € N} C My (F) converging to some
& € My(F). By what precedes for every ball B C E, there exists {g € M (FE) such that

weakly
—_—

fn[B €B-

n—oo
By a compatibility argument, we have that ;g = &p; hence { € My (E). As closed
subsets of a Polish spaces, #n(F) and /g (FE) are themselves Polish. O

2.2. Optimal transport between measures of arbitrary masses

2.2.1. Couplings, transport costs and generalized transport costs

A coupling of 11 and v € My(E) is an element N € Mo(E x E) such that, for all
AeB(E), N(Ax E) =v1(A) and N(E x A) = vo(A). Observe that if v1,v5 € My(E),
then N € M,(E x E). Imposing v1(E) = v2(F) is a necessary and sufficient condition for
the existence of a coupling between v; and v5. Indeed, if there exists a coupling N of v
and vy then 14 (E) = N(E X E) = v5(FE). On the other hand, if v; and vy € Mo (E) with
v1(F) = va(F) = n € N U {oo}, then we can write v; = 22:1 V1,4 and vy = 22:1 Vaq
with v, , € P(E). Then N = 22:1(1/141 ® V9 4) is a coupling of v and ve. According
to [10, Proposition 13, Section 2.7], for every coupling N, there exists a measurable
application E 3 x — p, € P(E) such that for all A and B € B(E):

N(Ax B) = /ng(B)yl(dx). (2.2)
A
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We call p = {p, : @ € E} the disintegration kernel of N along v4. For short, we often
abbreviate

N(dzdy) = pe(dy)vi(dz).

Following [23], given a bi-measurable cost function c¢: E x $P(E) — [0, 00], the (gen-
eralized) optimal transport cost associated to ¢ from vy to vy € My(FE), denoted by
Te(v2|vy), is given by

Te(valvr) = inf/c(m,px) vy (da), (2.3)

where the infimum runs over all couplings N (dzdy) = p,(dy)v1(dz) between 14 and vs.
We use here the convention that inf() = co. In particular, we have T.(v2|v1) = co as
soon as v1(E) # v9(E). We always implicitly assume that the bi-measurability of ¢ is
satisfied in the rest of the document. Note that, 7. is, in general, not symmetric with
respect to 1 and vo. When c is of the form

c(x,p) = / w(z,y)p(dy), (2.4)

for some w: E x E — [0,00], we say, with a slight abuse of language, that c is linear,
and we set T, = T.. The cost 7T, is the transportation cost associated to w in the usual
sense of optimal transport:

To(volvr) = inf/w(x,y)N(dxdy), (2.5)
where the infimum is running over all couplings N of v; and v5. Such objects have been
intensively studied and play an important role in many different areas of mathematics.

The reader can look at the reference [45] and the references therein.

2.2.2. Some examples
Let us recall some classical choices for transport costs.

Monge-Kantorovich distance Choosing w = dF with k > 1 yields Tyx = W}:, the Monge-
Kantorovich transport cost already introduced in (1.1) and (1.11).

Marton-type transport distances Given a measurable function p: E x E — [0, 00] and
a convex function a: Rt — RT, we introduce the Marton type cost function

c(z,p) =« </ p(x,y)p(dy)> , T€E pePE), (2.6)
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and, following the notations of [23], we denote by ’7~;’p the associated optimal transport
cost, namely

Toptvan) =t [a( [ oot ) (ao)

where the infimum runs over all couplings N(dzdy) = p.(dy)vi(dz). When vy, vy €
P(E), we can also write

Tap(valvr) = nf E [a (E [o(X1, X2)|X1)], (2.7)

where the infimum runs over the couples (X7, X5) with X; ~ 14 and Xo ~ 5. In
particular, taking the Hamming distance p(z,y) = 1,2, and a(z) = 2%, & > 0, gives
back Marton’s cost M? already introduced in (1.6) and (1.7).

The costs W, are symmetric since d is symmetric. More generally 7, is symmetric
provided w is symmetric. On the other hand 7~; o is, in general, not symmetric even when
p is symmetric.

Applying Jensen’s inequality in (2.6), we easily check that, for all vy, s € M,(E),

Tap(v2l11) < Taop(v, v2); (2.8)

moreover, if vy, v € P(F) using Jensen’s inequality in the integral with respect to v in
the definition of 75 , shows that:

a (To(valv1)) < Tap(velin). (2.9)

Choosing the Hamming distance p(z,y) = dp(x,y) = lgzy, x,y € E, we have for any
V1,V € @(E)

Tay (v2lvn) = Tag, (2fv1) = inf  P(X1 # Xo) = [j1 — veflrv,

1~v1, Xo~ovs

where || - ||, is the classical total variation norm. In this case, (2.8) and (2.9) yield
lvz = nllFy < MP(valin) < [lve — willzv-

2.2.8. Ezistence of optimal couplings, lower semicontinuity of transport costs and
stability of optimal couplings

Backhoff-Veraguas et al. [5] prove the following result (the authors work with v,
vy € P(E) but the generalization to ., (E) presents no difficulty).

Theorem 2.2. Let ¢: E x P(E) — [0,00] be convex in its second argument, and jointly
lower semi-continuous, then, for all v1 and vo € My(E) with same total mass, there
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exists a coupling N (dzdy) = p,(dy)v1(dx) of v1 and vo with disintegration kernel p such
that

Te(valv1) = /C(x,pw)ul(dx). (2.10)

Proof. Let m = v1(E) = v2(E) be the common mass of the measures. If m = 0, then
v = vp = 0 and T.(v=2|v1) = 0 and the coupling N = 0 is optimal. Now, assume that
m > 0. Since T(va|v1) = mT.(v2/m|vi/m), we use [5, Theorem 1.1] to conclude. O

Rather classically, this yields lower semi-continuity of 7. as shown in [5]. Below we
simply adapt the argument to finite measures of arbitrary total mass.

Theorem 2.3. Let ¢: E X P(E) — [0,00] be jointly lower semi-continuous, and convex
in its second argument, then T.: My(E) X My(E) — [0, 00] is lower semi-continuous.

Proof. Let (ur)r>0 and (vx)r>0 respectively weakly converging to p and v in J#(E).
Let us show that

Lim inf Te(pr|ve) = Te(plv). (2.11)

By definition of the weak convergence, we have up(E) — p(FE) and v, (E) — v(E). If
w(E) # v(E), then for all k sufficiently large, it holds ug(E) # vi(F) and so Te(pr|vk) =
+00. Thus (2.11) holds in this case. If u(E) = v(E) = 0, then T.(p|v) = 0 and (2.11)
trivially holds. Let us now assume that u(E) = v(E) = m > 0. Extracting a subsequence
if necessary, one can assume that ux(E) = vp(E) = my > 0 for all & > 0. Since
Te(prlvr) = miTe(pur /me|vi/msy) and using [5, Theorem 2.9], we see that

lim inf 7o (pr|ve) = Uminf my Te(pk /me|ve/mi) > mTe(u/mlv/m) = To(ulv),
k— 400 k—4o00
which completes the proof. O

When ¢ is only lower semi-continuous but not convex, we do not know if 7.: #y(E) x
Mo(E) — [0, 00] is lower semi-continuous.
Finally, let us recall the following stability result taken from [45, Theorem 4.6].

Theorem 2.4. Let w: E x E — [0,00] be a lower semi-continuous cost function. Let
w,v € P(E) be such that T,(u,v) < oo and let N be an optimal transport plan. Let
N € My(E x E) such that N < N and N # 0, then the probability measure

NN (2.12)
N(E x E)

is an optimal transport plan between its marginals.
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2.2.4. Optimal (partial) transport between configurations
In this section, we study in more details 7.(x|{), in the case where £, x € Mg (E) are
configurations.

Proposition 2.5. Let w: E X E — [0,00] be lower semi-continuous. Let £, x € My(E)
such that & = Zle 0q; and x = Zle dp, for some k > 1 and a1,...,ak, by,..., by € E.
Then,

k
To(x[€) mf{zwaug } (2.13)
i=1

where the infimum runs over the set of all permutations o of {1,...,k}.

This result is very classical (but usually stated for pairwise distinct a;’s or b;’s); we
include a proof for completeness.

Proof. The inequality < is clear, since for any permutation o, the measure N =
> i1 0aib,y) 1 a coupling between & and . To prove the converse, let us consider
a coupling N between § and x and define the matrix M = [M; j]1<; j<k as follows:

ap,, = Nasd )

; Vi<i,j<k.
p(ai)v(bs)

The matrix M is bi-stochastic, since denoting by S = {b1,...,br} the support of ¥,

k

o N(ai} x {bj}) _ N( {az} {y})
2 M= g E;: x(55) / x(dy)
= o7 D Nax ) = 1
v yes
and similarly, Y2 | M, ; = 1. Since [w(z,y) N(dzdy) = >ijw(@i,yi)M; ;, the other

inequality follows from Birkhoff Theorem on extremal points of doubly stochastic ma-
trices. 0O

Even when c is bounded, the cost 7 is infinite as soon as the measures are of different
total masses. One way to avoid this, is to work with partial optimal transport that we
now define. For &, x € M (F), we define

Teo(x|€) = {min{TC(XW) 1§ en(E), § <& E(Z2)=x(2)}, i&(Z)>x(2);
c, min{ﬁ(x’\ﬁ) : X’ c ﬂN(E),X’ <, X/(Z) _ E(Z)}, ’ S(Z) < X(Z)_
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Here and in the rest of this paper, the notation v’ < v, for v and v/ € M#y(E), means
that 1/(A) < v(A) for every Borel set A. The following result follows immediately from
Proposition 2.5.

Proposition 2.6. Let £, x € Mn(E) be such that £ = > | 8q, and x = Zle 8,, for

some k,n>1 and ay,...,ay, by,...,by € E. Assume n > k then
k k k
i=1 i=1 i=1

2.3. Transport-entropy inequalities

2.8.1. Definitions and examples

Recall the definition of the relative entropy functional H given in (1.2). Given a cost
function ¢: E x P(E) — [0,00], we say that a probability measure v € P(E) satisfies
the transport-entropy inequality (T.) with constants aj,as > 0 if

72(1/2|l/1) S alH(V1|’y) + G,QH(V2|’)/), VVl, Vo € @(E) (Tc)

When c¢(z,p) = [w(z,y)p(dy), for w: E x E — [0,00] we use (T.) to designate the
corresponding transport-entropy inequality, which reads as follows

To(1,v2) < arH(vi|y) + aaH(va|y), Yy, v € P(E). (T,)

When ¢(z,p) = a ([ p(z,y)p(dy)) for some cost function p: E x E — [0, 00] and some
convex function « as in (2.6) on R, we say that v satisfies the inequality (T,,,) with
constants ay,as > 0 if

Tap(v2lv1) < arH(vily) + agH(valy), Vi, ve € P(E). (Ta,p)

In these definitions, a; or as can assume the value oo, and we use the convention that
0 - oo = 0. For instance, if, for instance, as = oo the previous inequalities are non-trivial

if and only if we take vo = . In that case, (T, ,) is interpreted as

Top(Wn) SaH(nly), Y€ P(EB). (Ta,p)

When a1 = as = a < 0o, we simply say that 7 satisfies a transport-entropy inequality
with constant a.

We refer to [19,23] for a panorama of cost functions and transport inequalities. We
refer to inequalities of the form (T,) as Talagrand type transport-entropy inequalities;
whereas we use Marton type transport-entropy inequalities for inequalities of the form
(To).
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Talagrand’s inequality Choosing w = d? in (T,,) yields Talagrand’s inequality (1.3).

Marton’s universal transport inequalities Choosing p = dy, a(z) = 2%, > 0 and a = 4

in (T,
7. Actually, Marton’s inequality (1.8) can be slightly improved. Dembo [13] shows that

) gives Marton’s inequality (1.8), which holds true for any probability measure

any probability measure v satisfies a family of inequalities (T ,) with respect to the
Hamming distance dp, namely:

~ 1
7-Oét,,dH (V2|V1) < ;

1
Hnl) + r—Haby), Ve [0,1);

where

(1) = t(1 —u)log(l — 1;21—(1)— tu)log(l — tu)’ Ve [0,1]. (2.16)

Fort=0ort =1, a; is defined by taking the corresponding limit in the definition above,
namely:

ap(u) = (1 —u)log(l — u) + u;
ar(u) = —u —log(l — u).

We easily check that ay(u) > ap(u) > "72, u € [0,1]. In particular, with ¢ = 3, Dembo’s
result gives back Marton’s inequality (1.8).

2.4. Stability by tensorization, by push-forward, and by approrimation

We now state the three main operations that enable us to obtain transport in-
equalities for mixed binomial processes: the tensorization, push-forward, and strong
approximations. Importantly for us, transport-entropy inequalities are closed under these
operations.

Transport-entropy inequalities enjoy the following well known tensorization prop-
erty [23, Theorem 4.11].

Proposition 2.7. Consider, for i = 1,...,n, costs functions ¢;: E; x P(E;) — [0,00]
for some Polish spaces E;. Suppose that the functions c; are convexr with respect to their
second variables. If, for all1 < i < n,~; € P(E;) satisfies (T.,) with constant ay,as > 0,

then v1 ® - - @ vy, satisfies (Tz) (with the same constant ay,as) where

n

&(x,p) = cili,pi), (2.17)

i=1

where © = (x1,...,2,) € E1 X -+ X E, and p € P(X E;) has i-th marginal p;.
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Remark 1. The reference [23] proves the theorem only for the case aj,as < oo but if
a1 = 1 (resp. az = o0) their proof still works, replacing v/ (resp. v) by p?.

Now let us turn to the stability by push-forward. Let us fix two Polish spaces X and
Y, and a measurable map S: X — Y. Recall that for v € P(X) the push forward of ~
by S is the element of P(Y) defined by Szv(A4) = v(S~1A), for all A € B(Y). Given a
cost ¢: X X P(X) — [0, 00] we define its push forward by

Syc(y,q) = inf{c(z,p) : S(x) =y, Syp =4q}, (2.18)
for all y € Y and ¢ € 2(Y). Likewise, for w: X x X — [0, 00], we write
Spw(yr,y2) = inf {w(z1, ) : S(x1) = y1, S(z2) = Y2}, Y1,Y2 €Y. (2.19)
We now show that the push-forward preserves transport-entropy inequalities.

Proposition 2.8. Suppose that v € P(X) satisfies (T.) (with constants a1,a2 > 0) for
some convex cost function c¢: X x P(X) — Ry. Then, the probability measure Sy~
satisfies (Ts,.) with the same constants ay,az. In particular, if v satisfies (T,,) for
some w: X x X — [0,00], then Sy~ satisfies (T, ).

This property is rather classical for transport inequalities of the form (T,); it goes
back at least to [31] (in the dual language of infimum convolution inequalities). See
[15,17,23] for applications of this transfer principle. However, at this level of generality,
Proposition 2.8 is new.

Proof. For short, we write ¥ = Sy and ¢ = Syc. Let vy,5 € P(Y) be such that
H(71]7) < oo and H(2|y) < co. Let hy be the density of 7y with respect to 7; then for
fe@ )

/fowl:/fﬁ1 d*’y:/f(S)Bl(S)dfy:/f(S)dul, (2.20)

where dvy = Bl(S )d~y. Therefore, there exists at least one probability measure v; on X
such that 7y = Syvq. On the other hand,

H(nly) = /51 log h1dy = /711(5) log hi (S)dy = H(w]). (2.21)
Let us consider the function 7.(-|-): P(X) x P(X) — [0, 00] defined by

Tc(ﬁl|52) = inf {72(1/1|V2) : l_/l = S#l/l and l_/2 = S#l/g} . (222)

According to what precedes, for all 7;, i = 1,2, such that H(7;]7) < oo, there exist v;,
i=1,2, on P(X) such that v; = Sxv; and so
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Te(1|t2) < Telvr|va) < arH(va|y) + asH(va|y) = ar H(01|7) + aoH(:]7).  (2.23)

Now let us prove that

T (01|v2) > Ta(in|i2). (2.24)
Let vy, v such that H(7;|y) < +o0, i = 1,2; there exist vy, v, such that v; = Syv;. Let
p be a kernel such that 11 = vop. Equivalently, there exists a pair of random variables

(X1,X2) with X5 ~ vy and Law(X;1|Xs = ) = p,. Consider Y1 = S(X;) and Y3 =
S(X3); for all bounded continuous functions f1, fo on Y it holds

ELf (V1) fa(Ya)] = ELf1(S(X1)) fa(S(X2))] = E [ [ ns@any. <m1>f2<5<x2>>}
=E U f1(yl)d(S#PXQ)(yl)f2(5(X2))]

5 & | [ fina(Semm) 001506 f(s05)|

Consider a regular conditional probability k for Law(X5|Y3); then

Bl 00202 = E [ [ ([ (S0 ) b () a5 -
= ] £ 22025 ) e,
with
Pys = / (SuDay ) oyy (d2). (2.26)
This proves that sp = 1.
/ (2, P, ) v2(das) > / e(S(x2), Spa,) vo(des)
_ // &(S(2), Siprs) by (daa) s (dys)
_ // &(Y2, Sy ) by (dz2) 72 (dys)
> /c(yQ,/S#pm ky2> va(dy2)
> Te(1|in),

where the first inequality comes from the definition of ¢, the third is a consequence of
the fact that S(x2) = ys for k,, almost all x5, and the fourth follows from the convexity
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of ¢ (which is itself a simple consequence of the convexity of ¢). Therefore, taking the
infimum over p yields to T.(v1|ve) > Tz(v1|va). Taking the infimum over all vy, v9 such
that Syv; = v; finally gives (2.24) and completes the proof. O

In applications, one often approximates a Poisson point process of interest by a simpler
point process for which one can establish a transport-entropy inequality. The following
general lemma allows us to transfer a transport-entropy inequality from the simpler
process to the other process.

Lemma 2.9. Let E be a Polish space and let c: E x P(E) — Ry be a lower semi-
continuous cost. Let {v, :n € N} U {y} C P(E) such that for all A € B(E):

n(A) —— (A).

n—oo

If for all m € N, v, satisfies (T.) with constants ay n,as,, > 0, then v satisfies (T.)
with the constants a; = liminf, a;,, i =1,2.

Proof. Thanks to the strong convergence, for any f: E — R bounded and measurable,
it holds

[ f@mtan) —— [ o). (227)

Take v, 1?2 € P(FE), absolutely continuous with respect to v with bounded respective
densities f; and f5. Let us define for all ¢ = 1,2 and for all Borel set A C F,

l/i (A) _ fA fl(x)77l(dm)
" J fi(z)yn(dz)
By assumption on +,, we have that
TeWnlvi) < @10 H(vplyn) + a2 H(vnlm). (2.28)

Using (2.27), we see that v/{, —— v* weakly (and even setwise). Since, by assumption,
n—oo

the cost function ¢ is lower semi-continuous, by Theorem 2.3, T.: P(E)x P(E) — [0, 0]
is also lower semi-continuous, and so

liminf 7. (v [12) > Teo(v V).

n il
n—oo

On the other hand, using (2.27), we see that for i = 1,2

_ Inlfilog fi)

Hvhh) = T

—logvn(fi) —— (filog fi) = H' ).
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Letting n — oo in (2.28) thus completes the proof in the case of bounded densities. The
general case follows by standard approximations arguments. O

3. Transport inequalities for random point processes

In this section, we establish transport-entropy inequalities for a mixed binomial point
process of the form (1.10) provided its sampling measure itself satisfies some transport-
entropy inequalities. We essentially base our proofs on the material of Section 2.4. The
section is organized as follows: first we present some generalities about point processes,
then we establish transport-entropy inequalities for mixed binomial point processes under
the assumption that the sampling measure satisfies an inequality of the form (T,) (a
case which covers in particular our Theorem 1.1), and finally we consider the case where
the sampling measure satisfies an inequality of the form (’i‘”,,,) (which includes our
Theorem 1.2).

3.1. Random point processes

From now on, we fix a complete separable metric space (Z,d) that we regard as our
reference state space. Recall the notation #n(Z) (resp. My (Z)) introduced in (2.1)
for the space of finite configurations (resp. configurations); equipped with the weak
(resp. vague) topology (introduced in Section 2.1), Mn(Z) (resp. Myx(Z)) is a Polish
space according to Lemma 2.1. We always equip the space #n(Z) and Mg(Z) with
their Borel o-field (without further mention). For n € N, we also conveniently write
M (Z) = {§ € MN(Z) : £(Z) = n}. This space is a closed subset of Mn(Z) and is
therefore also Polish when equipped with the weak topology.

A point process (resp. finite point process) on Z is a Mg (Z)-valued (resp. M (Z)-
valued) random variable. In this paper, we focus, on the one hand, on mixed binomial
process defined in (1.10). For reader’s convenience, we recall that this is the class of
finite point processes of the form n = Zivzl dx, where (X;);>1 is an i.i.d sequence of law
€ P(Z) independent of the N-valued random variable N whose law is denoted by &.
We also recall that the law of 7 is denoted B,, ,,. When k = 6,,, where n € N, we write
B, n € P(M,(2)) instead of B, s,. A process n ~ B,, ,, is called a binomial process of
size n.

On the other hand, we consider the important class of Poisson point processes. Given
a measure v on Z, we say that n is a Poisson point process with intensity measure v
whenever: for all pairwise disjoint measurable sets Ap,...,4; € 3, with v(4;) < o
for all ¢ = 1,...,l, the random vector (n(A;),...,n(4;)) is a vector of independent
Poisson random variables with mean (v(A41),...,v(A;)). Provided such process exists,
the intensity measure v characterizes the law of such a process; we write II,, to denote this
law. Existence of Poisson point process on arbitrary state space and arbitrary reference

measure is in general a non-trivial fact. However, if v € ##,(Z), one can easily check that

v(Z)

a mixed binomial process 7 constructed using (X;);>1 of common law y = and a
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random variable N with a Poisson distribution of mean v(Z) is a Poisson process with
intensity measure v. In other words: for all v € /4, (2),

IT, = B, «, (3.1)

where p = 75 € P(Z) and k € P(N) is the Poisson distribution of mean v(Z). By a
simple gluing procedure [25, Theorem 3.6], one can also construct Poisson point processes
with o-finite intensity measure. More precisely, writing v = Y -, v, with v, € M, (Z),
we have that

II, =11, *1L,, *...,

where  is the convolution product. In general, II,, € P(My(2)); 11, € P(MN(2)) if
and only if v € M, (Z); and 11, € P (Mg (Z) \ Mn(Z)) if and only if v(Z) = oo.

8.2. Transport-entropy inequalities when the sampling measure satisfies a Talagrand
type inequality

In this section, we derive some transport-entropy inequalities of the type (T,) on
MN(Z), where w is of the form T,: Mn(Z) x Mn(Z) — [0,00] for some p: Z x Z —
[0, 00]. We denote by T, the transport cost T7,, given explicitly by

Tp(Hl,HQ) = inf E [7;(§17€2)] , H17H2 c e@(.ﬂN(Z)),

where the infimum runs over the couples (£1,&2) of point processes such that & ~ II;
and & ~ IIy. As already observed in Section 1, the condition T,(Il;,II;) < 400 is very
strong and it implies in particular that there exists a coupling (&1,&2) of I, Iy such
that &1 (Z) = &(Z) almost surely. In particular, the finiteness of T,(II;, II5) implies that
the law of the total mass is the same under IT; and IIs.

Theorem 3.1. Let k € P(N), p € P(Z), and p: ZxZ — [0, 00] be lower semi-continuous.
Assume p € P(Z) satisfies (T,) with constants ai,as > 0. Then, for all II;,IIy €
P (M (Z)) such that T,(I11,11z) < oo, it holds

Tp(Hl,Hz) + (a1 + 0@)7‘[()\|/€) S a1H(H1|B/L,K) + CLQ,H(H2|B/L,H), (32)

where A € P(N) is such that for all i € {1,2}, I;({n € MN(Z) : n(Z) € A}) = A(A),
for all Borel A C N.

Note that the preceding result could be alternatively stated on the bigger state space
My (Z) instead of M (Z). This actually does not make any difference since H(II|B,, ) <
+o00 implies that II € 4y (Z). Specifying p = d? in Theorem 3.1 gives Theorem 1.1.
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Remark 2. Let us comment on (3.2).

This inequality is a transport-entropy inequality (T.), where w = 7T, (as intro-
duced in Section 2.3.1) with the additional constraint of finiteness of the transport cost:
T,(II;,1I3) < 4o0. This condition is crucial since otherwise it would be possible to have
a finite right hand side and an infinite left hand side. For instance, take p € P(Z) sat-
isfying (T,) with some constant a > 0, take n; # ny and consider B,, ,, the binomial
point process of size n;. Then T,(By n,, Bun,) = 00. On the other hand, denoting by
II,, the law of the Poisson point process with intensity measure p and taking n ~ II,,
we easily see that B, ,,, = Law(n|n(Z) = n;). Therefore, B,, ,, is absolutely continuous
with respect to 1I,, with Radon-Nikodym derivative given by ml{n(@:m} and,

thus, H(Byun,|11,,) = —log P(n(Z) = n;) = —log & < +c.

3.2.1. Binomial process with deterministic size
As a first step, we prove Theorem 3.1 in the particular case of binomial point process
of fixed size n € N.

Proposition 3.2. Letn € N, p € P(Z) and p: Z x Z — [0, 00| be lower semi-continuous.
Assume p € P(Z) satisfies (T,) with constants ar1,as > 0. Then, for all II;,II, €
P(My(Z)) such that T,(I1,,1I5) < oo, it holds

T,(I1:,113) < arH(IL1|Byn) + a2 H(I12|By.yn)-

Proof. For n = 0 there is nothing to prove. Fix n > 1; by the tensorization property
Proposition 2.7, the probability measure u®" € 9P(Z") satisfies the transport-entropy
inequality (T,») with constant a and with the cost function p” defined by

n

pn(x’y) :Zp<xzayl)a xvyezn
i=1

Now, consider the map S™: Z" — M, (Z) defined by
S™z) = 6., Va=(21,...,2) € Z". (3.3)

By construction, Sg,u@” = B, n. Furthermore, for any &1,& € #,(2), it follows from
Proposition 2.5 that

T,(&2]€1) = inf {Z p(wisyi) &= S"(x), & = Sn(y)}

= SLp",
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using the notation introduced in (2.19). Finally, we obtain from Proposition 2.8 that
B,, », satisfies a transport-entropy inequality on ., (Z) with respect to the cost function
T, (and with the same constants a1,a2). O

3.2.2. Binomial processes with general size
Now we are ready to prove Theorem 3.1 in the general case.

Proof of Theorem 3.1. Let II;,II, € P(Mn(Z)) such that T,(II;,II3) < oo and
H(IL;|By,x) < +oo, i = 1,2. Recall that, according to Lemma 2.1, /#n(Z) endowed
with the weak topology is a Polish space. According to Theorem 2.3, the transport cost
Tp: M (Z) x My(Z) — [0,00] is lower semi-continuous. Therefore, according to [45,
Theorem 4.1] (or Theorem 2.2), there exists an optimal coupling for T,(II;,II); we
write (£1,&2) for such an optimal coupling. From the finiteness assumption of the trans-
port distance, we have that £;(Z) = £3(Z) := K almost surely. We denote by A the law
of K. For n € N such that A(n) > 0, we write

II" = Law((&1,&2) K = n),
we consider (£7,&5) ~ 11", and we write II7 (resp. I1%) for the law of &} (resp. &%), that

is II? and II} are the marginals of II". Applying Theorem 2.4, we see that (£],£}) is an
optimal coupling for T,(II7,II%). By construction, we have that

T, (I, I2) = E [T,(£1,2)]
=Y E[T,(&,&)|K =n]P(K =n)

neN

= Z E[7,(&7, &) P(K =n)
neN

= > T, T5)P(K = n).
neN

According to Proposition 3.2, we know that B,, ,, satisfies a transport-entropy inequality
with the cost function 7, on #,(Z) and constants a1, as. Thus

T,(I1,T2) < Y (aH(TI}|By,n) + a2 (15| Byn) P (K = n). (3.4)
neN

It follows from the chain rule for relative entropy (recalled below) that

H(IL|By.x) = H(A|K) + > H(IT|Byn)P(K = n). (3.5)
neN

Plugging (3.5) into (3.4) gives (3.2) and completes the proof.
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For the sake of completeness, we recall the proof of (3.5). Let n ~ B, .. with N ~ &
(see (1.10)). Recall that we assume that H(IL;| B, ) < +o0. Denoting by f;: Mn(Z) —
R, the Radon-Nikodym derivative of 1I; with respect to B, ,, for all measurable set
A C MN(Z), we have that

P(¢ € A)P(K =n) =P(& € A, K =n)
=E [Lieana, 2y fi(n)]
=E [I{N:n}l{neA}fi(n)}
=P(N =n)E [1{ea fi(n)|[N =n] .
This shows that if P(K = n) > 0 then P(N = n) > 0 and for such n we have that

drn dIl; P(N =n)
i = 1 J— . .
dB,, dB,,.P(K =n) V=1 3.7

Hence,
H(LByn)P(K =n) = Ellog f;(§)|N = n]P(N =n) — P(K = n)log

Summing the previous expression for n € N yields (3.5). O

3.8. Universal Marton-type inequalities for Poisson point processes

3.3.1. Deterministic size case
Recall the definition of the partial transport cost 7, introduced at the end of Sec-
tion 2.2.4.

Theorem 3.3. Let n € N, € P(Z). Assume that p satisfies (T(,ﬁ,)) on Z for aj,as >0
and for some lower semi-continuous cost function p: Z x Z — [0,00] and a: [0,00] —
[0,00] convex. Then, B,,,, satisfies the transport-entropy inequality (T.) (with the same
constants) on M, (Z) with the cost function c: M, (Z) X P (M, (Z)) — R defined, for
allé € Mn(Z) and Tl € P(M,(Z)), by

610 = [a (s [Tt s eas) (3.9)

Before proving Theorem 3.3, let us highlight a particular case. Thanks to the universal
transport inequalities by Marton and Dembo recalled in Section 2.3.1, binomial processes
always satisfy some transport-entropy inequality, as shown in the following result.

Corollary 3.4. Let t € [0,1] and let oy be the function defined by (2.16). Let u € P(Z)
and n € N. Then, B, ,, satisfies a transport-entropy inequality (T.), namely
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1
Te, (2 [I) < T 2| Byn),

1

&+ | =

H(H1|Bu,n) +

where, for all £ € Mn(Z) and 11 € P (M (2)):

o (,T1) = /ozt (/ [1 - %LH@;@) £(dx). (3.10)

Remark 3. By (2.16), for all ¢ € [0,1], a(u) > “72, w € [0, 1] Thus, the same conclusion
holds with “72 replacing oy in (3.10).

Proof of Corollary 3.4. According to Section 2.3.1, the probability measure u satisfies

the inequality (T, 4,,) with oy given by (2.16) and the constants a; = %

Moreover, if x,& € M, (Z), then using that &(x) < £(Z) = x(Z), we find that

and as = ﬁ

Tag 0(x§(2)02) = (§(x) = x()) 1 (3.11)
Applying Theorem 3.3 concludes the proof. O

Proof of Theorem 3.3. We follow the proof of Proposition 3.2. According to Proposi-
tion 2.7, the probability measure u®" satisfies the transport inequality (T.) on Z" with
constants ap, as with respect to the cost function ¢ defined by

o)=Y a( [saimtan).  sezipesEy. 1)

i=1

The probability measure B,, ,, is the push-forward of u®™ by the map S™ defined by (3.3).
Therefore, according to Proposition 2.8, we see that B, , satisfies the transport-entropy
inequality with the cost function ¢ defined for all (¢,11) € M, (Z) x P (M, (Z)) by

(¢, 1) = inf {¢(x,p) : (z,p) such that S™(z) = &, Ship = I} . (3.13)

In other words, if £ = """ | d4,, then

%

c(&, 1) = inf{ a(E [p(Yl,xZ)])} , (3.14)

i=1

where the infimum runs over all random vectors Y = (Yi,...,Y,) such that ;" | dy, ~ II
(whose existence is given by [25, Proposition 6.3]) and all ¢ = (x1, ..., z,) € Z" such that
£=3" 106z, The constraint £ = ;" | J,, determines the z;’s up to permutation. Since
the other constraint Y., dy, ~ II is permutation invariant, one can assume without loss
of generality that a; = x; for all ¢ € {1,...,n}. In this way, we obtain that
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n

c(g,n)zinf{Z( p(Yi, a;)]) Z(sywn} (3.15)

i=1

Let us prove that ¢ is bounded from below by the cost given in (3.9). For all @ € Z, such
that £(a) > 0, we define I(a) = {i : a; = a}. Then, letting x = Y., dy,, we obtain

2icr(a) YUE [p(Y3; ai)])

2 oBPial) = 3, & €@

i=1 a:é(a)>0
Yicr(a) PYisa) >
@)a (IE l—
a:§%>0 &(a)
(e [Tanet(@d)
X et (e[ B])

where the first inequality comes from Jensen inequality and the second by definition of
(2.14). This completes the proof. O

3.3.2. Poisson case

First, a process level “binomial to Poisson argument”, adapted from [33], allows us to
extend the conclusion of Theorem 3.3 to Poisson processes with finite intensity measure.
Then we will use another approximation argument to pass from the case of finite intensity
measure to the case of o-finite intensity measure.

Theorem 3.5. Let ay be the function defined by (2.16). Let v be a o-finite Radon measure
on Z. Then 11, satisfies a transport-entropy inequality (T.), namely

1
Te, o|IL) < n

1
HLLL) + EH(H2|HV),
where the cost function c;,: My (Z) x P(Mg(Z)) — [0,00] is defined by

[l x@ . 7 7
ot = [ (/ i g(x)LH(dx)>§(d ) €€ My (2)T € Py (2))

(3.16)
In particular, this result gives Theorem 1.2.

Proof. We first assume that there exists p € P(Z) and A > 0 such that v = Au. For
we PZ),neN,and t € [0,1], the t-thinning of B, ,, is the law denoted by B,(f)n of
the point process obtained by removing each point of n ~ B,, ,, with probability (1 — ?)
independently of the others. Formally, this family of point processes can be realized for
instance as follows: for ¢ € [0,1], set
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n
70 = ey,
i=1

with X5,..., X, i.id of law p and €1,...,¢, ii.d with a Bernoulli distribution of pa-
rameter ¢ € [0,1]. Then B,(f)n is by definition the law of 7(*). We conveniently use a
slightly different construction taken from [33]. Let us add a cemetery point oo to Z by
considering Z = Z U {oo} where oo ¢ Z and {oo} is isolated. Define

77(15) — Z 5th)7
i=1

where Xl(t), ..., X are i.i.d random variables with law tp+ (1 — t)doo. Defining

t PNC)
® 77|Z Zl X(f)?é }X(t)’

we then easily see that n(® and 7" have the same law.

Let A > 0, and n sufficiently large so that A, := \/n < 1; we write II,, = Bff"ﬁ). This
sequence II,, converges to II,,, the law of the Poisson process of intensity measure v := Ap.
Indeed, according to [24, Theorem 4.34], one gets that for all Borel set A C M (2):

IM,(A) —— 11, (A).
n—oo

Since according to Lemma 3.6 below, the cost function ¢ is lower semi-continuous,
in view of the previous convergence and Lemma 2.9, to conclude the proof in the case
of finite intensity measure, we simply establish a transport-entropy inequality for II,,
(n € N). Let fi, = At + (1 — X\,)0s0; according to Corollary 3.4, we see that By, , €
P (M, (2)) satisfies the transport-entropy inequality with constants a; = 1 and a; =
=, and with cost function é: 4, ( Z) x P(My(Z)) — R, defined by

- [ o ( / [ _ gg

where oy is the function deﬁned in (2.16). By construction, II,, is the push-forward of
B, . under the map S: M, (Z ) — M (Z) defined, for all é= S 0y Bty B € Z,
by

~ A

ﬁ(tb%)) E(de), e Ma(2), 1€ P(Mu(2)),

S(é) = é\Z = Z 1{931.62}(5@.

i=1

According to Proposition 2.8, it follows that II,, satisfies the transport-entropy inequality
with the same constants and with the cost function ¢: Mn(Z) x P(Mn(Z)) — Ry
defined by
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a(e,1m) = inf {e(@10): SE) =& SN =T}, €€ Mn(2),1l € P(Mn(2)).

Now, if S(€) = ¢ and SyIT =TI, then

e(,10) =Z/O‘t (/ :1— )5(((;)) +ﬁ(d>g)> £(dz)
- o (2829 )
i z/at </ - %Lmdx)) ¢(de)
= c(&,10),

where, for short, we write ¢ = ¢; for the cost function defined in (3.16). This concludes
the proof for Poisson point process with finite intensity measure.

Now, we assume that v is o-finite, and we let (Z,,) be an increasing measurable
exhaustion of Z in measurable sets of finite measure. Given n € M (Z), we write
Mz, = n(-NZ,). Let i = 1,2. We can assume that II; is absolutely continuous with
respect to I, with density Fj, and, for n > 1, we write I} for the push-forward of 1I;
by the map n — n;z,. Let A € Mg (Z), we have

7 (4) = / La(z, ) Fi(iz, + 122, TL ().

By definition of Poisson point processes, under II,, (1;z,,112\z,) has law II, , ®

HVFZ\Zn
with Radon-Nikodym derivative:

. Thus, we find that II}" is absolutely continuous with respect to I} = I, ,

drn
dI

v

(n) = / Fin+ 6T, (de).

Let ¢(t) = tlogt which is a convex function. By Jensen’s inequality, we get

i) = [ o ( [+, (d£)> I (dn)
< / G(Fi(n+ I (AL, ., (d€)
= H(HZ |HU)3

were we used that the sum of two independent Poisson point processes with intensity v
and v/ is a Poisson point process with intensity v + v/ [25, Theorem 3.3]. By the result
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for Poisson point processes with finite intensity measures and the above inequality, we
have that

1
Te, (Mz[IIY) < 23 (Y[IE) + H (I3 TL)

1-¢ (3.17)

1 1
< gH(HﬂHu) + mH(Hzmu)-

For all G € G),(Mx(Z)), we have, by dominated convergence:

n—oo

L(6) = [ Gz, )Mhi(dn) —— (G)
This means that

weakl
mr 2222 1,

n—oo
Using Lemma 3.6 and Theorem 2.3, the map 7, is weakly lower semi-continuous. Thus

in view of (3.17), we get

1
Te, (a[Mh) < Timinf T, (T3 [T17) < —H(TL [I1,) + I—_tH(H2|Hu)~

| =

This concludes the proof. O
Now we turn to the proof of the lower semi-continuity of c.

Lemma 3.6. Let a: R — [0,00] be a lower semi-continuous function. The function
c: Mg(Z) x P(Mg(Z)) defined by

e = [ ( / [1 - %Lmdx)) (do)

is lower semi-continuous. Moreover, the restriction of ¢ to Mn(Z) X P(Mn(Z)) is also
lower semi-continuous.

Proof. We will first show that ¢: Mn(Z) x P(Mn(Z)) — [0, 00] is lower semi-continuous
and then show that c¢: Mg (Z) x P(Mg(Z)) — [0,00] is lower semi-continuous. Let
{& :n € N}U{¢} € Mn(Z) and {11, : n € N} U {II} C P(Mn(Z)) such that, as
n — 00, (&,) converges weakly to &, and (II,) converges weakly (with respect to the
weak topology on M (Z)) to II. Let us show that iminf, _, o ¢(&,, ) > ¢(&,10). By
definition there exists ¢ € N and z1,...,24 € Z such that £ = >_7_, 6,,. According to
the proof of Lemma 2.1, we can without loss of generality assume that &, = >°7 Oam
where ' — x; when n — oo. Let p be the number of points in the support of &
and write Supp(§) = {a1,...,a,} (with therefore pairwise distinct a}s) and denote by
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kj =&({a;}), forall1 < j <p.Forall j € {1,...,p} denote by I; = {i: z; = a;} and by
St = {x} 11 € I;}. By Jensen’s inequality, and the fact that a and [0,1] > u + [1 —u],

are convex, we find that

§n(2)

E(ag) Y« ( / [1 - g@]f“(d")) £(ay)

z€8)

> £(ay)a (/ {1 - ZZ%;(Z)} +Hn(dx)> )

Fix some € > 0; for n large enough, one has ST C B(aj,e) for all 1 < j < p, where
B(a,¢) denotes the closed ball of center a and radius e. Since the points of SJ are all
distinct, we find > g x(2) = x(S2) < x(B(a;,¢)). Hence, by the monotonicity of a:
x(B(aj, e
Hn(dx)> > &(aj)a (/ {1 - %} Hn(dx)> -
i +
+

sy X(2)

£(as)a ( / [1 -

Since &, = Z?Zl > zesi §n(2)0., summing the two previous estimates over j € [p] gives

X(B(‘“”} Hn<dx>> ae(a).
.

c(fn,Hn)E/a</ {I_W

According to Portmanteau theorem, since B(a, ¢) is a closed set, the map MAn(Z) 3 x —
X(B(a,¢)) is upper-semicontinuous (for the weak topology on #n(Z)); hence, the lower

semi-continuity (for the weak topology on #n(Z)) of the map
x(B(a,¢))

MN(Z) S x [1 .

§a) 14

Therefore, using again the Portmanteau theorem, we obtain, for any fixed a, the lower

semi-continuity of the map
(3.18)

B
I — / [1 _ M} I(dy).
fla) |,
Therefore, letting n — oo, and using that liminf a,, + b,, > lim inf a,, + lim inf b,, yield
lim inf ¢(&,, I1,,) >

im ot Jo < |- %LMCM) a(a)

Finally, letting € — 0 and using the dominated convergence theorem, we have that

X(B(a,2)) — x(a).
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Using again the dominated convergence theorem, we thus find that

[ oo = [ =g e

Since « is lower semi-continuous, we finally find

liminf ¢(&,,10,,) > (€, 10).

n——+4oo

This proves that ¢: Mn(Z) x Mn(Z) — [0, 0] is weakly lower semi-continuous. Now let
us consider

£ My (Z) ¢ and 1, P(M(2)) o
n—00 n—oo

Fix 0o € Z, and, for L > 0, write By, = B(o, L). By definition of the vague convergence,
for all L > 0,

weakly
_—

gn[BL grBL~

n—oo
By [24, Lemma 4.1], Mg (Z) > x — x(B(a,€)) is upper semi-continuous (for the vague
topology on /g (Z)); hence, using again Portmanteau theorem, one gets that for any

fixed a, the map P(Mx(Z)) 5 I — [ {1 — %} II(dy) is lower-semicontinuous.
+

Thus, arguing as before, we find that:

liminf ¢ (§np,,11,) > /a (/ [1 - ?EZH{_H(dx)) 15, (a)¢(da).

n—oo

On the one hand, since &, > &, 5, , we have that ¢(&,,11,) > ¢(§n1 5, , IIn). On the other
hand, by the monotone convergence theorem, we find that

[a ( |- ?EZ;LWM)) L, (@)¢(da) ——» e(€. 1.

Combining these observations, we obtain that

liminf ¢(¢,, T1,) > e(¢, ).

n—roo

This concludes the proof. O
4. Applications to concentration estimates
With the help of the transport-entropy inequalities proved in Section 3, we derive

concentration results for Poisson point processes and other mixed binomial processes.
Below, we highlight some particular cases.
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4.1. Generic concentration of measure inequalities

First let us draw some consequences of Theorem 3.1.

Corollary 4.1. Let k € P(N), p € P(Z), andn ~ By, .. Assume p € P(Z) satisfies (T ),
for some lower semi-continuous cost function p: Z x Z — [0,00], with constant a > 0.
For all Borel sets Ay, Ay C MN(Z) such that P(n € A;) > 0 and T,(I1;,1I3) < 400,

where II; = % B, «, it holds that

1 .
Plre AVF(e A <o (—7, if | T(6.6).

Proof. Simply apply the transport-entropy of Theorem 3.1 to the probability measures
IT; and II, defined above and use that H(IL;|B, ) = —logP(n € A;), i = 1,2, and
the lower bound T,(I11,II2) > infe, e a, e,e4, Tp(&1,&2). Details of this argument can be
found, for instance, in [19]. O

Due to the requirement T,(II;,II5) < +oo, this concentration bound seems delicate
to manipulate.

Now let us examine the consequences of Theorem 3.3 and Theorem 3.5. To state them,
let us recall some definitions from [23] adapted to our Poisson setting. Let ¢: Mg (Z) x
P (M (Z)) — [0,00] be a cost. For a Borel set A C M (Z), we write

eal€) = inf c(€ID). V€ .My (2), (4.1)

for the Talagrand convex distance associated with A and ¢ (which, despite its name, is
not really a distance), and

Ay ={zx € llg(Z):ca(z) <1}, r >0, (4.2)

for the enlargement of A with respect to the Talagrand convex distance.
With these notations, we state the following concentration result.

Corollary 4.2. Let t € (0,1) and oy be the function defined in (2.16).

(a) Let n be a binomial process (of size n). Then for every Borel set A C M, (Z)
P(ne A)P(ng A)T" <e’,  ¥Vr>0,

where A, is the enlargement of A (in Mn(Z)) given in (4.2) for the choice of ¢ = ¢;
given in (3.10), that is

o[- .
oem = [ (/ I 5(x)Lmdx))g(d ) EEMA(2), 11 € P(Mlo(2))
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(b) Let i be a Poisson point process with finite intensity measure v € My(Z). Then for
every Borel set A C Mn(Z)

P(ne A P(nd A)TF <e™,  Vr>0,

where A, is the enlargement of A (in Mn(Z)) given in (4.2) for the choice of ¢ = ¢
given in (3.16), that is

a2 .
oem= [ (/ [ g(x)LH(dx)> §(dr) € €. Mn(2), TTE Pty (2))

(c) Let n be a Poisson point process with o-finite intensity measure v. Then for every
Borel set A C Mg (Z)

P(ne A)P(nd¢ A)TF <e™",  Vr>0,

where A, is the enlargement of A (in Mg (Z)) given in (4.2) for the choice of ¢ = ¢
given in (3.16), that is

_ @) . , ,
dem = [ a (/ [ g(I)Lmdx)) Eldn) € € My (2), T € Pl (7).

Proof. Combine [23, Theorem 5.1] with Corollary 3.4 or Theorem 3.5. O

For further discussions, let us first recall some definitions and state a theorem of [33]
to be compared with Corollary 4.2. Given a point measure £ € My (Z), we write Z2(€)
for the space of functions g: Z — R such that g(z) = 0 if £(z) = 0 and such that:

|9|=_2%2(§) = Zf(x)g(@g < 0,

TEE

where the notation x € £ is shorthand for € supp&. When equipped with the norm
| “[#2(¢)» the linear space Z?(¢) is a Hilbert space. Given another y € My(Z), we
write £\ x for the point measure given by > . (§(x) — x(2)), 0s. For A C My (Z) and
£ € My (Z), following [33] ([33] only works on M (Z)), we define

ds(6)= sup inf / gd(€\ X), (4.3)

€A
‘g‘yZ(g)Sl X

where the supremum runs over non-negative g only, and we also define
Al ={¢ellxy(Z): da() <r}, =0

Then, we have the following extension of [33, Theorem 1.1].
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Theorem 4.3. Let n be a Poisson point process on Z with a o-finite intensity. Then, for
every Borel set A C My (Z),

2

P(ne A)P(n¢ Af) <e 7.

The case of a Poisson point processes with finite intensity measure is established in

[33], whereas the case of an intensity with infinite mass is new. The proof of Theorem 4.3

follows immediately from Corollary 4.2 (with ¢ = 1/2) and the following lemma (using
the fact that ay/o(u) > u?/2).

Lemma 4.4. Let the above notations prevail. Choose a(u) = “2—2, for allu >0, and

ol @ , , ,
oem = [ (/ i g(x)LH(dx))&(d ) ey (7). e Py (7).

Then, for any A C Mg(Z), it holds A(zi\/? = A,; equivalently ca(§) = %dA(f)Q, for all
e My (2).

Proof. The argument is quite classical and goes back to Talagrand. We give a proof for
completeness. First, we recall this well-known duality formula on Hilbert spaces: if #Z is

an Hilbert space with inner product (-,-) and induced norm | - |, we have
|z = sup (z,y).
lyl<1

Second, we recall this well-known fact about randomization of infimum

inf f(@) = inf E[f(X))
where the second infimum runs on random variables X taking values in A.

Third, for two convex spaces C7 and Cs, consider a bilinear functional A: C; xCy — R
that is upper semi-continuous and concave in its first variable, and lower semi-continuous
and convex in its second variable. If Cy is compact, then by the min-max theorem [40,
Corollary 3.3]:

supinf A = inf sup A.
Clp CQ Cz Clp

We equip Z2(€) with the weak topology o(Z?(€), £2(€)) defined by duality, and we
write Z2(€) for the convex cone of non-negative g € Z*(€). We write P for the convex
set of all Il € P (M (Z)) such that

(Z > / [1 - %] +H(dx)> c Z%(¢).
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We have that
e = {11 € P( M (2)) : el 1) < o0},
We now define the function A: Z% (&) x P(Mx(Z)) — [0,00] by

Mgt = [ ga(e\ ot = [ o) | [1— %Lﬂ(dx)f(dx% i1 e o,

and A(g,II) = oo otherwise. We claim that A is upper semi-continuous and concave in

its first variable. The concavity is immediate. Let us show the upper semi-continuity. Let
Il € P(My(2)) and {g, : n € N} U {g} C £2(€) such that:

o(22(£),2%(8)
Gn ——— 79
n—oo
Without loss of generality, we can assume that II € P, (otherwise A(g,II) = oo and
there is nothing to prove). From the definition of the o(£?2(£), £?(£)) convergence, and

the fact that II € %, we find
lim sup A(gp, IT) = lim A(g,, IT) = A(g, IT).

We now claim that A is lower semi-continuous and convex in its second variable. The
convexity is also immediate. By [24, Theorem 4.1], for all x € £ and g € 3_%_(5), the
function

M (Z) 3 x = g(x)(§(@) — x(2)),

is lower semi-continuous; hence by Portmanteau’s theorem:

Pt (2)) > [ g@)E() - (o) M),

is lower semi-continuous. By Tonelli’s theorem, we find that

Mg =3 / o) (E(x) — x(2))  TI(d).

re

We conclude since a sum of lower semi-continuous functions is again lower semi-
continuous. By the Banach-Alaoglu theorem, 9%, the unit ball of Z?2(¢), is weakly-x
compact; hence, since Z?(€) is reflexive, & is weakly compact. Let us also write % for
B ﬂgi (&). We can therefore apply the randomization of infimum, the min-max theorem
(remark that {II € P(Mx(Z)) : TI(A) = 1} is convex), and the duality formula for the
norm in Hilbert spaces (we recall these three arguments at the beginning of the proof)
to obtain that
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4a(©) = s int [ g€\ )

geB4 XE

" ges WL, [ o </ [1 ) %} +H(dx)> £(dr)
- n(i,f‘l)legseg+ /g(x) (/ [1 - %} +H(dx)> ¢(dz)

5 1/2
=i, / ( / [ —%Ln«m) ¢(dx)
= (2ca(€)*. D

4.2. Concentration of measure for convex functionals

On RP, Marton’s inequality implies a deviation inequality for convex 1-Lipschitz func-
tions (see (1.9)). The goal of this section is twofold:

(i) Introduce a reasonable notion for convex and Lipschitz functions on /g (Z) and
show that those functions also satisfy a deviation estimate.

(ii) Show how this new deviation estimate sheds light on concentration results obtained
for U-statistics by [4].

Despite the lack of a geodesic structure and of a metric structure on Mg (Z), we define
convex and Lipschitz functionals in a rather straightforward way thanks to an analogy
with the euclidean case. Recall that for a differentiable function f: R? — R, f is convex
if and only if its Hessian is non-negative, while f is Lipschitz if and only if the norm of
the gradient of f is bounded by a constant.

On the Poisson space, the difference operators provide an ersatz of a differentiable
structure. For a functional F' defined on /g (Z), we define these operators as follows:

Dy F(€)
Dy F(¢)

I
|

() —F(§—0z), Vreg
F(E+6,) — F(¢), VaeZ

In the sequel, we show concentration of measure for convexr functionals F': Mg (Z) — R.
By definition, we say that a functional F' is non-decreasing if

Ve, x € My (Z), (E<x = F(§) < F(x)). (4.4)

We can alternatively state this monotonicity property with the D™ or D™ operators.
Indeed, the following three properties are equivalent:
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e F'is non-decreasing;
e D F(&) >0, forall £ € Mg(Z) and all x € &;
e« DIF(§) >0, forall { € My(Z)andall z € Z.

We say that the functional F is convex whenever D} F' is non-decreasing for all fixed = €
Z. Alternatively, F' is convex if and only if its “second derivative” satisfies: D, F'(§) > 0
for all £ € My (Z), and all x and y € Z. The class of non-decreasing convex functionals
contains in particular the class of U-statistics with non-negative kernel. The U -statistics
of order ¢ € Ny associated with a symmetric kernel h: Z?7 — R is a functional of the
form

# n
F(f): Z h(xiu-'wmiq):: g(q)(h)’ v'gzz:(s:m eﬂN(Z)a

i1yenig<n i=1

where the superscript # indicates summation over pairwise disjoint indices. By Mecke’s
formula [25, Theorem 4.4], when h € Z'(v7), we have that E|F(n)| < v4(|h]) < oo,
and the random variable F'(n) is almost surely finite. It is immediate that, for all z € Z,
D} F(€) = g€V (h(x,-)). Thus, we see that when h > 0, then the U-statistics F is non-
decreasing in the sense of (4.4). We also have that D, D F(§) = q(q—1)E T2 (h(z,y,)).
So that, when h > 0, the U-statistics F' is also convex in our sense. Similarly, we define

¢

a notion of being Lipschitz by imposing a bound on the square of the “norm of the
gradient” which in our setting is given by >° (D;F(vy))z.
We now give a slight extension of a result of [4] to convex functionals and to Poisson

point processes with intensity measure possibly having atoms.

Theorem 4.5 ([}, Proposition 5.6]). Suppose that n is a Poisson process with a o finite
intensity measure. Let F': M (Z) — Ry be a non-negative convex functional such that
there exist § > 0 and § € [0,2) such that

_ 2
Y (D F(m) <6F(m)”  as. (4.5)
xen
Let m be a median of F'. Then, for all r > 0, we have that

P(F(n) >m+7) < 2exp GW) ;

P(F(n) <m —71) < 2exp (_4(;;) .

The proof of the theorem goes simply by observing that [4, Lemma 5.7] still holds for
convex functionals. The rest of the proof is similar and is omitted.

Lemma 4.6. Let F': M (Z) — Ry be a convex functional. Then, for all & and x €
M (Z), such that x < &:
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F(€) - F(x) < / D F(€) (€ \ x)(dz).

Proof. Without loss of generality, we assume that & # 0. Since x < &, we can write
E=x+>1 0z, where n € NU{+o0} and the z}s are elements of Z. Then, denoting
by xo=xand forall 1 <i<n-—1, x441 = Xs + 9z it holds

i+1)

n—1

F(§) —F(x) = F(xiy1) — F(xi)

™

Il
—- o

2

3

n—1 n—1
D} F(x;) <Y _Df . F(§—0ba,,)=> D, F(),
1=0 =0

0

i
where the inequality comes from the fact that DJ F' is non-decreasing. O

In [4], provided that F satisfies an inequality as of the one of Lemma 4.6, they give
a lower bound on d4(n) by some quantity depending on F only. Then, they use the
deviation inequality of [33] (see Theorem 4.3) involving the convex distance d4 defined
in (4.3) to conclude in the case of a finite intensity measure and use an approximation
by thinning to conclude. Following, our previous results, we could follow an alternative
approach rather based on the distance ¢4 defined in (4.1). The distance c4 intimately
relates to the infimum-convolution operator R, (see [23, Section 5] for a discussion of this
link in the general case). We define R, in the next section to study logarithmic Sobolev
inequalities linked to our transport-entropy inequality. As shown by Lemma 5.3, we are
only able to bound R, for convex functions so that with the approach based on cy4, we
could not improve upon Theorem 4.5.

5. Modified logarithmic Sobolev inequality

In this section we investigate the links between the transport inequality obtained in
Theorem 3.5 and modified logarithmic Sobolev inequalities on the Poisson space.

5.1. Introduction

On the Euclidean space (and more generally on a Riemannian manifold), a celebrated
result by Otto & Villani [32] (see also [8]) shows that a probability measure v € P(R9)
satisfies the quadratic Talagrand’s inequality

Wi(v,y) < CH(vly), W (5.1)

whenever ~ satisfies the logarithmic Sobolev inequality: for all function f sufficiently
smooth,

Ent (ef(X)) <

=] Q

B[O wAXP]. X~
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denoting
Ent (e”) = E[Z e”] — E[Z]log E[e”],

for any random variable Z such that E[|Z|e?] < +oo0.
The work by [20] supplements the Otto-Villani theorem: it shows that v satisfies (5.1)
if and only if v satisfies the following restricted logarithmic Sobolev inequality

Ent(e/ X)) < O'E [\Vf(X)Fef(X) L X~

for all f: R — R such that  — f(z) + C”|z|? is convex, where C’,C” > 0 depend
quantitatively on C. The reference [21] further investigates such an equivalence between
transport inequalities and modified versions of the logarithmic Sobolev inequality, and
proves that on a complete separable metric space (E, d), a probability measure v € P(FE)
satisfies (5.1) (where Wj is defined with respect to the metric d) if and only if there exists
C’;\ > 0 (that can be precisely related to C) such that, for all bounded measurable
function f

Ent (/X)) < C'E [/ M (1(X) - QX F(X))], X ~n,
where Q* is the infimum convolution operator defined by
A o 2
Q\f(x) = f {J(y) + M(z.9)’} . we B,

We refer to [23,38,39] for other results connecting transport inequalities of the form (T.)
and variants of the logarithmic Sobolev inequality.

Our goal in what follows is to do a first step in extending these results to the Poisson
framework.

5.2. Transport inequalities and variants of the log-Sobolev inequality on the Poisson
space

In [23], it is shown that a transport-entropy inequality of the form (T.), involving
some cost function ¢: E x P(E) with E being an arbitrary Polish space, always implies
some sort of logarithmic Sobolev inequality, whose energy term contains a “gradient”
defined using the following infimum-convolution operator R,

R.F(§) = inf {II(F L, V¢ e E,
(©) = ,inf, () +e€M}, Ve e
forall F: E — R.
In our case, Theorem 3.5 with ¢t =1 (and E = Mx(Z)) combined with [23, Theorem
3.8] immediately gives the following result.
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Theorem 5.1 (Infimum-convolution logarithmic Sobolev inequality). Let v be a o-finite
measure on Z and let n ~ IL,. Then, for all F: Mg (Z) — R such that E [|F|(n) eF(")] <
00, we have, for all A € (0,1):

Ent (oF0)) := E [ P()] ~ E[F)]E [F0)] < B [(P(n) ~ Rae, () "]

T 1-A
(5.2)
where ¢1 s the cost given in (3.16) associated with oy given in (2.16).

We do not know if Inequality (5.2) implies back the transport inequality of Theo-
rem 3.5 (for t = 1).

In the following result, we deduce from Theorem 5.1 a modified logarithmic Sobolev
inequality reminiscent of Wu’s inequality [46] in restriction to the class of non-decreasing
convex functions. For all A € (0,1), we will denote by

S

A s
= — — > .
dA(s) T 1_/\log<1+>\), s>0

We also consider

Po(s) = lim oa(s) = s, s> 0.

Corollary 5.2. Let v be a o-finite measure on Z with no atoms and let n ~ II,. Let
F: Mg(Z) — R be convex non-decreasing. Then, for all 0 < A < 1:

Ent (eF(")> <E [eF(”) / @(D;F(n))n(dﬂ?)} :

As mentioned above, this inequality is close to the modified logarithmic Sobolev in-
equality by Wu [46]: for all F': M(Z) — R,

Eut (7)) <& [ew / ¢w(DxF(?7))n(dx)] |

where
duw(s) =e *4+s—1, 5> 0.

The functions ¢, (s) and ¢x(s), A € (0,1), are of the same order: quadratic for small val-
ues of s and linear for large values s. Nevertheless, one can observe that for s sufficiently
large ¢, (s) < ¢x(s), so that our inequality does not improve upon the one by [46].

To prove Corollary 5.2, we will need the following lemma.
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Lemma 5.3. Let v be a o-finite measure on Z with no atoms and let n ~ 11,,. Let a: R —
[0, 00] be any convex lower semi-continuous function. Consider the function c: Mg (Z) %
P (M5 (Z)) — [0,00] defined by

c(&, 1) = /a (/ {1 - ?((;;))] +H(dx)> &(dx).

For any non-decreasing convex F': Mg(Z) — R4, we have that

Fo) - B < [ 0" (D, Fo) (o) as, (53)
where a*(s) = sup, {us — a(u)} is the Fenchel-Legendre conjugate of c.

Proof. Since the intensity measure of 1 has no atoms, with probability one 7 is simple,
ie for all z € Z, n(z) € {0,1}. Let us consider £ = Y1 | 6, € M(Z), with pairwise
distinet ts and n = £(Z) € N U {oco}; we have the following simplification:

(&) = a(P(x(x) =0)).

rel

Now we observe that

Yo alP(x(@) =0) = a(P((xNE)(z) =0),

€€ z€E

where yN¢ = erg min(&(x), x(z))d,. Since x > xNE and F is non-decreasing, we have
that F(x) > F(xN¢&). Therefore, denoting by Z(&) the set of random variables x taking
values in My (Z) such that P(x < &) =1, we get

Rer(© = nf {EIF001+ [a®io) =0}

XEE()

Invoking Lemma 4.6, we thus find that

RF(©) - F(© = it { [ o) =onetan) - & | [ Drr@e ]}

XEE(

Now observe that a random measure x € Z(£) if and only if it is of the form

(1 - 5i)5ri7
1

X:

n
1=

for some Bernoulli random variables (&;)1<;<n. Therefore
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n

RF()-F(¢) > inf Y (a(Ee) - Dy F(¢Es;)

e=(ei)i1<i<n *
=1

n

= inf > (a(pi) — D, F(€)pi)
pE[O,l] i=1

> Z inf (a(u) — D, F(&)u)

R
=1 €

==Y o' (DL FE),

which completes the proof. O

Proof of Theorem 5.1. Since, for A > 0, (Aa1)"(s) = Aai(t/)), t € R, Lemma 5.3 gives
that

P - Rae (o) < [ af (210 ) ),

for all non-decreasing convex function F'. Therefore, by Theorem 5.1, for such F' it holds

Ent (eF(")) < %]E {eF(") /of; <w> n(dx)] . Yae(0,1).

A simple calculation shows that aj(s) = s —log(l + s) for all s > —1. This concludes
the proof. O

6. Some open questions
6.1. From modified logarithmic Sobolev to the transport-entropy

We ask whether it is possible to recover our Theorem 3.3 directly from the modified
logarithmic Sobolev inequalities of [46] or from the infimum-convolution logarithmic
Sobolev inequality (5.2). Following the ideas of [8], doing so would require a better
understanding of the infimum-convolution operator R, on the Poisson; as well as new
techniques regarding Hamilton-Jacobi equations in the setting of generalized optimal
transport, a question that has its own independent interest.

6.2. Links with displacement convezity
[22] introduces a notion of discrete displacement convexity of the entropy for finite

graphs with respect to 7~'2 This displacement convexity, that is one of the many possible
adaptations of the Lott-Sturm-Villani synthetic curvature bound to the discrete setting,
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entails many other functional inequalities, such as a modified logarithmic Sobolev in-
equality and a transport-entropy inequality. In view of Theorem 1.2, defining, in the
spirit of [22], a notion of discrete curvature on the Poisson space would probably involve
our cost M, and we hope that the present work could help clarifying the situation.

6.3. Interacting point processes

The mixed binomial processes and Poisson point processes studied in this work ex-
hibit a very strong independence. By definition, if A and B are disjoint measurable sets
with finite v-measure then 7(A) is independent of n(B). More generally, the g-points
correlation measure of a mixed binomial process with sampling measure p is propor-
tional to u?. We use this independence by identifying a mixed binomial process with the
image of independent and identically distributed random variables. Developing tools to
study transport-entropy inequalities for point processes not relying on the independence
seems an attractive path, as it would allow to consider other point processes such as
determinantal point processes. Let us point out that, to the best of our knowledge, the
understanding of transport inequalities for point processes with interaction remains for
the moment very partial. There exists some W; transport-entropy inequality for Gibbs
interaction as shown by [28]. In the setting of empirical measures (normalized point
process), we can also mention the recent work by [11] about Coulomb gases.
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