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Abstract

For large classes of even-dimensional Riemannian man-
ifolds (M, g), we construct and analyze conformally
invariant random fields. These centered Gaussian fields
h=h . called co-polyharmonic Gaussian fields, are char-
acterized by their covariance kernels k which exhibit
a precise logarithmic divergence: |k(x, y) — log d(x;y)| <
C. They share a fundamental quasi-invariance property
under conformal transformations. In terms of the co-
polyharmonic Gaussian field h, we define the Liouville
Quantum Gravity measure, a random measure on M,
heuristically given as

2
d,u};h(x) 1= e h)=TrkCex) dvol ,(x),

and rigorously obtained as almost sure weak limit of
the right-hand side with h replaced by suitable regular
approximations h,,7 € N. In terms on the Liouville
Quantum Gravity measure, we define the Liouville Brow-

nian motion on M and the random GJMS operators.
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Finally, we present an approach to a conformal field the-
ory in arbitrary even dimension with an ansatz based
on Branson’s Q-curvature: we give a rigorous meaning
to the Polyakov-Liouville measure

* _ 1 h
dvg(h) = %exp (—/G)Qgh+mey dvolg>

g

X exp (—%pg(h, h)) dh

and we derive the corresponding conformal anomaly.
The set of admissible manifolds is conformally invariant.
Itincludes all compact 2-dimensional Riemannian man-
ifolds, all compact non-negatively curved Einstein man-
ifolds of even dimension, and large classes of compact
hyperbolic manifolds of even dimension. However, not
every compact even-dimensional Riemannian manifold
is admissible. Our results concerning the logarithmic
divergence of the kernel k rely on new sharp estimates
for heat kernels and higher order Green kernels on
arbitrary closed manifolds.

MSC 2020
60DO05 (primary), 58J50, 81T20, 81T50 (secondary)

Contents
INTRODUCTION . . . . . o e e e e e e e e e e s e e e e e e e s e 3
1. CO-POLYHARMONIC OPERATORS ON EVEN-DIMENSIONAL MANIFOLDS. . . . . 9
1.1. Riemannian manifolds and conformalclasses . . . . . . . ... .. ... ... .. 9
1.2. Co-polyharmonic operators. . . . . . . . . . . . v it e e e e 10
1.3. Construction of the co-polyharmonic operators . . . . . . . ... ... ... ... 12
1.4. Branson’s Q-CUIvVatUre . . . . . . . « « v v v v it e e e e e e e e e e e 14
2. ADMISSIBILITY, SOBOLEV SPACES, AND KERNEL ESTIMATES . . . ... ... .. 16
2.1. Admissible manifolds. . . . . . . ... oL oL 16
2.2. Estimates for heat kernels and resolventkernels. . . . . . . ... ... ... ... 18
2.3. Sobolevspacesand pairings . . . . . . . . ... .o e e e 25
2.4. Estimates for co-polyharmonic Green kernels . . . . . . . . ... ... ... ... 31
3. THE CO-POLYHARMONIC GAUSSIANFIELD . . . .. ... ... ... ....... 33
3.1. Existence and uniqueness, equivalent characterizations . . . . . . . . .. ... .. 33
3.2, Approximations . . . . . ... Lo e e e e e e e e e e e e e e e 36
3.3. Conformal quasi-invariance . . . . . . . . . . .. ... o0 39

RIGHTS LI M iy

8518017 SUOLULIOD BAIRERID 3|qedl|dde au) Aq peuenob e sappiLe O ‘88N J0 S9N 10} A1e1q1T8UIIUO 8|1 LD (SUORIPUOD-PUR-SWIBI W00 A 1M ATed 1 BUl|Uo//SAIY) SUORIPUOD PUe SWiB | 8U) 88S *[20Z/0T/v2] Uo ARelqiauljuo 8|1 'ssuusy 8@ a1sieAlun Aq £0002 SW(/ZTTT OT/I0p/W00" A8 |1 AReiq1[puljU0™d0SyIeLpUO|//:SARY WO pepeojumod 'S ‘v20e ‘0G.L69YT


https://londmathsoc.onlinelibrary.wiley.com/action/rightsLink?doi=10.1112%2Fjlms.70003&mode=

CONFORMALLY INVARIANT RANDOM FIELDS, LIOUVILLE QUANTUM GRAVITY MEASURES | 3of80
4. THE LIOUVILLE QUANTUM GRAVITY MEASURE. . . . . . ... .. ... ... .. 41
4.1. Gaussian multiplicativechaos . . . . . . . . . . ... L. Lo Lo 42
4.2. ApproxXimations . . . . . . .. Lot e e e e e e e e e e e e e 43
4.3. Conformal quasi-invariance . . . . . . . . . . . . . oo 49
4.4. Liouville quantum gravity measure . . . . . . . . . .« . o .t 4o u e e e .. 52
5. LIOUVILLE BROWNIAN MOTION AND RANDOM GJMS OPERATORS . . . . . . .. 55
5.1. Support properties of LQG measures . . . . . . . . . ..ot et oo e e 55
5.2. Random Dirichlet form and Liouville Brownian motion. . . . . . .. .. ... .. 58
5.3. Random Paneitz and random GJIMS operators . . . . . . . . . . . . ... ... .. 61
6. THE POLYAKOV-LIOUVILLE MEASURE . . . . . . . . . .. ... ... .. 63
6.1. Heuristics and motivations. . . . . . . . . .. ... Lo 64
6.2. The plain Polyakov-Liouvillemeasure. . . . . . . . . . . ... ... ... .... 68
6.3. The adjusted Polyakov-Liouville measures. . . . . . . . . ... ... ... .... 73
6.4. SomeexampleS. . . . . . ... . e e e e e e e e e e e e e e e e 76
7. OUTLOOK: DISCRETE MODELS AND SCALING LIMITS. . . . . ... ... ... .. 76
ACKNOWLEDGMENTS . . . . . . . e e e 77
REFERENCES. . . . . . . . e e e e 77
INTRODUCTION

Conformally invariant random objects on the complex plane or on Riemannian surfaces are a
central topic of current research and play a fundamental role in many mathematical theories.
The last two decades have seen an impressive wave of fascinating constructions, deep insights, and
spectacular results for various conformally (quasi-) invariant random objects, most prominently
the Gaussian free field, the Liouville quantum gravity (LQG) measure, the Brownian map, and
the SLE curves.

In this paper, we use ideas from conformal geometry in higher dimension to establish the foun-
dations for a mathematical theory of conformally invariant random fields and LQG on compact
Riemannian manifolds of even dimension.

Co-polyharmonic Gaussian fields

We construct conformally quasi-invariant random Gaussian fields & on admissible Rieman-
nian manifolds (M, g) of arbitrary even dimension. The covariance kernels of these cen-
tered Gaussian fields, naively interpreted as k (x,y) = E[h(x) h(y)], exhibits a logarithmic
divergence

1
<C
d(x,y)

k,(x,y)—log )

As for the Gaussian free field, these random fields, called copolyharmonic Gaussian fields, are
not classical functions on M but rather elements in the Sobolev space H ;s := H™5(M, g) for any
s > 0. By construction, they annihilate constants, thatis, (h | 1>g =0, where (- | - >g denotes the
pairing between H g‘s and H f] .
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We prove (Theorem 3.13) that co-polyharmonic Gaussian fields are conformally quasi-
invariant: let h, denote the co-polyharmonic Gaussian field for (M, g) and h that for (M, ¢")
with ¢’ = e**g and ¢ smooth, then

(@
hg/ = h’g - C,

where C is an appropriate random variable that ensures that the right-hand side annihilates con-
stants. To get rid of this additive correction term, one can consider the “random variable” i g =
h, + a, called ungrounded co-polyharmonic Gaussian field with h, as above and a distributed
according to the Lebesgue measure on R. Then,

@
hy = h,. )

d
Here and in all the paper, we use @ to indicate that two random variables have the same
law.

Co-polyharmonic operators
For a given closed manifold (M, g) of even dimension n, the covariance kernel k, is the inte-
gral kernel for the inverse of the operator p, := a,P, on the “grounded” L?-space Ii; = {u €

L*(M,vol,) : [udvol, = 0}. Here, a, := 2(47)™"/2/T(n/2) and
P, = (—A,)"/? + low order terms 3)

denotes the co-polyharmonic operator or Graham-Jenne-Mason-Sparling operator of maximal
order (GIMS operator for short). The operator P, plays the role of a conformally invariant
power of the Laplacian and has been first defined in [40]. For n = 2, the nonnegative oper-
ator P, is just —A 9 the negative of the Laplacian, and for n = 4, it is the celebrated Paneitz
operator [70].

The co-polyharmonic Gaussian field # on (M, g) can easily be constructed in terms of the eigen-
basis () jen, of p,: With (v;) ey, the corresponding eigenvalues and any sequence (& i)jen Of
independent standard normal random variables, then (Proposition 3.9)

4

h=limh, R = Y =08, @
j=1 J

with convergence in quadratic mean.

Liouville quantum gravity measures
We then define the plain Liouville Quantum Gravity measure ,ugh on M for every parameter y € R

with |y| < 4/2n as a random finite measure. Employing Kahane’s idea of Gaussian multiplicative
chaos (see [54]), we define (Theorem 4.1) the measure ,u’y'h as the almost sure limit (in the usual

h .. .
sense of weak convergence of measures) of the sequence (/,Lz “)sen Of finite measures on M given
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by
2
A (x) 1= e TG0 dvol, (x),

with h, as in (4) and k,(x, x) := E[h,(x)*] = ijl %gbj(x)z.

We establish that almost surely the measure ;ﬂg'h is a finite measure on M with full topological
support, and for every s > y?/4, it does not charge sets of vanishing H*-capacity (Theorem 5.2).
In particular, it does not charge sets of vanishing H"/2-capacity since |y| < \/ﬂ throughout. If,
moreover, |y| < 2 then, almost surely, ,ugh does not charge sets of vanishing H!-capacity.

The plain LQG measure has the following crucial quasi-invariance property (Theorem 4.15):
if g’ = e2?g, then

G
w = et (5)

where F is the random variable explicitly given in (112). We also study the (“adjusted”) LQG mea-
sures, denoted by fz, which is equal, up to a deterministic multiplicative weight to the plain LQG
measure defined above, shares many properties with it, and exhibits a simpler quasi-invariance
property (Theorem 4.20):

oh Dy (nty?/2p Zyh
,ug, =e € #g ’

where § := (h), is a normal random variable. Passing from the grounded to the ungrounded
co-polyharmonic field, this finally reads as

d
@ & etr /e g ©

Random quadratic forms

With respect to the LQG measure, we can define a variety of random objects that play a

fundamental role in geometric analysis, spectral theory, and probabilistic potential theory.
Restricting to the range y € (—2,2), we construct (Theorem 5.7) a random Dirichlet form on

L2(M, ") by:

EMu, ) :=/ IVul?dvol ,  D(EM :=H1(M)nL2(M,W).
g M 9 9 g

The associated reversible and continuous Markov process is the Liouville Brownian motion (see
[45, 46] and [6] for two independent constructions on the plane). It is obtained from the standard
Brownian motion on (M, g) through time change. The new time scale is given as the right inverse
of the additive functional

t 2
. 4

Af = f}mgo/ exp <y h,(X;) — Ekf(Xs,Xs)>ds .
o Jo

In dimension n > 2, however, this Liouville Brownian motion has no canonical invariance prop-
erty under conformal transformations simply because its generator is not conformally invariant.
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To obtain conformally quasi-invariant random objects in higher dimensions, our starting point,
in Theorem 5.12, is the random co-polyharmonic form

h . hy ._ pyn/2 2 h
Q‘g(u,v) .—/MngvdvoIg, D((ﬁg) =H"Y*M)NL <M,/xg )

(rather than the random Dirichlet form) which in the full range y € (—4/2n, /2n) is, almost
surely, a well-defined nonnegative closed symmetric bilinear form on L?(M, ,ugh). It allows us to
define random co-polyharmonic operators PZ. The associated random co-polyharmonic heat flow

-_— h’ . . . . .
¢ P9 is the gradient flow for the quadratic functional %(SZ in the random landscape L*(M, ,ugh)

(Proposition 5.15).
In Theorem 5.17, we show that the random co-polyharmonic operators share the fundamental
quasi-invariance property

ph! @ —F ph
g/ - g’
with F as in (5).
Polyakov-Liouville measure
Finally, we propose an ansatz for a Liouville conformal field theory on closed manifolds of
arbitrary even dimension. Our approach, based on Branson’s Q-curvature, provides a rigorous
meaning to the Polyakov-Liouville measure 7, informally given as

7,(dh) = exp(~S,,(h))dh

with the (nonexisting) uniform distribution dh on the set of fields and the action, heuristically
considered first in [60, Eqn. (1.1)],

S, (h) := /M (47p,h+©Q,h+me™ )dvol,

where m, ®,y > 0 are parameters (subjected to some restrictions). To rigorously introduce the
(“adjusted”) Polyakov-Liouville measure 7 ;, we define it as

<L

g - T 1 N g
det’ (%pq>
with
dv)(h+a) := exp (~O(h+a|Q,), —me’ & (M) ) dadv,(h) @)

where v, denotes the law of the co-polyharmonic Gaussian field, informally understood as
dv,(h) = Zi exp(—% (h|p,h))dhwith Z, := \/volg(M)/det’(%pg), and where ,a};h denotes the

g9
adjusted LQG measure. We prove (Theorem 6.11) that for admissible manifolds of negative total
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Q-curvature, the measures 17; and 7, are finite. Moreover, for the particular choice © :=
an(g + L), the measure ¥ is quasi-invariant modulo shift with T : h +— h — (% + L)g and A-type
conformal anomaly

dﬁ:’ n. 7 g 1
dT*ﬁ; = exp <;+§) [Epg(go,go)+an/Mgodivolg] (8)

(Theorem 6.12). In dimensions 2 and 4, we also determine the “full” conformal anomaly for trans-
formations of the Polyakov-Liouville measure 7, confirming the result from [47] in the case n = 2
and providing a new formula in the case n = 4:

dz 7 2

g n. v 1

dT*ﬁ-g = eXp<lE+ <;+§> ] . [Epg(¢y¢)+an/§0Qg dVOlg]>

- €xp L —/scalz,dvol /+/scaI2dvoI - exp _1 /(pIledvoI _
4572 g g9 144072 g

Admissible manifolds

Co-polyharmonic Gaussian fields do not exist on every Riemannian manifold. A closed (i.e., com-

pact and without boundary) even-dimensional Riemannian manifold (M, g) is called admissible

ifP, > 0on f;. Admissibility is a conformal invariance. All closed, nonnegatively curved Einstein

nn-2)
I

manifolds are admissible, and so are all closed hyperbolic manifolds with spectral gap 4, >
Of course, all closed two-dimensional Riemannian manifolds are admissible.

We prove (Theorem 2.19, see also [66, Lemma 2.1]) that for every admissible manifold, the
inverse of p, := a,P, on ]if] has an integral kernel k, that annihilates constants and satisfies

1
<C
d(x,y)

k,(x,y) —log C)

The two-dimensional case

Even in the case of surfaces, our approach provides new insights for the study of two-dimensional
random objects. It applies to closed Riemannian surfaces of arbitrary genus, and thus, some of our
results are new in the two-dimensional setting. In particular, we present a detailed discussion of
the difference between plain and adjusted LQG measures as well as novel conformal transforma-
tion formulas for the plain LQG measure (Theorem 4.20, Cor. 4.16, 4.17). Moreover, considering
the plain LQG measure (rather than the adjusted one) proves crucial for obtaining the new result
on eigenbasis approximation

h
T (10)

(Theorem 4.14).

In addition to these novel results, our approach recovers many of the famous results con-
cerning the Gaussian free field and the associated LQG measure in dimension 2, and for the
first time, it provides an intrinsic Riemannian, conformally quasi-invariant extension to higher
dimensions.
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Probabilistic context

In dimension 2, conformally invariant random objects appear naturally in the study of continuum
statistical models. The celebrated Gaussian free field arises as the scaling limit of various discrete
models of random surfaces, for instance, discrete Gaussian free fields or harmonic crystals [79]. A
planar conformally invariant random object of fundamental importance is the Schramm-Loewner
evolution [55, 56, 77]. It plays a central role in many problems in statistical physics and satisfies
some conformal invariance. The Schramm-Loewner evolution and the two-dimensional Gaus-
sian free field are deeply related. For instance, level curves of the discrete Gaussian free field
converge to SLE, [80], and zero contour lines of the Gaussian free field are well-defined random
curves distributed according to SLE, [81]. The work [64], and subsequent works in its series, thor-
oughly study the relation between the Schramm-Loewner evolution and Gaussian free field on
the plane. Motivated by Polyakov’s informal formulation of Bosonic string theory [73, 74], the
papers [28, 34, 47] construct mathematically the LQG on some surfaces and study its conformal
invariance properties. Formally speaking, the LQG is a random surface obtained by random con-
formal transform of the Euclidean metric, where the conformal weight is the Gaussian free field.
Since the Gaussian free field is only a distribution, we do not obtain a random Riemannian mani-
fold but rather a random metric measure space. The aforementioned works construct the random
measure based on a renormalization procedure due to Kahane [54]. This renormalization depends
on a roughness parameter y and works only for |y| < 2. In [65] and subsequent work in its series,
J. Miller and S. Sheffield prove that for the value y = \/8/_3, the LQG coincides with the Brownian
map, which is a random metric measure space arising as a universal scaling limit of random trees
and random planar graphs (see [57, 59] and the references therein). More recently, [21, 41] estab-
lish the existence of the LQG metric for y € (0, 2). We also note that the case where y is complex
valued is studied in [39, 71].

Geometric context

Despite the fact that the main attention of the probability community has focused so far on the
two-dimensional case, (nonrandom)conformal geometry in dimensions n > 2 is a fascinating field
of research. Earlier results by [3, 76, 88] completely solve the Yamabe problem [91] on compact
manifolds: every compact Riemannian manifold is conformally equivalent to a manifold with
constant scalar curvature. In the general case, despite ground-breaking results by [35] using the
conformal Laplacian, a complete picture is still far from reach. On surfaces, the works [67, 68] ini-
tiate an approach to the problem based on Polyakov’s variational formulation for the determinant
of A, [73, 74]: they show that constant curvature metrics have maximum determinant. In dimen-
sion 4, [11] derives an equivalent of Polyakov’s formula for a conformal version of A?, known as
the Paneitz operator and [19] finds extremal metrics associated to some functionals of the con-
formal Laplacian and the Paneitz operator. Graham et al.[40] construct higher order equivalent
of Paneitz operators, which is conformally invariant powers of A , based on [36], see also [49].
In particular, in dimension 4, remarkable spectral properties, sharp functional inequalities, and
rigidity results have been derived in [17, 19, 48] and [18]. See also [24] for various such results in
higher dimensions.

Higher dimensional random geometry

Conformally (quasi-)invariant extension for any of these random objects to higher dimensions
was also discussed in [60] and [16]. Indeed, until we finished and circulated a first version of our
paper, we were not aware of any of these contributions. The ansatz of B. Cerclé [16] is similar to
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ours, limited, however, to the sphere in R"*! and relying on an extrinsic approach, based on stereo-
graphic projections of the Euclidean space, whereas ours is an intrinsic, Riemannian approach. In
particular, our approach also applies to huge classes of manifolds with negative total Q-curvature,
a necessary condition for finiteness of the partition function and for well-definedness of the (nor-
malized) Polyakov-Liouville measure. The approach by T. Levy and Y. Oz [60] does not provide
mathematical results or insights. It is more on a heuristic level, not taking care, however, of the
necessary positivity of the respective GIMS operators, and not addressing any details of the neces-
sary renormalization procedure. Our intrinsic Riemannian approach also has the advantage that
it canonically provides approximations by discrete polyharmonic fields and associated Liouville
measures [23]. Our construction of Liouville Brownian motion in higher dimensions and random
GJIMS operators is not anticipated so far, even not for the sphere or other particular cases.

Beyond that, the authors in [30] carry out the first major step toward an LQG metric on
Euclidean space with arbitrary dimension. They prove tightness of the exponential metrics for
log-correlated Gaussian fields on R", generalizing the result in [21].

1 | CO-POLYHARMONIC OPERATORS ON EVEN-DIMENSIONAL
MANIFOLDS

Throughout the sequel, without explicitly mentioning it, all manifolds under consideration are
assumed to be smooth, connected, and closed (i.e., compact and without boundary).

1.1 | Riemannian manifolds and conformal classes

Given a closed Riemannian manifold (M, g), we denote its dimension by n, its volume measure
by vol = vol , its scalar curvature by scal or by R, its Ricci curvature tensor by Ric = {Ric;; : i, j =
0,...,n}, and its Laplace-Beltrami operator by A = A , the latter being a negative operator. The
spectral gap (or in other words, the first nontrivial eigenvalue) of —A, on (M, g) is denoted by
A >0.

Foru € L'(M, vol ), we set (u), := m Jysudvol, and 7 (u) := u — (u),. We use the short

hand notation Lé := L*(M, vol ) and define the grounded L* space by

P2 L _ 2. —
L = {uELg t(u), =0}

Definition 1.1.

(i) Two Riemannian metrics g and ¢’ on a manifold M are conformally equivalent if there
exists a (“weight”) function ¢ € C®(M) such that ¢’ = e?? g. The class of metrics that are
conformally equivalent to a given metric g is denoted by [g].

(ii) Two Riemannian manifolds (M, g) and (M’, g') are conformally equivalent if there exists a
C*-diffeomorphism ® : M — M’ and a function ¢ € C®(M) such that the pull back of ¢’ is
conformally equivalent to g with weight ¢, that is

D¢’ =e* g .

In other words, if (M’, ¢') is isometric to (M, g""), and g and g are conformally equivalent.
The class of Riemannian manifolds that are conformally equivalent to a given Riemannian
manifold (M, g) is denoted by [(M, ¢)].
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(iii) A family of operators A, on a family of conformally equivalent Riemannian manifolds (M, g)
is called conformally quasi-invariant if for every pair (M, g) and (M’, ¢') of conformally equiv-
alent manifolds and associated maps @ and ¢ as in (ii) there exists a function f, on M such
that

elo - (Agp ,u)o® = A, (uo®) , ueCce>M). (11)

In conformal geometry, such an operator is usually called conformally covariant. However,
in this paper, the notion covariance is already used for the key quantity for characterizing
probabilistic dependencies.

The study of conformal mappings as in (ii) above is of particular interest in dimension 2 as pow-
erful uniformization results are available. For instance, Riemann’s mapping theorem [69] states
that every nonempty simply connected open strict subset of C is conformally equivalent to the
open unit disk. More generally, the uniformization theorem [72] asserts that every simply con-
nected Riemann surface is conformally equivalent either to the sphere, the plane, or the disc (each
of them equipped with its standard metric).

In contrast, the class of conformal mappings in higher dimensions is very limited. Accord-
ing to Liouville’s theorem [58], conformal mappings of Euclidean domains in dimension > 3
can be expressed as a finite number of compositions of translations, homotheties, orthonormal
transformations, and inversions.

Example 1.2. Let (M’, ¢') be the complex plane and (M, g) be the 2-sphere without north pole
n, regarded as a punctured Riemann sphere. Then they are conformally equivalent in the sense
of Definition 1.1 (ii). The conformal map @ is given by the stereographic projection (i.e., for all x
on the sphere @(x) is the stereographic projection of the point x), and the weight ¢ is given by
p(x)=-2 log(\/z sin(dg2(n, x)/2)). This example, however, does not fit the setting of this work
in two respects: (1) the manifold M’ is noncompact and (2) the weight ¢ is nonsmooth on the
completion of M (it has a singularity at the north pole).

1.2 | Co-polyharmonic operators

Henceforth, n denotes an even number and (M, g) is a closed Riemannian manifold of
dimension n.

Our interest is primarily in the case n > 4. The case n = 2 is widely studied with celebrated,
deep, and fascinating results. It serves here as a guideline. In this case, most of the following
constructions and results are (essentially) well known.

The fundamental object for our subsequent considerations is the co-polyharmonic operators
P,, also called conformally covariant powers of the Laplacian or Graham-Jenne-Mason-Sparling
operators of maximal order (i.e., of order n/2) as introduced in [40]. The co-polyharmonic oper-
ators are companions of the polyharmonic operators (—A g)”/ 2, coming with correction terms
that make them conformally invariant. The construction of the co-polyharmonic operators P, is
quite involved. We outline this construction in Section 1.3. Before we get into that, let us first
summarize the crucial properties of the operators P, that is relevant for the sequel. We stress
that, together with the sign convention A, <0, our definition (3) implies that P, always has
nonnegative principal part.
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Theorem 1.3. For every closed manifold (M, g) of even dimension n,

(i) the co-polyharmonic operator P is a differential operator of order n,
(ii) the leading orderis (—A g)"/ 2, the zeroth-order vanishes,
(iii) the coefficients are C* functions of the curvature tensor and its derivatives,
(iv) it is symmetric and extends to a self-adjoint operator, the Friedrichs extension, denoted by the
same symbol, on L*(M, vol ) with domain H"(M,vol ),
(v) it is conformally quasi-invariant: if g’ = e*? g for some ¢ € C*(M), then

P, =e %P, (12)

More generally, assume that (M,g) and (M’,g') are conformally equivalent with
C®-diffeomorphism ® : M — M’ and weight ¢ € C®(M) such that ®*g' = e*?g. Then,
(vi) forallu € C®(M"):

(Papr grut)o® = e7"PPy; (uo®). (13)

Proof. Most properties are due to [40], and restated in [49]; self-adjointness is proven in [49,
Corollary, p. 91]. O

Remark 1.4.

(a) Some authors work directly with a Laplacian defined as a nonnegative operator (e.g., [49]).
Other authors work with the usual Laplacian and consider the operator P, with leading

term A';/ 2 (e.g., [13, 42, 53]); this would correspond to (—1)"/ 2Pg in our convention.

(b) In general, no closed expressions exist for the operators P,. However, recursive formulas for
the expression of P, are known and a priori allow to explicitly compute P, for any even n,
[53]. As the dimension increases, these formulas become more and more involved, as the
complexity of lower-order terms grows exponentially with n.

Proposition 1.5. The most prominent cases are:
() Ifn=2,thenP, = -A,.
(i) If n =4, then P, = A%} + div <2Ric g %scal g) V is the celebrated Paneitz operator, see [70].

Here the curvature term 2Ric,, — 2scal o Should be viewed as an endomorphism of the tangent
bundle, acting on the gradient of a function. In coordinates:

Pit= 2V, [Vivf + 2Ric) — %scalg : gif]vju, Vu e CO(M).
L]

(iii) If (M, g) is an Einstein manifold with Ric, = kg (for some k € R) and even dimension n, then

_ _ k m
P = [ Ag+—n_1vj ] (14)

with v 1= 22 —1) = j(j - 1) = (5P = 5D forj = 1,..,n/2.
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Proof. For (i) and (ii), see [40] or [15, p. 122]; for (iii), see [42, Thm. 1.2]. All formulas above appear
in these references up to a factor (—1)"/2, due to the sign convention in the definition of P, O

Example 1.6. If (M, g) is flat, then P, = (—A g)”/ 2 is the positive poly-Laplacian.

Example 1.7. If (M, g) is the round sphere S", then P, = H;’i i

(this formula already appears in [13]). In particular, P, = A; —2A, in the case n = 4, and P, =
—AZ + 10Af] — 244, in the case n = 6.

[-A, + VE”)] with vﬁ.n) as above

Conformally invariant operators with leading term a power of the Laplacian A have been
a focus in mathematics and physics for decades. For instance, Dirac [26] constructs a confor-
mally invariant wave operator on a four-dimensional surface in the five-dimensional projective
plane in order to show that Maxwell equations are conformally invariant in a curved space time
(Lorentzian manifolds). In the case of Riemannian manifolds, the Yamabe operator

encodes the behavior of the Ricci curvature under conformal change and has proved of uttermost
importance in the resolution of the Yamabe problem on compact Riemannian manifolds [3, 76, 88,
91]. Paneitz [ 70] constructs a conformally invariant operator with leading term A?), and sixth-order
analogs are constructed in [12, 90].

1.3 | Construction of the co-polyharmonic operators

Now let us outline the construction of the co-polyharmonic operators, introduced by C.R. Gra-
ham, R. Jenne, L.J. Mason, and G.A.J. Sparling [40]. They base their original construction on
the ambient metric, introduced by C. Fefferman and C.R. Graham [36], a Lorentzian metric on a
suitable manifold of dimension n + 2. In an alternative approach, proposed by C.R. Graham and
M. Zworski [49], the manifold (M, g) is regarded as the boundary at infinity of an asymptotically
hyperbolic Einstein manifold (N, k) of dimension n + 1. Our presentation follows [49], focusing
on manifolds of even dimension n and on operators with maximal degree k = n/2.

1.3.1 | The Poincaré metric associated to (M, [g])

Consider a closed Riemannian manifold (M, ¢g) with conformal class [¢g] and even dimension .
Choose an n + 1-dimensional Riemannian manifold (N, h) with boundary such that 6N = M, for
instance, N = [0, 00) X M. A Riemannian metric h on N is called conformally compact metric with
conformal infinity [ g] if

h==,  hlpy €lgl, s

%=

where h is a smooth metricon N, and x : N - R + is a smooth function such that {x = 0} = N
and dx|zy # 0. We say that the metric h is asymptotically even if it is given as

n
1 - Co
h=— dx® + _Zl hyj(x,£)dgdEl |,
ij=
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where x is as above, (£1, ..., &) forms a coordinate system on M, and h; j for1<i,j < mnisaneven
function of x.

Definition 1.8. A Poincaré metric associated to [g] is a conformally compact metric h with
conformal infinity [¢] that is asymptotically even and satisfies

Ric, + ng = O(x"~?), tr, (Ric, + ng) = O(x"*?). (16)

Lemma 1.9 [36, Theorem 2.3]. For every closed (M, [ g]) of even dimension n, there exists a Poincaré

metric h. It is uniquely determined up to addition of terms vanishing to order n — 2 and up to a
diffeomorphism fixing M.

The prime example for this construction is provided by the Poincaré model of hyperbolic

space: the n-dimensional round sphere M = S" is the boundary of the unitball N = B;(0) c R"**!
equipped with the hyperbolic metric dh(r, ) = ﬁ[dr2 +dg(&)].

1.3.2 | The generalized Poisson operator on (N, h)
Consider a closed (M, [¢]) of even dimension n and let h be the Poincaré metric associated to it
on a suitable N with N = M. Extending the traditional Landau notation, for a function v on N,

we say that v = O(x®) if v = O(x%) as x — 0 for every a € N.

Lemma 1.10 [49, Props. 4.2, 4.3].

(i) Forevery f € C*(M), there exists a solution to
Apu = O(x™) a7
of the form
u=F+Gx"logx, F,G € C®(N), Fly=1f. (18)

Here, F is uniquely determined mod O(x") and G is uniquely determined mod O(x*).
(i) Puto, :=(=1)"/22"(n/2)!(n/2 —1)! and

P,f = —20,Gly. 19)

Then P is a differential operator on M with principal part (—Ag)”/z. It only depends on g and
defines a conformally invariant operator that agrees with the operator constructed in [40].

(No sign adjustment is required in comparison with [49] since the convention there is that the
Laplace-Beltrami operator is nonnegative.)

Remark 1.11. Given (M, [g]) and (N, h) as above, the co-polyharmonic operator P, can alterna-
tively be defined as residue at s = n of the meromorphic family of scattering matrix operators
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S(s),s € C,on (N, h),
P, = —20, Res,;_,S(s) (20)

with o,, as above [49, Thm. 1].

1.4 | Branson’s Q-curvature

Co-polyharmonic operators are closely related to Branson’s Q-curvature in even dimension,
another important notion in conformal geometry.

The notion of Q-curvature was introduced on arbitrary even-dimensional manifolds by T. Bran-
son [12, p. 11]. Its construction and properties have since been studied by many authors. In
dimension 4, explicit computations for the Q-curvature are due to T. Branson and B. @rsted [11].
Its properties are very much akin to those of scalar curvature in two dimensions. C. Fefferman
and K. Hirachi [37] presented an approach based on the ambient Lorentzian metric of [36]. The
definition of Q-curvature may differ in the literature up to a sign or a factor 2. Following [49], with
the notation of Remark 1.11, we have Q, = —20,, S(n)1.

The crucial property of Q-curvature is its behavior under conformal transformations.

Proposition 1.12 [13, Corollary 1.4]. If ¢’ = e*?g, then
e"Q, = Q, +P,¢. (21)

Our sign convention for Q, comes from our sign convention for P, together with the validity of
Equation (21).

Corollary 1.13. The total Q-curvatureQ(M, g) := /M Q,dvol, is a conformal invariant.

Proof. By the previous proposition,
QM, ¢ = /1\4le e"dvol, = Q(M, g) + /MquodvoIg

= g)+ [ P, 1dwl, = Q01.9)
M
due to the self-adjointness of P, and the fact that it annihilates constants. O

Again, explicit formulas are only known in low dimensions or for Einstein manifolds.

Example 1.14. Important cases are

() Ifn =2,thenQ, = %R g = %scal , is half of the scalar curvature, see, for example, [15, Eqn. 3.1,
up to a factor —1 = (—1)"/2].

(ii) Ifn = 4,thenQ, = —%Agscalg - %|Ricg|2 + %scalf} with |Ric,|* = i Ricinicij, see [11].
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(iii) If (M, g) is an Einstein manifold with Ric, = k g and even dimension, then [42, Thm. 1.1, up
to a factor (—1)"/2]

n/2
k
Q,=(n—1) <—1> . (22)

In particular, for the round sphere, Q g = (n — 1)!. For instance, if n = 4, then Q = 6.

Recall that a Riemannian manifold is called conformally flat if it is conformally equivalent to a
flat manifold.

Proposition 1.15. Let y(M) denote the Euler characteristic of (M, g).

(i) Inthecasen = 2,
QM, g) =27 x(M) .

(ii) In the case n = 4,
2 1 5
Q0. 9) = s~ 3 [ widval,
M

where W is the Weyl tensor, and |W|* = Yabed weabedyy .. In particular,

QM, g) =8m*x(M) <= (M, yg)is conformally flat.

(iii) For any even n, if (M, g) is conformally flat, then with c,, = %(Zn — DI(4nr)"/?,

QM, g) = c, x(M) .
Proof. The two-dimensional claim follows from Example 1.14 and the Gauss-Bonnet theorem. See
[11, p. 673] for the case of dimension four, and [49, p. 3] for the case of conformally flat manifolds

in even dimension. Alternatively, see [15, pp. 122f., up to a factor (—1)"/2]. O

Remark 1.16. Recall that for two-dimensional oriented Riemannian manifolds, y(M) =2 — 2g
where g denotes the genus of M. Furthermore, for the sphere in even dimension, y(S") = 2.
1.41 | Some rigidity and equilibration results in n = 4

In dimension 4, the conformal invariant integral of the Q-curvature leads to remarkable rigid-

ity and equilibration results, resembling famous analogous results in dimension 2. To formulate
them, let us introduce another important conformal invariant, the Yamabe constant

Y(M.g) = inf Jus scalpdvoly,

helgl - 4/vol, (M)
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Proposition 1.17 [19, 48]. Assume n = 4.

(i) There exist closed hyperbolic manifolds with Y(M, ¢) < 0 and Q(M, ¢) > 167>.
(ii) IfY(M, ¢) > 0, then Q(M, g) < 1672 with equality if and only if M = S*,
(iii) IfY(M, g) > 0and Q(M, g) > 0, then P, > 0 and P ,u = 0 <= u is constant.
(iv) If Q(M, g) < 1672 and P, > 0 with P ,u = 0 <= u is constant, then there exists a conformal
metric g’ with constant Q-curvature.

Proposition 1.18 [63, Theorem 4.1]. For any g, = e**0g on M = S*, the Q-curvature flow

0 -
Egz = —Z(le - le)gr

(with Q o = (Q a9 ) o the mean value of Q g, 0N (S*, g,)) converges exponentially fast to a metric g,, =
e*#« g of constant Q-curvature 6 in the sense that ||¢, — ¢, |+ < C e~ for some constants C and
§>0.

2 | ADMISSIBILITY, SOBOLEV SPACES, AND KERNEL ESTIMATES
2.1 | Admissible manifolds

Definition 2.1. We say that a Riemannian manifold (M, g) is admissible if it is closed and of even
dimension, and if the co-polyharmonic operator P, is positive definite on L2(M, vol g)

As an immediate consequence of Theorem 1.3 (v), we obtain the following.

Corollary 2.2. Admissibility of a Riemannian manifold (M, g) is a conformal invariance, or in other
words, it is a property of the conformal class (M, [g]).

More generally, admissibility of (M, g) implies admissibility of any (N,h) conformally
equivalent to (M, ¢) in the sense of Definition 1.1 (ii).

Example 2.3. Every closed two-dimensional manifold is admissible.

Having at hand the explicit representation formula for the co-polyharmonic operators on
Einstein manifolds from Lemma 1.5, we easily conclude the following.

Proposition 2.4. Every closed even-dimensional Einstein manifold with nonnegative Ricci
curvature is admissible.

More generally, we obtain:

Proposition 2.5. A closed Einstein manifold of even dimension n and of Ricci curvature —(n — 1)x
is admissible if and only if 1, > @K.
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Proof. Since M has constant Ricci curvature —(n — 1)k, according to Proposition 1.5, P, =
H;.ﬁ[—Ag - KVE.n)] with v; ranging between 0 and g(% —1). Thus, P, > 0 on L2(M, vol,) if and
only if 1, > %(% — . O

Remark 2.6.

n(n—2)

(a) The number is strictly smaller than (”_41)2 that plays a prominent role as threshold for
the spectral gap of hyperbolic manifolds (and which is also the spectral bound for the simply
connected hyperbolic space). Many results in hyperbolic geometry deal with the question
whether 4, is close to & 41)

(b) The Elstrodt—Patterson—Sullivan theorem [84, Thm. (2.17)] provides a lower bound for 4, for a
hyperbolic manifold M = H"/T in terms of the critical exponent 5(I') of the Kleinian group T’
acting on the simply connected hyperbolic space H" of dimension #n and curvature —1. More
precisely,

nn—2)

A >
! 4

if (and only if) 8(T) < g , (23)

and, moreover, A, = i (and only if) even 6(T) < . Here, 8(T') denotes the infimal
value for which the Poincaré series for I' converges, that i 1s

8(T) :=inf{s ER : Zexp(—sd(x,yy)) < oo} ,

yer

the latter being independent of the choice of x,y € M.
(c) Similar estimates for 4, exist in terms of the Hausdorff dimension D of the limit set of T,
provided that T is geometrically finite without cusps, see [84, Thm. (2.21)]. More precisely,

n(n—2)

A >
! 4

if (and only if) D < g , (24)

if (and only if) even D < 71

1
and, moreover, 1, = #=1- r

Proposition 2.7. For every even dimension n > 4, there exist closed Einstein manifolds that are not
admissible. They can be constructed, for instance, as M = M; X M, where M, denotes any closed
manifold of dimension n — 2 and of constant curvature —ﬁ, and where M, denotes any closed
hyperbolic Riemannian surface with 1,(M,) < 2/3.

Remark 2.8. According to [14, Satz 1], for every ¢ > 0, there exist closed hyperbolic Riemannian
surfaces with genus 2 and 4, < ¢.

Proof of Proposition 2.7. By construction, M is an Einstein manifold with constant Ricci curvature

—g. Thus, by Proposition 2.5, M is admissible ifand only if 1, (M) > ZEZ f; =.On the other hand,

by construction, 4,(M) < 1;(M,) < § O
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2.2 | Estimates for heat kernels and resolvent kernels

Our main result in the section, Theorem 2.19, provides a sharp asymptotic estimate for the integral
kernel of P;l on L2(M, vol ,)- Deriving this requires precise estimates on the integral kernel of
the operators (a — A)_"/ % for a > —A;. These estimates, in turn, depend on sharp heat kernel
estimates, the upper one of which is new.

For a Riemannian manifold (M, g), denote by sec its sectional curvature, by inj its injectivity

radius, and by p; its heat kernel, that is, the integral kernel of the heat semigroup P, := e'A.
Proposition 2.9. Let (M, g) be a closed n-dimensional manifold.

(i) Assume thatRic, > —(n —1)a’ g and set A, := @az ifn#2and A, = éaz ifn = 2. Then,
forallt >0andallx,y € M,

n—1
1 ad(x,y) 7 _dPey o,
V) 2 - t *t, 25
P ) (4m)n/2<smh<ad(x,y)> ¢ e =

(ii) Let a ball B = Bg(x) C M be given, assume that sec < b> on B and that inj, > R, and let p?
denote the heat kernel on B with Dirichlet boundary conditions. Moreover,
* in the case n # 2, assume that R < 3, and set 1* 1= @bz,

* inthecasen = 2, assume thatR < = 2b and set A* = % b2,
Then, forallt > 0andally € B,

n—1
bd(x,y) \ 2 _&» ..
0 S 1 +4 [' 26
pie.y) (4m)n/2<sin<bd<x,y»> © e =

Proof.

(i) follows from [83, Cor. 4.2 and Rmk. 4.4(a)] (we work with the geometric heat semigroup ‘4

rather than with the probabilistic semigroup e[% as in [83]).

(ii) Let M = SP" denote the round sphere of dimension # and radius 1/b (which has constant
curvature b?), fix a point X € M, and let B denote the ball around % of radius R in M. Denote
by p? the heat kernel on B with Dirichlet boundary conditions. By rotational invariance,

for some function r — p; 9(r). According to the celebrated heat kernel comparison theorem of
Debiard-Gaveau-Mazet [22],

pY(x,y) < p{(d(x, ) @7)

forallt >0andally € B.

We treat the case n # 2 first. Following the strategy for deriving the lower bound (25) in [83],
define

1 br nTl ﬁ "—;1 A*t
AQKS (4m)n/2<sin(br)> e wel =gl )<s1n(br)> ¢
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where A* as defined above and g,(r) = (47Tt)7"/ 2¢=r*/4 is the Gaussian kernel. We show that
the function (¢, y) — H(t,y) = p?(d(;‘c, 7)) is space-time superharmonic on (0, co) X B. Indeed, a
direct computation yields:

9,1og p° = 9,log g + A*;

R n—1(1 cos br
d,log p° =0, log g + 5 <;_bsinbr>;

5 n—1( b? 1
9;,log p° = 37 log g + T(sinZ br ﬁ)

Now using that H is a radial function and the chain rule we find that

cos br
sin br

Il{(at —A)H =0,logp® —(n—1)b d,log p° — 6% log p° — (9, logf)o)2 , (28)

where the left-hand side is evaluated at (¢, ) and the right-hand side at (¢, d(%, 7)). We easily verify
that g satisfies:

aJogg—aik%g-@rbggf—-Eflaﬂ0gg=0.

We thus see that in (28), all the appearances of log g cancel out, and we get:

1 - n—1 b2 1
—@,-AH=1-"— —— - =
H( (=4 2 <sin2br ,,2)

(n—1)* cosbr {1 cos br n—-17%(1 cosbr\’
———Z> b= - —b= — - —b=
2 sinbr \ r sin br 4 r sin br

_ _ 2 — 1) _
_p_m=Dm=31  hcos?br(n=1° n-1,, 1
2 r2 sinbr 4 2 sin® br
_ _ 2 —1)2
4 sin?br  r? 4

f =D =3 b2 (-1
4 3 4

> A 0.

On the other hand, p is harmonic and by a comparison principle for solution of parabolic equa-
tions, we thus have that p® < H. In order to properly justify the comparison principle, instead of
working with p® and H that have singular initial condition, we work instead with pg, the solu-
tion to the heat equation with initial condition 15 ,(,,) and Hg that has the same expression as H
except that we choose

gr(67) = / (@rty Se VP gy |
B ()

instead of ¢g. The same computation yields that Hj, is a supersolution to the heat equation. Then,
we argue as in [83].
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Now, for the case n = 2, defining p° and H as above, we still find that

2
L@~ BH = A*—l[b——lmz]

4 [sin*br r?
* 2 1 1
> 2" = b3 - | >0,
where we used that r < %. The rest of the proof is similar. O

Before stating our main estimates, let us introduce some notation and provide some auxiliary
results.

Lemma 2.10.

(i) Foreverya > 0and s> 0, the resolvent operator G, := (a —A)* on L* = L*(M, vol ) is an
integral operator with kernel given by

1 s
G, o(x,y) i= m/() e 571 p (x,y)dt.

Since (P,u), = (u), for all u, the heat operator P, = e'2 also acts on the grounded L>-space
I2={ue L*(M,vol,) : (u), = 0}, and so do the resolvent operators Gg.,.
(ii) Restricted to L?, the resolvent operator

=(a— A)_s|f2

is a compact, symmetric operator for every a > —A, and s > 0. It admits a symmetric integral
kernel

. 1 1.
Caley) = o /0 e~ 1571 py(x,y)

defined in terms of the grounded heat kernel p,(x,y) := p,(x,y) — volg(M)_l.

(iii) By compactness of M, the operator —A has discrete spectrum (4;) jey, . counted with multiplicity,
and the corresponding eigenfunctions (x ;) jen, form an orthonormal basis for Lf]. In terms of
these spectral data, the grounded resolvent kernel is the symmetric kernel

) %)
Gya(x,y) = Z X(ja +i’)f : (29)

(iv) Foreverys > n/2and a > 0, there exists C such that forall x,y € M,
|GyaCep)| <C, (30)
and forevery s < n/2 and o > 0, there exists C such that forall x,y € M,

C
G o(x,y) < W . (3D
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Proof. All of (i)-(iii) but (29) are proven by Strichartz [82, §4]. Regarding (29), by the spectral
theorem, forallu € L? and a > 0 (oru € £? and a > —1,),

(a —APu = %/ e Tl pudt = Z
s) Jo

Jj=0

<u|Xj>L2 _
(CE T

with convergence of integral and sum in L? (or in 12, resp.). Thus, (29) readily follows.
(iv) Estimate (30) is a consequence of [29, Cor. 6.2]. In order to show (31) fixe < 1, x,y € M
with0O<r := dg(x,y) < g, and set

e8]

1 [ e 1 et s—
Gyo(x,y) = @'/0 e 1Pt(x,}’)dt+@ e p(x, y)dt .
£

I I

As a consequence of the upper heat kernel estimate [29, Eqn. (2.4)], there exists a constant C =
C(g,s,a,€) > 0 independent of x, y, and such that I, < C and

£ 2
I, <C / e T2 dr
0

Combining these estimates together,

13 rz
Gs,oc(xay) < C<1 + / e T sn/2-1 dt) ’
0
and the assertion now follows from the known asymptotic expansion of the exponential integral
function

2 £ 72
Es_n/2+1<r?> ;=/0 e fts_n/z_ldt‘:l—‘(n/Z—S)rzs_n s r—0. -

Remark 2.11. For all s > 0, the operators G, , and és’a are powers of G, := G, , and G, = él,a,
that is,

Gs,a = (Ga)s’ és,a = (éa)s'

Example 2.12. Let (M, g) be the two-dimensional round sphere S2. Then, according to [29,
Thm. 6.12],

o d I
Gio(x,y) = —ﬁ <1 + 2logsin (x y)> .

2

Proposition 2.13. Let (M, g) be a compact n-dimensional manifold and a > —A,. Then, for all x
andy € M:

1
Gn/Z,a(x’y) —a, 10g m < CO;

1
d(x,y)

G°n/2,a(x,y) —a,log

< Gps
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forsome Cy = Cy(g, ) > 0 and

2

" TG @y >

an
Proof. For convenience, we split the proof.
Lower estimate for the ungrounded kernel

Take A, asin Proposition 2.9 (i) and a > A,. For the nongrounded resolvent kernel, the lower heat
kernel estimate (25) yields, with x and y € M, and r = d(x, y),

1 © _
G o)) = =& / e p, (e, ) "t
I(3) Jo

n__l o0
5 1 _ar ) : / @2t g~ At
I(%) (4m)"/2 \ sinh(ar) 0 t

By [29, Eqn. (6.8)], for every § > 0:

[es) 2
8o~ 4 _ 47 . GR 1_
/0 e Ple @ . =4r Gl’ﬁ(r)>210gr Cg -

Combining the two previous estimates yields

1
Gn/z,a(x,y) -a, logm > —Coyis > X, yEM.

Upper estimate for the ungrounded kernel with Dirichlet boundary conditions

Consider the case a > A*, with 1* as in Lemma 2.9 (ii). We estimate the contribution of p? as
before, with x and y € M, and r = d(x, y):

0 1 ® _at 0 nj2—1
gmmwﬁﬁgAe POCe,y)

< 1 ar B /°° e(—a+/1*)t e‘% g
F(g)(47r)"/2 sin(br) 0 t’

and we can use the fact that, by [29], ibid.:

oo 5 2 dt 2 1
—Bt —— _ R
/0 e e4:7_47I-G1ﬁ(”)<210g;+cﬁ’ B>0.

The two estimates yield

1
0
Gn/z’a(x,y) —-a, IOg m < Ca—l* , X,y € M .
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Upper estimate for the ungrounded kernel
We now estimate the remainder G, , — Gg . Choose 0 < § < a. For every n > 2 and suitable

/2,0
C,C' >0,

1 [Se]
0 < Gopaaleay) =G, (09) = — [ e (o) = piGey) /2

r(3)
< C/o e ﬁt(p[(x y) = pi(x,y)) dt C<G1,ﬁ —Gf’ﬁ)(x,y)

< Csup G, 5(x z) <
z€0B

Above, the second to last inequality follows from the maximum principle for local solutions to
(=A, + B)u = 0, and the last inequality from the elliptic Harnack inequality for positive local
solutions to (=A, + B)u =0

Bounds for the grounded kernel
The lower and upper bounds for the grounded resolvent kernel G° for a > 4, and then follow

from the previous bounds and the fact that p,(x,y) = p,(x,y) — o (M) and

NG /°° e M/ 271Gy = g /2
) Jo
2

Bounds forall a > -1,

In order to show the desired estimates for G, in the whole range of « > —1,, we use a perturbation
argument based on the resolvent identity

G, =G5+ (B—a)G4G,, (33)

valid for all 8 > —A; and employed below for 8 > 4,. By iteration, it follows that

6]
. . o\
G =Gﬁ(2 (B - Gp) ) :
£=0
The series is absolutely converging in Lin(1.2, 1.2), since

<B-a)/B+4) <1

Let T = (8 —a) ¥, (8 — )Gy’ . Then,

n/2
°n/2 n/2 n/2 _ n/2 n/2 ok -k n/2 n/2+1x
G (1d + GgT) /3/21+,;<k GiT[= 6 + 61T,
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where T = Zn/ > ("/ Z)Gka“. Consequently, since all operators involved commute with each

k=0 k+1/ 7B
other,
an/2 _ an/2 _ an/4+1/2 = an/4+1/2
6 -6 =6 ToE
N——t
[2—fe [2512 [1-f2
Moreover, &"**1/2 i5 a bounded linear operator both from L.! to £.2 and from .2 to £, Indeed,
8 P
foru e L1,
. 2
Gn/4+1/2u —
B L2

= / [/ Go(n+2)/4,ﬁ(er) u(y) dvol(y)/G°(n+2)/4’ﬁ(x,z) u(z) dvol(z) | dvol(x)
= [/ (c?(n+2)/2”6(y, z)u(y) u(z) dvol(y)dvol(z)
< S;lf Cinsn2-2) - lull},

and for u € £2,

2n/4+1/2
G,

2
ul|7e

2
sup < / é(n+2)/4,ﬁ(x’y)u(y)dV0|(y)>

V/A)

P / Gliraayjag 05 PIAvOI) / W) dvel()
= $UP Gy 2,506 ) Il

Finiteness of both expressions is granted for § > 0 by Lemma 2.10. Thus, summarizing we obtain

én/2 _ én/2
’ a B it e
Furthermore, consider(oz/2 - ég/z)oﬂg : L1 - L where as usual Tyt ubu— (u)g. Since 7T,

is the identity on L', by virtue of [32, Thm. 2.2.5], the operator (62/ 2_ ég/ 2y: L' = L admits

a bounded integral kernel. Therefore, GOZ/ ? admits an integral kernel with the same logarithmic
divergence as GOZ/ 2, [l
For completeness, we provide an estimate for the co-polyharmonic heat kernel that, in the

case n = 2, reduces to the standard Gaussian estimate.

Remark 2.14 [85, Theorem 1.1]. Assume that the compact manifold (M, g) of even dimension
n is a Lie group. Then, the co-polyharmonic heat semigroup e 'Ps has an integral kernel
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(co-polyharmonic heat kernel), the modulus of which can be estimated by
c d(x, y)" :
1 x, y n-1
< — - == .
| ) tAleXpl < Cyt ) ]

2.3 | Sobolev spaces and pairings

For s € R,, we define the usual Sobolev spaces Hf] =01- Aq)_ELE with norm |[ullys = [|(1 —
C . g9
S N
A )2ull;2, and Hq_s as the completion ofL(2] w.r.t. the norm [lul[3;s = [[(1 —A,) 2ul|;2 such that
g9 < s g9 g9

formally 5 := (1 A,)2L2.
For our purpose, however, it is more convenient to use slightly different Hilbert spaces defined
in terms of the normalized co-polyharmonic operator

Py i=a,Py (34)
. . . . . 2
with a,, as defined in (32), thatis, a,, := D Gy
‘We put
HS o= (kp ) L2 il = 111+ p,) vl
and define Hg_S as the completion of Lﬁ w.r.t. the norm |[lul|g—s :=[|(1 +p,) " ull;2. Moreover,
g9 g9
we define the grounded Sobolev spaces
. . s
=, L2l = lpjull
and define H ,* as the completion of f;f] w.r.t. the norm ||ul|5—s = |IP;Eu|| 12
g g9

The scalar product (u[v), := f;, uvdvol, on L; satisfies [(u|v),| < [lullg—s - lV|lgs foru € Lé
g9 g
andv e H ; , and thus continuously extends to a bilinear form

. —S N
(1)t Hg XHg—)IR{

foreverys > 0. Foru € H g‘s, consistently with our previous definition for u € Lz , we put

(u), = —2

. volg(M)<u|1>9 o W = u—(u), .

Lemma 2.15. For every admissible manifold (M, g):

(i) The co-polyharmonic operator P, is a compact perturbation of the poly-Laplacian: for
every a > —A,, there exists C, = C(a, g) > 0 such that the operator S, := P, — (a — Ag)n/2
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(ii)
(iii)

(iv)

W)

(vi)

(vii)

satisfies
n—1
(Satt|u); < Cor [l A)Tu”i;, Vu € H"/2. (35)

In particular, (S;u | u>L§ <G ||u||H(n /2

Foreverys € R, the spaces Hf] andH ; coincide as sets and the respective norms are bi-Lipschitz
equivalent to each other.

The operator p , with domain H Z has discrete spectrum spec(p) {v } jeny’ indexed with
multiplicities, satisfying v; > 0 for all j, and v, = 0 with multiplicity 1. The corresponding
family of eigenfunctions (1,0 ; )JENO forms an orthonormal basis of L; .

Forevery s € R,

2s
ueﬁf] = u:Zocjzpjwichvj"ocjz.<oo
j>1 Jj>1

and

2s
s _ . 3,
ueHg = u—zajl,ble[h E(1+vj)nocj<oo.
j=0 Jj=0

Hence, in particular, IfI; ={ue H; : <”>g =0}
For every s > 0, there exists C = C(s) such that forallr € R,

H™ cH], -l < €l N
Foreveryr € R, the bounded operatorp,, Iflg‘” - H , has bounded inversek,, : H 0= H ;’” .
Forr =0, the operatork,, : L2 — L? admits a unique nonrelabeled extension k,, : L2 — ]2‘3’

vanishing on constants and satisfyingk,p, = 7, on L; . This extension is an integral operator
on L; with symmetric kernel

k,(x,y) 1= Z M , X,yEM, (36)

j=1 j

where the convergence of the series is understood in L; ® L;.
For ¢ € N, define the operatorsk, . : L} — ig by

; (¥, |u>L2

Then, for everyu € L;, ast — oo,

k,ou—ku inL>. (37)
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(viii) The spectrum of p,, satisfies the Weyl asymptotic. With N(v) the number of eigenvalues lower
than v, we get N(v) = cv + O(w'~1/") as v — co. In particular, we find

v, =cj+0(""), jo . (38)

(ix) Given any r € R, the embedding Id : Iflzﬂ S Hf] is trace class if and only if s > n, and it is
Hilbert-Schmidt if and only if s > 2.

Proof.

(i) For every o > —A,, the operator S, is a linear differential operator of order < n — 1 with
smooth (hence bounded) coefficients on M, and (35) readily follows.
(ii) It suffices to show the statement for s = 1/2. The claim for any other s > 0 then follows by
spectral calculus, and for s < 0 by duality.
As a consequence of Theorem 1.3 (iv) and admissibility, the (strictly) positive oper-
ator (pg,ﬁ”) has positive self-adjoint square root ( "/ 2) and the latter defines a

Hilbert norm on H"/ %, Thus, the linear operator ¢ := (—Ag) ”/ /P, H;’/ S HZ/ % iswell
defined, positive, and injective. Moreover, ¢ is an isometry

t:(ﬁ??HV@Zihg)——>(ﬁy%n-mwn>,

and, in fact, unitary, since ker ¢ = {0} by strict positivity of both 4 /p, and (—A g)_"/ 4 on the

appropriate spaces of grounded functions. As a consequence, ¢ : 75[;1/ 2

and thus bijective. It suffices to show that it is also 73["/ *_bounded, in which case it has an
n/

on/2. . ..
—>HZ/ is surjective,

-bounded inverse (~! by the bounded inverse theorem. The former fact follows if we
show that u* is Hg/ -bounded. We have

Wt = (_Ag)_n/4pg(_Ag)_n/4 = Idﬁn/z + (_Ag)_n/450(_Ag)_n/4 .
. g

By squaring the operators in (35) with o = 0, the latter is a H"/

the 1dent1ty on Hn/ ? and the assertion follows.
(iii) Since H” embeds compactly into IfIO by the Rellich-Kondrashov Theorem, the opera-

-bounded perturbation of

tork, H 0 H 0 is compact, being the composition of the bounded operatork, . HY - A7
w1th the cornpact Sobolev embedding. The spectral properties follow from the (strict) pos-
itivity of ( pg,H ") on H 2 and the Hg compactness of k. The assertion on eigenfunctions
holds by the spectral theorem for unbounded self-adjoint operators.

(iv) Direct calculation and the fact that inf 21 T > 0.

(v) Let us first observe that ||(1 — g)l/zulle > E ||u||Lz forallu € Lé, and thus,
g g

1
s/2
10 =8, ull > = Nl
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for all s > 0. By positivity of p, on i; and norm equivalence of H;‘ and H ;‘, it follows

1
1Pl > 2 1 +pyullzz > o 0= 8, 2ullys > ol

C’N CN/

for u € L. This lower estimate for the self-adjoint operator p , implies an analogous
estimate for any of its positive powers. Thus,

1
o= 10 ulls, > — ,
Il = e/ "l > - Nl
for any s > 0. This proves the claim for r = 0. The claim for general r follows readily.
(vi) It suffices to show the statement for r = 0. We show that /p, H"/ 2
ible with bounded inverse y/k,. As a consequence of the blject1v1ty of ¢ in (ii), and

— Hg is invert-

. Y, R o L en/2 90 s
since (—Ag)”/2 : HZ/ - Hg is surjective, the operator /p, = (—Ag)”/zz. HZ/ - HS is
as well surjective, and thus bijective. Its inverse \/_ = (=AY 1510 - H n/ “isa

n/2 ”/2

bounded operator, since so are (7! : IfIZ/ S H,'", by (ii), and (- A /2 HO - Hy

(vii) By the norm equivalence stated in (ii),

Z <¢] |”>L2 —0

o=ty = -

as £ — oo for every u € L. Hence, by Sobolev embedding, k A k JU in L.
(viii) is Hormander’s Weyl law for positive pseudodifferential operators. Indeed, choosing dx =
dvol, and integrating [51, Eqn. (1.1)], the assertion follows from [51, Thm. 1.1].
(ix) For any s > 0, the embedding Id : ﬁ r+s o [ Z is trace class (or Hilbert-Schmidt, resp.) if

and only if the operator p, s/n - fg is so. By definition, the latter is trace class (or
Hilbert-Schmidt, resp.) if and only if

—s/n —2s/n
Z Vj < o0 <OI' Z VJ. < 00, resp.)
J J

which, in turn — according to (viii) — holds true if and only if s > n (or s > n/2,

resp.). O

Remark 2.16.

(a) Elliptic regularity theory implies that off the diagonal of M x M, the function (x,y) —
k,(x,y)is C*®.
(b) The symmetry of the integral kernel k, implies that

/ k,(x,y)dvol (y) =0, XEM. (39)
M

Indeed, k, f € ij implies [ [/ k,(x, y)dvol ,(x)] f(»)dvol,(y) = Oforall f € ij that, in turn,
implies that [ k ,(x,¥)dvol  (x) is constant in y. By symmetry, this constant must vanish.

Of particular importance in the sequel will be the spaces H f] fors = % and s = _§~
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Definition 2.17. Given any admissible manifold (M, g), we denote the scalar products for the
Hilbert spaces H Z/ and H, —n/2 by

p,(u,0) 1= / \/Eu \/Evdvolg, u, v GHZ/2 , (40)
K,(u,v) = / \/k,uq/k,udvol, u, v EIfIg_”/2 . (41)

Restricted to the space [.2, the bilinear form K, is given by
g g

K,(u,v) = <kgu|v>Lé = //u(x) k,(x,y) v(y) dvol ,(x) dvol ,(y) . (42)

Observe that the right-hand side here is also well defined for ungrounded u,v € L2 that allows
us to consider K, also as a bilinear form on L2 with K (u+C,v + c= K, (u, v) for u,v €
L2(M, vol ;) and C C' € R. Moreover, we always 1mp11c1t1y extend the operator k to L2 by setting
k,c=0 for all constant c. It is the pseudoinverse of p , on Li in the sense that:

KgPy =Pgk, =7, .

We call k, the co-polyharmonic Green operator. It has the integral kernel k, given in (36), and we
call k, the co-polyharmonic Green kernel.

In the following lemma, we make use of some arguments in complex-interpolation theory.
We refer the reader to [86, §1.2.1] for the necessary standard definitions of interpolation couple,
and to [86, §1.9.2-3] for results on complex interpolation. We denote by [A,, A;]g, 6 € (0,1), the
standard complex interpolation of Banach spaces A, A;.

For Banach spaces A, A;, A of functions on M, we write

TAgXA — A

to indicate that the pointwise product on A, X A, is a continuous bilinear map with range
contained in A, that is, forevery f € Ay and g € A}, wehave fg € Aand ||fgll4 S ||f||A0 ||g||A1.

Lemma 2.18.

(i) Foreverys € |0, ] foreverye > 0,

S ><7_[n/2+£ — M.
g g g

(ii) Foreveryr,s,t € Rwiths,t >r>0ands+t>r+ %,

: Hy X H, — H] . (43)
(iii) Foreveryt > g forevery s € R,

M X H — HS (44)
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(iv) Foreverys € R, forevery ¢ € C®(M),

(e"Pulv), = (ule"?v), = (ulv)ep, , ue Hg_s,v € H; . (45)

(v) All the above assertions hold with H ; in place of H; .

Proof. For (i) and (ii), we adapt to our setting the proof for Euclidean spaces in [5, Lem. 5.2,
Thm. 5.1].

n/2+e .

(i) Since 2 S te> 3 by [20, Thm. 24], the space H,, is an algebra and

. H;z/2+s x H;l/2+€ N H;z/2+£_ (46)

Combing [87, Thm. 5(iii), Thm. 2(iii), Thm. 4(i)], we have H"/ e

DL X Lﬁ - Li, we further have

[N L;°. Thus, since

cHY?E 1O — HO, (47)
g g g

By complex interpolation of bilinear forms (see [86, §1.19.5]), the pointwise product in (46)
and (47) interpolates to

DM MO, HIPH g — [MO, HEH o, 8 €(0,1). (48)

Choosing 6 so that s = 6(% + €), we have [HO n/ 2+E]9 =H} by [82, Cor. 4.6], and the
conclusion follows.
(i) Ifr > % the space H; is an algebra, and therefore, since s,t > r

CHSXH S H X H — H",
g g g g g
which is the assertion. If otherwise r € |0, ] lete :=s+t—r—= > 0. By (i),
X HE g , (49a)
g g g
HY2E X W — M. (49b)
g g )

Now, since r < s, we have s<s+t—r and so s < ’; +¢. Thus, there exists 6 € [0,1]
with (1-06)r + 6( +¢)=s and (1— 6)(5 +¢)+06r =t. Again, by [82, Cor. 4.6], we

have [H’ n/ 2+‘E] = HS and [H n/2+e H; lg = H; , and (43) follows by complex interpola-
tion of the pomtvmse product in (49a), (49Db).

(iii) If s > 0, the assertion is (ii) with r :=s. If s < 0, we argue as follows. For every f € H‘
andv € Hgs we have fv € Hgs by (ii). Thus, for every u € Lf] for some constant C = Cy, >
0,

<fu | U>L2 = <u | fU>L2 < |u||HS ”fU”H =s s,t”u“H;“UHH;S .
As a consequence, fu defines a continuous linear functional on H;S and we have
2
. <
1 fullzey < Corllfllpe lullyes , — u€ L2,
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By density of L; in H; , the above inequality extends to u € H; , which proves the assertion.
(iv) follows easily from (iii) by approximation of u € H “byu; e Lj.
(v) is an immediate consequence of Lemma 2.15 (ii). OJ

2.4 | Estimates for co-polyharmonic Green kernels

Theorem 2.19. For every admissible manifold (M, g), the co-polyharmonic Green kernel k ; satisfies

k,(x,y) —log m <G (50)
forsome Cy = Cy(g).
Proof. By the second resolvent identity for the operators k, and al_,lé” /2t H 2 - FIS,
kg—alnc";m:kgsoén/z:kgsoé%l Gun 51)

with Sy =P, —(-A g)”/ 2 as in Lemma 2.15(i). Similarly to the proof of Proposition 2.13, the

operators Gnu1 @ L' - H® and G,1 : H? > H 2 are bounded. By Theorem 1.3(iii), S, is a
4 4

differential operator of order at most n — 1 with smooth (hence bounded) coefficients. As a

n 1 n-1
. -1 .
consequence, S : SH T isa bounded operator. Furthermore, choosing r = —"T in

n—1

Lemma 2.15(ii), the operator k,, : A5 -H3 > is bounded.
Comblmng the previous assertions with (51) shows that k, G, /2 DAty is bounded;

thus, k,, Gnyat : L' = L* is bounded as well, by COl’ltll’lulty of the Sobolev-Morrey embed-

ding. Flnally, by [32, Thm. 2.2.5], the latter operator admits a bounded integral kernel, and the
conclusion follows from Proposition 2.13. O

The previous theorem has also been derived with different (and partly rather sketchy)
arguments in [66, Lemma 2.1].

Proposition 2.20. Assume that (M, g) is admissible and that g’ := e*?g for some ¢ € C®(M).
Then the co-polyharmonic Green operator k  is given by

kou= (7, o0k,)(" u), uel?, (52)

and the co-polyharmonic Green kernel k ;; by

Ky (ey) =k, (x,3) = 38() = S60) (53)

with ¢ € C®(M) defined by

2
- vol , (M) /kg(-,z)dvolg,(z) vol ,(M)Z //k (z,w)dvol ,(z) dvol , (w) .
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Proof. Let k, be the integral kernel defined by the right-hand side of (53). Obviously, k is
symmetric. Furthermore, by (50),

3
)y | < gy sup [ Ik, wlavol, 2
<3Cvol (M) + —— su / log —2|dvol ,(z) < 00,  (54)
h J vol /(M) wp gdg(z,w) q ’
and, since e ® d,<d, <e'P?d,,
1 1
o —log——|<c. . (55)
S,y Bd, Gp| S e

Thus, the kernel k, satisfies (50) with k  in place of k, and ¢’ in place of g for some
constant Cy(g").

Moreover, straightforward calculation yields the identity (52) for the integral operator k ; asso-
ciated with the kernel k /. It remains to prove that the operator k , is the inverse of p /. To see this,

recall that we have p, = e™"#p . Thus, forallu € Fl:,/z,

Ky pyu=k,p,u-— (kgpgu>g, =u—(u),—(u-— (u)g>g, =u.

Consequently, we have k,p u=u=p,k,u and the claim follows by uniqueness of the
inverse. U

Remark 2.21. The transformation formula (53) for the co-polyharmonic Green kernels can be
rephrased as follows. Given ¢ € C®(M), let ¢, := ¢ — ¢ with ¢ chosen such that /[ e"?dvol = 1.
Then,

ks o (X, ) = ko (x, p) = K ("P0)(x) — k, (e"P0)(1) + (K, (e"0), €0 >L§ : (56)

Proposition 2.22. Given any admissible manifold (M, g) and g’ = e*® g with ¢ € C®(M), then

. on/2 . . on/2 .
() ue HZ/ impliesu € HZ,/ and ||u||ﬁn/2 = ||u||1—°1"/2 or, in other words,
q’ 9

pg’(uﬁ u) = pg(u’ u)' (57)

and |[e”"™ul| .n2 = ||u|| .n/2 0OF, in other words,
Hr}’ Hy

(i) u e ﬁg_"/z implies e "Pu € FI;,"/Z

Ky(e™Pu,e™u) = K, (u,u). (58)

Proof.

(i) Immediate consequence of P ,u = e™"¢P  and vol , = e"#vol .
(ii) The norm identity follows from (52) and (2.18)(v):

K (e Pu,e"u) = (e "Pulk, (T"%u) = (e "Pulm y(k, u))
= (ulm (k,u)), = (ulk,u), —(ull), - (ku), =K, (u,u).

Moreover, (u), = 0 if and only if (¢7"*%u) , = 0. O
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3 | THE CO-POLYHARMONIC GAUSSIAN FIELD

In what follows, we consider an admissible manifold (M, g) of even dimension n. We make use of
the normalized co-polyharmonic operator p, := a,P, and its inverse k, with symmetric integral
kernel k, that has precise logarithmic divergence

k,(x,y)—log <C, Vx,y € M. (59)

1
d,(x,y)

Our goal is to define and analyze a random field # on M with law formally characterized as
1 1
dv,(h) = = exp <—§pg(h, h)> dh (60)
g

where dh stands for the (nonexisting) uniform distribution on fields and Z, denotes some
normalization constant.

3.1 | Existence and uniqueness, equivalent characterizations

Definition 3.1. A co-polyharmonic Gaussian field on (M, g) is a centered Gaussian random
variable h on H q_s for some s > 0 with covariance

E[(hlu), - (h|v),| = K,(u,v) Vu,v € HS . (61)

Here, (- |- ), on the left-hand side denotes the pairing (- |- )g—s g5, and the right-hand side can
g 79
be rewritten as

K,(u,v) = //kg(x,y) u(x) v(y) dvol ,(x) dvol ,(y) = (u| v>ﬁ;n/2. (62)

Theorem 3.2. For every admissible manifold (M, g), there exists a co-polyharmonic Gaussian field,
unique in distribution.

More precisely, for any s > 0, there exists an FI;S-valued co-polyharmonic Gaussian field that is
unique in distribution. It is supported on

ﬂ AL

t>0

Foralls,t > 0,anH g_S -valued co-polyharmonic Gaussian field and an F ;t -valued co-polyharmonic
Gaussian field coincide in distribution.

We denote the law of the co-polyharmonic Gaussian field by CGF, , or simply — since through-

out this paper, mostly M is fixed — by CGF . Equivalently, CGF, can be characterized as the
unique centered Gaussian probability measure », on H g‘s that satisfies

/ ), dv, () = exp |1, () Vue i | (63)
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Proof. Let us consider the abstract Wiener space (1, H, B) in the sense of Gross, following the nota-
tion and presentation in [8], with the Banach space B := H ;5 (“Wiener space”), the Hilbert space

H:=H Z/ 2 (“Cameron-Martin space”), and the embedding : : H < B that is “measurable in the
sense of Gross,” cf. [8, Example 3.9.7], since

lullp = 1Tullg
with the operator T = pgl_g/ " being Hilbert-Schmidt according to Lemma 2.15 (ix). The existence
of the requested Gaussian measure on B is then a key result of the theory of abstract Wiener spaces
[8, Theorem 3.9.5]. O

Remark 3.3. Based on the Bochner-Minlos theorem, the co-polyharmonic Gaussian field can
alternatively be defined as a random field on the space ®’ of distributions on M. Here, D :=
C*®(M) denotes the space of test functions, endowed with its usual Fréchet topology, which
is a nuclear space, see, for instance, the comments preceding [43, Ch. II, Thm. 10, p. 55]. ®/,
the topological dual of D, is endowed with the Borel o-algebra induced by the weak* topol-
ogy. Set y(u) := exp[—%lcg(u,u)]. It satisfies (0) = 1. Moreover, since M is admissible, K is
a semidefinite inner product on D, thus, by, for example, [61, Prop. 2.4], y is totally positive def-
inite. By Lemma 2.15(ii), u ~ 4 /K (u, u) is continuous with respect to the Hg_"/ % norm on .

Since D embeds continuously into Hg‘s for every s € R, the functional y is continuous on D. The
claim follows by the Bochner-Minlos Theorem [89, §1V.4.3, Thm. 4.3, p. 410].

In the sequel, we will freely switch between the general representation of the co-polyharmonic
Gaussian field as a measurable map h : Q — IfI;S with law h, P = CGF ), defined on some prob-
ability space (Q, &, P), and the standard representation of the co-polyharmonic Gaussian where
Q= IfIg—S and h =1d.

Our definition implies that a co-polyharmonic Gaussian field h is grounded, in the sense that
(h|c), = 0 for all constant c.

Remark 3.4. An ﬁg‘g -valued centered Gaussian random field 4 is a co-polyharmonic Gaussian

field on (M, g) if and only if § := /p, h is a grounded white noise on (M, g), that is, a IfI;"/z_g-
valued centered Gaussian random field with covariance

E[(¢|u), (Elv),| = (u|U>i§ Yu,v € FIZ/2+5 . (64)

Vice versa, given any grounded white noise § on (M, g), then h := 4/k, § is a co-polyharmonic
Gaussian field on (M, g).

Remark 3.5 (cf. Proposition 3.9). Let (M, ¢) be an admissible manifold and h an H gf—valued co-

polyharmonic Gaussian field on it, defined on some probability space (Q, &, P).
Then, in analogy to the definition of the It integral and in view of (61), the mapping

(hl-),: H/> - L2(P) extends to a linear isometry

(hl-), o H,"? - L2(P) (65)

in the spirit of It6’s L2-isometry.
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The heuristic characterization (60) of the measure CGF , manifests itself in various important
properties. As every Gaussian measure, CGF ; satisfies a large deviation principle whose rate func-
tion is given by the Cameron-Martin norm [4 Chap. II, Prop. 1.5 and Thm. 1.6]. In our case, this
yields the following.

Proposition 3.6. For every co-polyharmonic field h, and for every Borel set A ¢ H q‘g :

— inf p, (u) < liminf 282 P[Bh € A]
ucA° B—0

< limsup 28> P[Bh € A] < — inf p,(u).
ﬁ—>0 ueA

Here, A° and A respectively denote the interior and the closure of A in the topology of H ;E for given

€ > 0, the functional p , is defined in (40) and we set p ,(u) = oo if u & H"/2

Next, we recall the celebrated change of variable formula of Girsanov type, also known as
Cameron-Martin theorem, see, for instance, [52, Theorem 14.1].

Proposition 3.7. Ifp € H"/2 and h ~ CGF, then h + ¢ is distributed according to

exp ((hlpgqo)g - %pg(qo,qo)) dCGF ,(h).

Forp € H ; with s > n, the L>(P)-random variable {h|p 4%), can be equivalently replaced by the
usual pairing (h|p ).

Remark 3.8. Many of our subsequent results rely on the seminal work of J.-P. Kahane [54] on Gaus-
sian multiplicative chaos. His results apply to Gaussian random fields 4 on a metric space (M, d)
with covariance kernel k with a logarithmic divergence: |k(x, y) + logd(x, )| < C. In addition to
nonnegative definiteness, he assumes that kis nonnegative. Of course, this is not satisfied by our
kernel k. However, as we are going to explain now, it imposes no serious obstacle to applying his
results in our setting.

Given the kernel k , as defined above, observe that it is smooth outside the diagonal and positive
in the nelghborhood of the diagonal. Define a new kernel by

k(x,y) 1=k, (x,y)+C >0

with C := —min, ) k,(x,y) < co. By construction, k is nonnegative. Furthermore, it is also
nonnegative definite since it is the covariance kernel for the Gaussian field

E:=h+\/E§

where h denotes the co-polyharmonic Gaussian field associated with k , and § denotes a standard
Gaussian variable independent of A.
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3.2 | Approximations

As anticipated, our goal is to construct the random measure du(x) = e"*dvol (x). Due to the
nonsmooth nature of h, this requires approximating h by smooth fields (and properly renor-
malizing). Co-polyharmonic Gaussian Fields may be approximated in various ways, the random
measure obtained being essentially independent on the choice of the approximation [78]. Here, we
present a number of different approximations: through their expansion in terms of eigenfunctions
of the normalized co-polyharmonic operator p; by convolution with (smooth or nonsmooth)
functions; by a discretization procedure.

Let us first discuss the eigenfunctions approximation. As before, we denote by (3;) jen, the
complete L?-orthonormal system consisting of eigenfunctions of p 4> €ach with corresponding
eigenvalue v;. In addition, we consider a sequence (§;);ey, of independent and identically
distributed standard Gaussian variables. For each ¢ € N,, we define the random test function

2

he(x) = Y —=9;(x)E,  xEM. (66)

=1 Vi

The covariance of the random field h, is given by:

4
ke(x,y) = E[r, k)] = Y~ 9,00%,0) . xyEM. 67)
j=1"J

Our next result establishes that the random field h, converges to the random field A.

Proposition 3.9. Let (M, g) be admissible and (h,) ,_,, defined as above. Then

(i) Forall ¢ > 0, the field h,, regarded as a random element of H ,* converges as £ — oo 10 a co-
polyharmonic Gaussian field h in L>(P) and P-a.s. In particular, h € H ;5 P-a.s. Moreover, h &
L? P-as.

(ii) For every u € IfIg_n/z, the sequence ((ulhf)g)feN is a centered, L*>-bounded martingale
on (Q, §, P) converging to (h|u) P-a.s. and in L*(P) as £ — oo, cf: Remark 3.5. In this sense,
P-a.s.

[e5]

(hluy, = Y —=(ulp)), & .

=1 Vi
Proof. The proof follows from the abstract construction of [44] and Definition 3.1. For
completeness, we outline a simple proof in our setting.

(i) LetZ and p € N, and € > 0. According to Lemma 2.15(ii), we have that, P-almost surely

p%z_p §]2, p 512_

Z Z m:._;_ljuk/n'

= VVillg—e j=rn v j=
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The sum on the right-hand side is a generalized chi-square random variable with variance
zj')=f+1 j~%/n=1 1t converges as p — oo if and only if ¢ > 0. This shows that the series

¥ié;
VVi
exists P-almost surely in H g‘g buth & Lf) . The proof of the convergence in L?(P) is carried out

in the same way. Since & is an L?(P)-limit of Gaussian fields, it is itself Gaussian. For u,v €
H Z/ ?,its covariance is given by

(68)

h .= i
Jj=1

¢S]

E[(hlu), (hlo), ] = B (s 10z = K(w,) (69)
Sl _

Jj=1

(ii) Forallu € H y_"/ ’ the sequence ((ulhf) g) sen 18 @ martingale as a sum of independent and
identically distributed random variables. Moreover, by orthogonality,

[e)
2 1 2 2
supE[ ulh ]= —(ulp;), = Ku,u) = |ul?_,, <o .
£eN < | f>g j;lvj 7t H, 2

Thus, the martingale is L?>(P)-bounded and convergence follows from Doob’s Martingale
Convergence Theorem. The limit is the requested (h|u), € L2(P). O

The previous result allows us to construct a co-polyharmonic Gaussian field on every proba-
bility space that supports a sequence of independent and identically distributed standard normal
variables. It is also important to know that an approximation h, — h as in the previous propo-
sition holds for every co-polyharmonic Gaussian field, independently of the construction of the
latter.

Remark 3.10. Given any co-polyharmonic Gaussian field &, and the sequence of eigenfunctions
(%)) jen, as above, define a sequence (& j)jen of independent and identically distributed standard
normal variables by setting §; := <h K J'>g for all j € N, and a sequence of Gaussian random
fields (h,) <y by

, 2 ()
h, : Q— 12, he(x) = Y L2 (h? ;) . (70)
‘ g 4 ng /—.Vj < | ]>g

Then, for every u € H Z/ 2

,as? — oo,
<hf|u>g — <h|u>g P-a.s. and in L%(P) .

Now, let us consider more general approximations. The previous eigenfunction approximation
will appear as a particular case.
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Proposition 3.11. Let h be a co-polyharmonic Gaussian field on (M, g), and foreach ¢ € Nletq, €
L*(M?,vol, ® vol,)) be such that q,u — u in L; forallu € IZ;, where

qux) 1= (g,0x, )

(i) Then, for every ¢ € N, the field of functions h, on M defined by
hy(y) = (q h)(Y) = (hlg.(-, ), (71)

is a centered Gaussian field with covariance function

ke (x,y) = ((q, ® 4.)K)(x,y) := //K(x’,y’)qf(x,x’)qf(y,y’)dvolg(y’)dvolg(x’)- (72)

(ii) AsZ — oo, foreveryu € IO%,
(hy|u),, — (hlu), P-a.s. and in LA(P) . (73)
g

Proof. (i) is obvious. To see (ii), observe that (h, |u);> = (h|q,u), and thus, by (61) for every
2 ‘
ue f;,

E||(rlu), - (h, |u>L5|2] = B[l - a ), ] = Ju=a.ulf

2 =0
<Clu-qaulf, =0
where the last inequality follows from 2.15(v). O

Example 3.12.

(i) Probability kernels. Let {q,(x, - )vol s CENXEM } be a family of probability measures
on M with g, € L*(vol, ® vol ) nonnegative, and such that g,(x, - )vol , converges weakly
to 8, as £ — oo for each x € M. Then q,u — uinL? as # — oo forallu € L2

Particular cases of (i) are (ii) and (iii) below.
(ii) Discretization. Let (B,),cy be a family of Borel partitions of M with

sup{diam (A) : A€ P,} >0 as £ — 0.

For 7 € N, put

g (xy) = )
AeP,

1
mlA(x)lA(Y) .

In other words, for given x € M, we have that q,(x, - ) = ——1, with the unique A € B,

vol (A)
that contains x. Letting h, be defined as in Proposition 3.11 then yields

h,(x) = I(A)< |1A> AEP,,xEA.
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This is a centered Gaussian random field (h,(x)),cp With covariance function

1
k(x,y) = [ ey yavol, (ydvol, 07
vol (A¥)vol (A%) Jax Ja? ! !

where A7 is the unique element of 8, containing x.

(iii) Heat kernel approximation. Let q,(x,y) := p; /f(x, y) be defined in terms of the heat kernel
on M. Then q,u — u in L? and thus in particular (73) holds for all u € L. Even more, (73)
holds for all u € H"/2.

(iv) Eigenfunctions approximation. In terms of the eigenfunctions for the co-polyharmonic
operator P 4o We define

4
0,06, y) 1= Y ;0 %) -
j=0

J

In other words, q, : L? — L? is the projection onto the linear span of the first 1+ ¢
eigenfunctions. Then, q,u — uin L? as # — oo forallu € L2.

Proof.

(i) Since C,(M)is dense in L*(X) and since by Jensen’s inequality ||q,u — q,v||,> < llu — vl| 2, it
suffices to prove that q,u — u in L? as # — oo for u € C,(M). To see the latter, observe that
q,u(x) = u(x) for each x by weak convergence of g,(x, - )vol, to §,, and that ||q,u|| . <
llullpe < oo.

(ii) is straightforward.
(iii) Ifq, = p,/, andu € H™"/2, we have with v := G"/*u € L?,

¢
lu = aull g S Jlo = aevfl . — 0.

where the last inequality follows from 2.15(v).
(iv) Readily follows from the fact that (;)jey, is a complete L?-orthonormal system,
Lemma 2.15(iii). O
3.3 | Conformal quasi-invariance

Theorem 3.13. Consider an admissible Riemannian manifold (M, g) and ¢’ = e*?g with ¢ €
C®(M). If h is distributed according to CGF ;, then

W i=h—(h), (74)
is distributed according to CGF /.
Proof. By construction, & is a centered Gaussian random field on H ;E for some/any € > 0. Let

us choose ¢ = n/2. According to Proposition 2.22, the random field h’ as defined above then
is a centered Gaussian random field on Ifl;,"/ 2, Moreover, for all u,v € ﬁg_,n/ 2 (which implies
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o—n/2
ePu, e EHgn/ ),

B[( |u),, (|0}, | S B[(H | e2u), - (' [ero0) ]
@ E[(h |e"?u) - (h| e"“’v)g]

(61) (58)
= ]Cg(e”¢u,e”¢v) = ng,(u,v).

Thus, i’ shares the defining properties of the co-polyharmonic field on (M, ¢'). O
The conformal quasi-invariance of the CGF), , indeed holds true in a more general form.

Theorem 3.14. Assume that (M, g) and (M, g") are conformally equivalent with diffeomor-
phism ® and conformal weight e*? such that ®* g’ = e?% g. Furthermore, assume that h is distributed
according to CGFy, , and h' is distributed according to CGF . Then

WL (h=(hy, oo . (75)

Proof. Assume that h is distributed according to CGF), ;. Then with g* := e?? g by the previous
Theorem 3.13, the field

n*i=h—(h),

is distributed according to CGFy, .. Thus, for the proof of the claim, we may assume with-
out restriction that ¢ = 0 and g* = g, h* = h. In other words, assume that (M, g) and (M, g')
are isometric with diffeomorphism ® : M — M’ satisfying ®*¢’ = g (“pull back of the met-
rics”). Then @, voly, , = volyy » (“push forward of the measurers”) and, by the uniqueness of the
co-polyharmonic operator as stated in Theorem 1.3(vi),

P gt = Py (uo®@)od™.

This invariance of the co-polyharmonic operators carries over to the kernels of their normalized
inverse

ke g (X,Y") = kpp o (@71 (X)), @71 () vx',y' e M’
as well as to the associated bilinear forms

]CM/,g’<u/,U,) — ]CM,g (u/oq)’ U,O(I)) Vu,v € H];;,l,/;,
Consequently, if & is distributed according to CGFy, ,, then &’ := ho®~! is distributed according
to CGFM/’g/. I:‘

To get rid of the additive correction term in (74), one can consider the “random variable” h + a,
called ungrounded co-polyharmonic Gaussian field, where h is distributed according to CGF™+9
and where a is a constant distributed according to the Lebesgue measure on the line (the latter
not being a probability measure).
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More formally, given any admissible manifold (M, g), the distribution of the corresponding co-
polyharmonic Gaussian field is a probability measure », on the grounded Sobolev space IfIg‘E .
To override the influence of additive constants, we consider the (nonfinite) measure 1?,, on the
(ungrounded) Sobolev space H ;5 defined as the image measure of v, ® {! under the map

(h,a)» h+a.

Definition 3.15. The measure 9, is called law of the ungrounded co-polyharmonic Gaussian field
and denoted by CGF g

We write h ~ CGF 4 to indicate that a measurablemap % : Q - H g—E, defined on some measure
space (Q, &, m), is distributed according to CGF > thatis, h,m = CGF g

The conformal quasi-invariance of the probability measures CGF, leads to a conformal
invariance of the measures CGF g

Proposition 3.16. If i ~ C/G\Fg and W/ ~ C/G\Fg/ with g’ = e*?g, then

A

Proof. Let h be a (grounded) co-polyharmonic field on (M, g) and k' := h — (h) - Then,
for all F € LY(H ;,E,f)\g,), by translation invariance of one-dimensional Lebesgue measure and
Theorem 3.13,

/Fda’ig,=/E’[F(h’+a)]da=/E[F(h—(h)_q,+a)]da
R

R

=/RE[F(h+a)]da=/Fd’7g‘ O

Corollary 3.17. On each class (M,[g]) of conformally equivalent admissible Riemannian
manifolds, CGF M,y defines a conformally invariant random field.

The change of variable formula of Girsanov type of Proposition 3.7 extends from shifts p € H g/ 2

to shifts ¢ € H?

g

n/2

Corollary 3.18. Ifp € H,

and h ~ CGF o then h + ¢ is distributed according to

exp ((hlpgcp)g - %pg(% qo)) dCGF ,(h) .

4 | THE LIOUVILLE QUANTUM GRAVITY MEASURE

Fix an admissible manifold (M, ¢) and a co-polyharmonic Gaussian field » : Q — H q_g , our naive
goal is to study the “random geometry” on M obtained by the random conformal transformation,

2h
eg,
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and in particular to study the associated “random volume measure” given as
" dvol ,(0) . (76)

It easily can be seen that — due to the singular nature of the noise 1 — all approximating
sequences of this measure diverge as long as no additional renormalization is built in.

A more tractable goal is to study (for suitable y € R) the random measure u'" formally given
as

2
du’(x) = eyh(x)_y?E[h(X)zldvolg (x). (77)

Since h is not a function but only a distribution, both (76) and (77) are ill-defined. However, replac-
ing h by its finite-dimensional noise approximation &, as constructed in Proposition 3.10 leads to a
sequence (u’"*), of random measures on M that, as # — oo, almost surely, converges to a random
measure w’"* on M, the plain LQG measure on the n-dimensional manifold M. Let M, (M) denote
the set of finite positive Borel measures on M. We equip it with the Borel o-algebra associated
with its usual weak topology.

4.1 | Gaussian multiplicative chaos
In the following theorem, we construct the Gaussian multiplicative chaos " associated to

a co-polyharmonic Gaussian field 4 on (M, g). In view of Theorem 3.9, we can look at the
co-polyharmonic Gaussian field & as a random element of H;E for any ¢ > 0.

Theorem 4.1. Let an admissible manifold (M, g) and a real number y with |y| < 4/2n be given
aswell as a FI;E co-polyhmarmonic Gaussian field h, defined on some probability space (Q, §, P).
Then, there exists a measurable map

W H - MM, f el (78)

with the following properties:

(i) forP-a.e. hand everyp € H 2/2,

#g(h+¢) = ol?® #gh, (79)
(ii) for all Borel measurable f : FI;5 X M — [0, co], we have that
E [ fh 0 = [ f(+ pi,(x, ). x) dvol, (0, (50)

(iii) forallp € (—oo,j—'; ,
h p
E[/ﬂg’ (M) ] <.

Remark 4.2. Equation (80) implies that E[,chh] = vol,.
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Definition 4.3. The random measure ,u};h is called the plain LQG measure on (M, g).

Proof. The result follows from general results regarding the theory of Gaussian multiplicative
chaos by Kahane [54] and Shamov [78]. Shamov [78] gives an axiomatic definition of Gaussian
multiplicative chaos and shows that the limit measure is, in fact, independent of the choice
of approximating sequence. In the language of [78], our result follows from the existence of a
subcritical Gaussian multiplicative chaos over the Gaussian field h, identified with the mapping
(hl-),: FI;”/Z — L(v,), and the operator k, : I—DI;”/2 N PQIS/Z c Lg. Properties (i) and (ii) being
respectively [78, Dfn. 11 (3)] and [78, Thm. 4]. The moments estimates (iii) can be found in [54,
Thm. 4] for p > 0 and [75, Thm. 2.12] for p < 0.

The existence of the Gaussian multiplicative chaos ,u}g'h — or, more precisely, the existence of
the random variables [, u d,ugh as a limit of uniformly integrable martingales — follows from an
argument of [54, Thm. 4, Variant 1]. This argument is stated in the slightly more restrictive setting
of positive kernels. This restriction, however, does not harm in our case. Indeed, passing from A to
h := h + C& with some standard normal variable ¢ independent of h will change k , into IE!] +C?
that is eventually (for sufficiently large C) a positive kernel. The corresponding random measures
are then related to each other according to

2
glg’h = exp (yC§ — %C2> ,u’g/h ) O

Remark 4.4. Regarding uniform integrability and the existence of (plain) LQG measure, the
work [7] provides an alternative approach based on the study of thick points of the underlying
Gaussian fields.

4.2 | Approximations
Let us recall the content of [78, Thm. 25] specified to our setting.

Lemma 4.5. Let q, € L>(M?,vol , ®vol,) be a family of kernels as in Proposition 3.11 and let
(hy(¥))yem be Gaussian fields as in (71) with covariance kernel k , , as in (72). Further set

2
dﬂ}g/hf(x) i=exp (Vhf(x) - %kg,f(x,x)> dvol ,(x) . (81)

Assume that

(i) The family (uhe(M )zen is uniformly integrable.
(ii) Forallu € ﬁg/z, q.u — uin L°(M, vol ).
(iii) k,, — k, in L°(M?,vol, ® vol ).

Then ,ugh” - ,uZh weakly as Borel measures on M in P-probability as £ — oo. Even more, for every

1
uelL (M,volg),

/ud,u};hf—)/ud,uyh inL'(P) as ¢ - . (82)
M M g
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In practice, the criteria (ii) and (iii) of the previous lemma are easy to verify. The remaining
challenge is the verification of (i).

Lemma 4.6. Assume that for every § > 1, thereexistsC > 0, £y € N, and a nondecreasing sequence
(cp)pen Such that forall ¢ > €4 and all x,y € M,

1
d(x,y)

k,/(x,y) < Slog < A cf> +C. (83)

Then for every y € (0, y/2n), the family (,u};h” (M) ey as in (81) is uniformly integrable.
Proof. This follows from Kahane’s comparison lemma [54], cf. [78, Theorems 27, 28]. O

In the rest of this section, let g, be a family of probability kernels as in Example 3.12 (i). The
lemmas above allow us to obtain the following crucial approximation results.

Theorem 4.7. Let the kernels q, be given in terms of a compactly supported, nonincreasing function
n:R, >R, as

1
Ny(x)

G(Y) = ——pdxy).  Ny) = /M 72 dCx, ) dvol () .

Then, with /,tgh” defined as in (81),
,u)g'h‘) —>,u};h as £ — o

in the sense made precise in (82).

Remark 4.8. The assertion of the previous theorem holds as well for
1
q,(x,y) 1= 150 d(x, )
¢

with the “Euclidean normalization” N :=£7" fRn 7(]y]) d£"(y) in the place of the “Riemannian
normalization” N ,(x).

Proof. Assume that 7 is supported in [0,R]. The verification of the criteria (ii) and (iii) in
Lemma 4.5 is straightforward: (ii) was proven in Example 3.12 (i). (iii) follows from the fact that
k,(x, -) is bounded and continuous outside of any ¢-neighborhood of x, that g,(x, -) is sup-
ported in an R/Z-neighborhood of y, and that q,(x, -) — 8, as £ — oo. Thus, for every x, y with
d(x,y) > 2e and every £ > R/,

=00
K, (uy) = / . / )8 200 vl () e, (1) < K (.9).
B.(y) JB.(x

Our verification of the criterion (i) in Lemma 4.5 is based on Lemma 4.6, the verification of
which will, in turn, be based on the following auxiliary results.
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Claim 4.9. For all x,y € M with d(x,y) > 3R/?¢,

// qf(x x")q,(y,y") dvol (x") dvol ,(y") < log +1log3.

d(x,y)

Proof. Combining the assumption d(x,y) > 3R/# and the facts that d(x,x’) < R/¢ for all x’ in
the support of g,(x, -) and d(y,y") < R/ for all y’ in the support of g,(y, -) yields

A0, y') > dCx,y) - d(x,x') = d,y') > dx,y) = 2R/E > (%)
Thus, the claim readily follows. O

Claim 4.10. For every 9 > 1, there exist g € N such that
/ log —— q,(y, 2)dvol, (2) < = / log ———5(£ 1y — z|) d£"(z) + 81og 8
d(x,z) 9 N Jgn |x! — z|

forall# > £, all x,y € M with d(x,y) < 4R/¢,and all x’,y" € R" with d(x,y) = |x" — ).
Proof. Denote by inj, (M) > 0 the injectivity radius of (M, g). For every y € M, set y :=0eRrR”"
and use the exponential map exp, : R" — M to identify e-neighborhoods of y € M with e-
neighborhoods of y’ € R" forall ¢ € (0, inj g(M ))- Since M is compact and smooth, for every 4 > 1,
there exists €4 € (0,1inj g(M )) so small that exp, deforms both distances and volume elements in

e-neighborhoods of y by a factor less than 9, for every y € M and every € € (0, €y). Choose £ so
that 4R/74 < eg. Thus,

1 g 9 / n
/1 d( ) q,(y, ) dvol (z) < Z//}/Wlogmn(fly —z|) dL"(2)

8

= — 1 £y —z|)dc" Slogd .
Claim 4.11. For all x,y € R",
[ e ey —zhde'@ < [ tog e lzhaena .
rno X — 2| ||
Proof. Without restriction y = 0 and # = 1. For r > 0, consider
1
= 1 "(z).
80 := [ tog iz de’ (2

Then

rx z,

0= [ EZ2Dngpare = [ 22 g0z - acie)
Irx — z|? re |2l
=/ . 2> (m(z —rx|) = n(lz + rx])) dL"(2) <
{z:(z,x)>0} |z]
since ¢ — 7(t) is nonincreasing. O
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Claim 4.12. There exists C* > 0 such that, for all # € N,

L/ n(fIZI)dE”(z) log# 4+ C* .
Ny 1zl

Proof. Straightforward with C* := % /R" log é 7(|z]) dL"(2). O
1

Now let us conclude the proof of Theorem 4.7. Fix § > 1, and choose ¢ as in the proof of
Claim 4.10. It remains to verify the estimate (83). For x,y with d(x,y) > 3R/, this is derived
in Claim 4.9. For x, y with d(x,y) < 3R/¢ (hence d(x,y) < €g), Claims 4.10-4.12 yield

1 -
/log R q,(y,y") dvol ,(y") < 8(log # + C*) + $log §
for every x’ in the support of g, (x, -), and thus,

// og qf(x g,y )dvoI (x") dvol (y )< 8(og? + C*)+ Jlogd .

This proves the estimate (83) with ¢, := # and C := C*9?log 9, and the proof of the theorem is
herewith complete. ]

The previous results, in particular, apply to the kernel g,.(x,y) := ) 1p /f(x)(y). Similar

1
voly (By/,(x)
arguments apply to discretization kernels.

Theorem 4.13. Let (B, ),y be a family of partitions of M with d, := sup{diam(A) : A € B,} —
0as? — oo, see Example 3.12(ii), and inf{volg(A)/d; tAeP,,C €N >0. Let

1
= —1 1,.
4 = 2 vol, (A) 4®1y
4

Then, with ,u};h” defined as in (81),

h
,u};f—>,u};h ast — oo

in the sense made precise in (82).

Proof. Again, the argumentation will be based on Lemma 4.5. The verification of the crite-
ria (ii) and (iii) there is again straightforward. Criterion (i) will be verified as before by means
of Lemma 4.6. To verify (83), assume without restriction that (B,) .y is given with

diam(A) < d,, vol,(A) > v, > Vd}

for all A € B,, £ € N and for some constant V > 0 independent of #. Then, for x,y € M with
d(x,y) > 3d,, we obtain as in Claim 4.9 that

// og qf(x x)q,(y,y )dvol ' )dvol, () <log +log3.

1
d(x,y)
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Furthermore, for every 4 > 1, every sufficiently large #, and for all x,y € M with d(x,y) < 3d,,
we have that

// SCPT qf(x x") q,(»,y") dvol ,(x") dvol ,(y")
dvol o 0
x eA vol (A )/ Y
< su su lo d[i”
x’e[ll‘\?” Acngl Ln (A)/ 8 (y)
L1(A)<u,

by comparison of Riemannian and Euclidean distances and volumes. Since |x’ -y | is translation
invariant, we may dispense with the supremum over x’ and assume instead that x’ = 0 € R".
Furthermore,

1 1
su lo dE"(y )= sup su —/ 1,")lo —dﬁ"(y)
ACRIZ Ln (A)/ g U<UI,)w Acﬂg” U Jrn A g| |
LM(A)<V, L"(A)=v

<sup [ tog pnaen)
v<vy U JB(0) | |
by Hardy-Littlewood inequality and spherical symmetry of —log |y’|, where r = r(v) is so
that £"(B,(0)) = v. Furthermore, since £ — v, is monotone decreasing to 0, we may choose £

additionally so 1arge thatv, < 1 For all such ¢, since r(v) < r(v,) < 1 and —log | y | 1 on B,(0),
the function v — /B 0 © log = o dE”(y ) isincreasing for v € [0, v,). We have therefore that, for

every 4 > 1, every suff1c1ently large ¢, every x,y € M with d(x,y) < 3d,,

[] 108 g ) .05 ol (vl 0 < /B e Lacno)

with r > 0 such that £"(B,(0)) = v,. For such r, we may compute

1 o1 1 M1
_— —dE”( N== / lo —s”_lds=—/ log = dt
LB Jy BT ), 8 wr [, 1987

IR O B |
=T (1—logr )—n+logr.

That is, for d(x,y) < 3d, with sufficiently large 7,
’ 1 1 1
log qf(x x)qf(yy)dvol (x)dvol O < (—+10g—><C+Slog—
n r 3d,

since r = (Uf/cn)l/n > (V/cn)l/'1 d, with ¢, = £"(B;(0)). Thus, summarizing, for all x,y € M
and all sufficiently large 7,

1

//log qf(x x")q,(y,y") dvol ,(x") dvol ,(y') < C + S 1og Ay v ad,
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The previous theorems do not apply to the kernels

¢
4e = Z¢j ®Y;
i=1

J

for the eigenspace projections. These kernels are not nonnegative and not supported on small
balls, even for large #. Nevertheless, u’"* can also be obtained via eigenfunctions approximation
according to our next result.

Theorem 4.14. Consider the eigenfunctions approximation (hf) sen 8iven in (66) with covariance

kernel (kqf)feN asin (67). Let (,u’,;hf>f | be as in (81). Then for all Borel B C M,
. ¢ c

B[] B)| &b = 1 B).
In particular, ( ,ughf (B))fEN is a uniformly integrable martingale and thus P-a.s. and in L'(P)

Wy (B) > W'B)  ast oo (84)
Proof. Fix ¢ > 0 and consider the function F : C®(M) X IfIg‘E

F(®,¥) := / eyq’(x)dpgq’(x), ®eC®M)¥e Ii’lq-f )
A . ¢

Fix a Borel set B C M. Since h, is almost surely smooth, in view of (79), we find that
("(B) = F(hs,h — hy).

y(h—hy)

9 (dx) = e77he(x) ,ugh(dx), and we see that, for ® € C*® deterministic

Again, by (79), u
G(®) := EF(®,h—h,) =E / e/ P e T M (x) .
B

Observing that h,(x) = 7, (h) and
¢
kg,f(x’y)zﬂf,x(kg(x’ ))()’), nf,x(u) = z<u|¢1>g¢](x)’ uEHg_E5
j=1
putting f(h, x) := e?*@e 772 and applying (80), we find that
a®=E/fmmm%Wm:E/fm+wgmomqum
B B
=E / o7 P (=7 Ko LX) qyol (),
B

Using that h,(x) is Gaussian, we conclude that

2
G(®) = /eyq)(x)e_%kffx”(x’x)dvolg(X) .
B
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Since h, and h — h, are independent and h, is measurable with respect to &, ..., £, we have that

B[w/'®) | €1, & | = B[FGhh = b)) | €1, 8] = Gl = ) (B) 0

4.3 | Conformal quasi-invariance

Theorem 4.15. Assume that the Riemannian manifold (M, g) is admissible and that ¢’ = e*?g
withgp € C®(M). Fory € (— \/ﬂ, \/ﬂ), let ,ugh and ,qul, denote the plain LQG measures on (M, g)
and (M, g"), resp., with h ~ CGFy , and h ~ CGFy; - Set v o= vol /(M), and define a centered
Gaussian random variable & and a function ¢ € C*(M) by

Ei=(hy,, §:= %kg(e"q’) - ﬁ K, (", e"). (85)
Then

r (d _ _2-
Iu}{’;’ @ e Vi T etne ;ﬂ;h . (86)

Our formulation of the plain LQG measure is slightly different from the one usually considered
in dimension 2, see Section 4.4 for more details.

Proof. Leth ~ CGFy, .. For# € N, let h, be the Gaussian random field defined by (66), and define
the random fields

h; i=hy—(hy)y, n :=h—<h>;,. (87)
Random fields
The convergence h, — hfor# — oo asstated in Proposition 3.9 implies an analogous convergence
h), — h'. More precisely, for every u € ﬁg/z = FIZ/Z,

Tim (), = lim (b &%), = (h|e*u), = (h]u),,
aswell aslim,_, . (h,), = (h), , the convergences being P-a.s. and in L%(P), and thus,
}LIIOIO (R, | u>g, = (K| u)g,, P-a.s. and in L%(P) . (88)

Let us set k; LX) = E[h’f(x) h’f(y)] and let us denote by k’g , the corresponding integral
operator on Lz,, namely,

(K u)(x) := / K (e, yu@dvl, (v),  uel?, .
Then,
lim // U)K, () o) dvol®2(x, ) = im B[ (h, |u) , () v}, ]
=E[(W |u),, (W|v), |
=[] w00 dvolSi ),
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where the first equality holds by definition of k; ,» the second equality holds by (88), and the
third equality holds since h’ ~ CGF;, o by Theorem 3.13. In particular, we have the following

convergences:
li;n,/k’gfu=\/kg/u, VueLf],, (89)

. 12 _
h§n kgf =ky, ae.onM X M. (90)
Random measures
Now, let us set, for all # € N:
2 h/ 2
vhe . _ yh,—TE[R2] e _ o= S El(h, ] vol,;

Mg " =e vol, , resp. Hy

On the one hand, by Theorem 4.1, we have that
li;n/ud,ughf = /ud/ﬂ;h , uecM), (91)

hl
in L'(P). On the other hand, similarly to the proof of Theorem 4.1, the martingale {,u};, ‘(M) :

¢ € N} is uniformly integrable. Together with (89) and (90), this verifies the assumptions in [78,
Thm. 25], hence

n, '
li;n/ud/,t:,‘ :/ud/ﬂg’fi , u€C,M), (92)
in L1(P).

Radon-Nikodym derivative
Similarly to Theorem 2.20, we can compute k; p explicitly. For short write m , = vol / / v'. Then,
we have

k! ,(x,y) := E[R, () h,(»)] = E[(h(x) = (hs)y) (R(0) = (he) )]
=k, (x,y)+ //kgf(w,z) dm?z(w, z)
_/kg,f(x’z)dmg’(z)_/kg,f(y,lU)dmg/(w)

1. 1.
=k, (x,y) - zqvf(X) - Eco,,»(y),

where we have set

?.(+) :=Z/kgf(-,z)dmg/(z)—//kgf(w,z)dm?z(w,z)

2 1
= U kg’f(em’) - F ICgf(e”@, en(P).
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Thus, in particular,
k;’t,(x, x) =k, (%, %) = §(x).
Furthermore, set £, := (h,) g = (hs|€"?) g Then, almost surely:
vhe

2 2
log () = 7y (2) = LB [ (7] =y W0 + LB [ 07| = o)
du ,’

gl

2
=7 (he)y + SB[, = by (0] = ng(x)
2
=780 + L ()0 — ko () — ()

y2
=y&, - 7@@) — ng(x),

and thus, for every u € C, (M),
rhy —y £ LB (g () yhy
u()dul ‘()= [ eTirTee u(x) i) (x) . (93)
M M !

Convergence

As ¢ — oo, by (88) applied with u = e"?, we have that £, — &, P-a.s. Moreover, @, — @ in
L*(M, vol ) according to Lemma 2.15(vii). Together with the representation formula (93) and the
convergence obtained in (91) and (92), this implies that, in L1(P),

[ ua’ o =lim [ uedu) o

2 =
_ }m‘}o oV St 5 P ()Hne(x) u(x) d,ught (x)
- M

2 —
= }im e £+ L p(x)+ng(x) u(x) d,ughf )
— 0 M

2
:/ e—7§+77¢(x)+”¢(x) u(x) d,u’g’h(x) .
M

This proves the claim. O

Corollary 4.16. Assume that (M, g) and (M, g') are admissible and conformally equivalent with
diffeomorphism ® and conformal weight e*®. Let h and h, denote the co-polyharmonic random

fields, and ,u};h and ,u};fl, the corresponding plain LQG measures on (M, g) and (M’, g), resp. Then
9

d e+l
Wl 2 e, (e v e M§h> (94)

with £ and @ as above.
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As for the co-polyharmonic Gaussian field, the conformal quasi-invariance simplifies whenever
we consider plain LQG measures constructed from ungrounded fields. To this end, we use the
identification H;E ~H g‘f @ R with bijections i — (7 ,(h), (1) ), (h,a) = h + a, and extend the
definition of the map H q‘E - My(M), h — M?;h from (78) to a map H;8 - M, (M) by putting

y(h+a) ._ ,ya ,,vh
I =t (95)

Corollary 4.17. Assume that h ~ CGF 9 and W' ~ CGF o> then

2
n (d) Py
,uy, = en¢+ 2 ¢

yh
g Ky

Even more, for all measurable F : H_* X My(M) — R,:
/F(h’, ﬂgf” )dC/G\Fg/(h’) - /F<h enﬁé%gh) dCGF () .
Proof. Expanding the definition of CGF and using Theorems 3.13 and 4.15, we find
/ F(h’, ,,{]f") dCGF /(W) = / F(h’ +a, eyaygf") da dCGF ,(h)
- / F(h —¢+a, eﬂa—é*)eémwygh) da dCGF ,(h) .

We conclude by the translation invariance of the Lebesgue measure. O

4.4 | Liouville quantum gravity measure

Recall that k is the kernel of the inverse of the normalized co-polyharmonic operator p,,. Now
we propose a further additive normalization in terms of the function

Vx € M.

. 1
r (x) =limsup |k (x,y) —lo ,

This function has an important quasi-invariance property under conformal changes.
Lemma 4.18. Let ¢ smooth and g’ = e*® g. Then with the notation of Theorem 4.15,
g —ry=—¢+¢.
Proof. By Proposition 2.20, for x # y € M:
[k, (x,y) +logd,(x, )] — [k,(x,y) +logd,(x, )]

1_ 1.
= —Eco(X) - qu(y) +logd(x,y) —logd, (x,y) .
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Thus, the claim is obtained immediately by letting y — X, and noting that

dg/(X,Y)

RN asy — x .
d,(x,y) O

Definition 4.19. We define the LQG measure (also called adjusted LQG measure) by
2
o' — r vh
2 _exp<2 rg)yg .

Theorem 4.20. Let ¢ be smooth, g’ = e** g, and h and h' co-polyharmonic Gaussian fields with
respect to g and ¢'. Then

/

orh _ Vad ot

f, =exp [ r§+ (n +5 )rp]ug :

where § = (h),.

Proof. This is a direct consequence of Theorem 4.15 and Lemma 4.18. O

As before, in order to get rid of the Gaussian random variable £ in the conformal quasi-
invariance formulation, we need to consider the law induced by the ungrounded co-polyharmonic
field, cf. Corollary 4.17.

Corollary 4.21. Assume that h ~ C/G\Fy and b’ ~ C/(ﬁ:g,, then

2
A C I CTE A My
/"{g/ =e Mg )
or, in other words,

_yn (E) —yT(h)
:ug/ - l'(g ’

with the shift T : h — h + (g + g) 0.
Even more, for all measurable F : H;E X My(M) - R,:

1 YR ARE "N _ (Vl+ﬁ)(0— h CGE
/F(h,/xg, )dCGFg,(h)_/F<h,e Do )dCGFg(h).

Remark 4.22. Let us assume for the sake of discussion that the function r B is smooth. This is known
tobe true in the case n = 2;in arbitrary even dimension, according to [66, Lem. 2.1], the function r B
is at least C2. With respect to the smooth function r 4> We define the refined co-polyharmonic kernel

by
R = k L L
(5 ¥) ==k, (x,y) - Erg(X) - zrg(y) +c,,

where ¢ g = (r p ) gt j—tp g(r ey ). With k g0 it shares the estimate (59), and in addition, it satisfies

. ~ 1
limsup |k, (x,y)—log —| =¢, , XEM. 96
nsup o(6 ) gdg(x’y) g (96)
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(i) Thekernel k o is the covariance kernel associated with the refined co-polyharmonic field given
by

- 1
hy :=h, — E(hg | pgrg>g J
where h, denotes the co-polyharmonic field as considered before.

(ii) Let Eg/ and ﬁg, denote the refined kernel and refined field associated with the metric ¢’ =
e?? g for some ¢ € C®(M). Then

~ ~ 1 1
k() = k() + 2000 = 200) +ey —¢, . 97)
and

L@ ~ 1 -~
Ry = Ry =Sy |py®), - (98)

(iii) The LQG measure (aka Gaussian multiplicative chaos) on (M, g) associated with the refined
field i , is given in terms of the plain LQG measure associated with h as

h v |4 h
qu = exp (?(r-” —-c,)— §<h | pgrg>g) ;ﬂ; .

Passing from grounded polyharmonic fields h ~ CGF, to ungrounded fields h = h + a ~
CGF, ® ! and making use of the translation invariance of ' on R, the associated LGQ
measures satisfy

; i (@ 7 _ _
,u’;h = ,u}g’h = exp (?rg> e’ ,u’;h =l ,ugh = ,ugh. (99)

That is, the plain LGQ measure for the ungrounded refined co-polyharmonic field coincides
in distribution with the adjusted LGQ measure for the ungrounded co-polyharmonic field.

Working with the adjusted LGQ measure for the co-polyharmonic field (rather than with the
plain LGQ measure for the refined co-polyharmonic field) allows us to avoid any smoothness
assumptiononr .

Proof.

(i) Straightforward calculations yield for u,v € H 2/ 2,

//EQ(X’Y)L‘(X)U(J’)dV0|g(X)dvo|g(y)
=E[(R|u), - (R]v)]
=//kg(x’y)“(x)U(Y)dV0|g(X)dvolg(y)

1 1
_ E/udvolg K, (p,T,s0) = 5 / vdvol, - K, (p,r,, u)

1
+ Z/udvolg-/vdvolg K (pyrysPyTy) -

(ii) Immediate consequences of Lemma 4.18, Proposition 2.20, and Theorem 4.15. O
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Remark 4.23. Most approaches to the LQG measure in dimension 2 are formulated in terms of a
(“background”) metric tensor g that is translation invariant. In these cases, r, = const and thus
plain and adjusted LQG measure coincide up to a multiplicative constant. Both measures are
obtained by regularizing h via convolution and by normalizing e”":)vol(dx) by some explicit
power of ¢, say ¢7’/2. This translation invariant renormalization in terms of ¢°/2 is then also
employed in the nonhomogeneous case ([28, sect. 2.3]: “We need that these cut-off approximations
be defined with respect to a fixed background metric: we consider Euclidean circle averages of the
field because they facilitate some computations...”), whereas the “intrinsic Riemannian perspec-
tive” would suggest to renormalize by exp (—y%/2 E[h.(x)?]). As observed in [28, Prop. 2.5] and
[47, Lemma 3.2], in our notation

E[h,(x)*] = —log(e) + r,(x) + 0(1),

and thus, the LQG measure constructed in [28] and [47] for arbitrary closed Riemannian surfaces
coincides with the adjusted LQG measure in our sense.

5 | LIOUVILLE BROWNIAN MOTION AND RANDOM GJMS
OPERATORS

5.1 | Support properties of LQG measures

In the sequel, we will study support properties on M for a.e. realization of LQG measures. Since the
(adjusted) LQG measure pgh and the plain LQG measure ,u’g'h only differ by a deterministic (finite
and positive) weight, these support properties will be the same for both of them. For convenience,
we will state them for the plain LQG measure.

Since a typical realization of the plain LQG measure ,u}g'h is singular with respect to the volume
measure of M, it gives positive mass to certain sets E C M of vanishing volume measure. However,
it does not give mass to sets of vanishing H5-capacity (for sufficiently large s), a classical scale of
“smallness of sets” involving Green kernels and thus well suited for our purpose.

Definition 5.1. For s > 0, the H*-capacity (aka Bessel capacity) of aset E C M is
cap,(E) := inf{llflli2 : Gyjp1f 2 1vol-ae.onkE, f> 0} . (100)

A set with vanishing H*-capacity, also has vanishing H"-capacity for every r € (0, s), we call a
set E such that cap,(E) = 0, a cap,-zero or a cap,-polar set.

Theorem 5.2. Consider the co-polyharmonic Gaussian field h ~ CGF, and the associated plain

LQG measure ,u)g'h on (M, g) with |y|?> < 2n. Then for a.e. h and every s > y?/4, the measure /ﬂ;h
does not charge sets of vanishing H*-capacity. That is,

cap(E) =0 = ,ugh(E) =0 for every Borel E C M .

For applications of this result in the remainder of this paper, two choices of s are relevant,
s=n/2ands=1.
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Corollary 5.3. Consider h and ,u)y'h as above.

* If ly| < V/2n, then P-almost surely ,u};h does not charge sets of vanishing H"/?-capacity.
* If ly| < 2, then P-almost surely /.t}g/h does not charge sets of vanishing H'-capacity.

In the particular case n = 2, both assertions coincide. In general, none of the two assertions is an
immediate consequence of the other one.

Our proof of the theorem relies on results on Bessel capacities and on a celebrated estimate for
the volume of balls by J.-P. Kahane for random measures defined in terms of covariance kernels
with logarithmic divergence.

Concerning capacities, we adapt to manifolds results in [92] that do not follow from [27]. Denote
by M, (M) the space of nonnegative finite Borel measures on M. For u € M, (M), we set

6yt = [ Goulry)du),  sa> 0,
and, for a measurable set E C M:

by(E) :=sup { k(E) : 1 € My(M), [[Gyoa (L) 2 <1} (101)

Remark 5.4. The Bessel capacities as defined above are “order 1 capacities” in the sense of Dirichlet
forms. The corresponding “order O capacities” would be defined by replacing the operator G;;
with its grounded version G s- As a consequence of the compactness of M, these capacities define
the same class of cap-zero subsets of M.

Lemma 5.5. Let s > 0. The following assertions hold true:

(i) capy is a regular Choquet capacity;
(ii) for every Suslin set E C M,

bS(E)2 = cap(E);

(iii) if u € M,(M) satisfies |Gy, 1 ull 2 < 00, then p does not charge cap-zero sets;
(iv) any function in H* is pointwise determined (and finite) up to a cap,-zero set;
W) if(u) CHSandu € H; satisfy limy |u, — ul,,s = 0, then there exists a subsequence (ukj )j C
H? so thatu = lim; w; pointwise up to a cap-zero set.
J

Proof. Since assertions (i) and (ii) above are set-theoretical in nature, their proof is adapted ver-
batim from [92]. In particular, (i) is concluded as in [92, Cor. 2.6.9], and (ii) as in [92, Thm. 2.6.12].
These adaptations hold provided we substitute the operator g, *in [92], « = s/2, with G/, ;, and
noting that Gy, ; (x, -) is continuous away from x.

In order to show (iii), let E C M be cap-polar. By standard facts on Choquet capacities, E can be
covered by countably many Suslin cap,-polar sets. Thus, we may assume with no loss of generality
that E be additionally Suslin. By (ii) and definition (101) of b,, we then have

which concludes the proof by assumption on E.

can B>

Gs/21H Gs/21(Apm)|| , - bs(E) > KE ,

12
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(iv) By definition, u is in H® if and only if there exists v € L? such thatu = G, /220, and [lullys =
lv]l 2. By density of C®(M) in both L? and H?, it suffices to show that, whenever u,, — u vol ;-
a.e. and in L?, then G, /21U = Ggp1u capg-g.e. This latter fact holds as in [92, Lem. 2.6.4], w1th
identical proof.

(V) First, let us show that

cap,({If1 > ap) < Ifll3./a> , feH ,a>0. (102)
Indeed,

Gyp1(1—A )2 fI/a=|fI/a>1 on{lf|>a},

hence, by definition of cap,, we have that

cap, (411> ap) < | = 8,111/}, = 171/allys = 113/ 02

Now, let (ukj), C (uy)y, be so that |lu — U, 17, <27%, andset A; := {Ju - u | > 277}, By (102),
j

capy(4;) < 22j||u — ukj”?{s <27,

Set A := cap;":1 U;‘;f Aj. If x ¢ A, it is readily seen that limj [u(x) — Uy, (x)] = 0 by definition
of the sets A;. Thus, it suffices to show that cap(A) = 0. Since cap, is a Choquet capacity, it is
increasing and (countably) subadditive, and we have that

[o+] o0 (o]
cap,(A) < caps<U Aj) < Z capy(4;) < z 27J =70+ £ eN.

j=t j=t j=¢

Since ¢ was arbitrary, the conclusion follows letting £ — oo. O

For the above-mentioned, celebrated estimate for the volume of balls by J.-P. Kahane — con-
cerning the so-called R} classes —, we refer to the survey [75] by R. Rhodes and V. Vargas. Note
that |k, (x,y) + logd(x, y)| < C and recall Remark 3.8 concerning positivity of k.

Lemma 5.6 [75, Thm. 2.6]. Take a € (0,n) and y?/2 < a. Conszder a co-polyharmonic Gaussian
field h ~ CGF and the associated plain LQG measure ptg on (M, g). Then almost surely, for all

€ > 0, there exists § > 0, C < oo, and a compact set M, C M such that ,u};h(M \M,) <eand

YhB.(x) N M,) < Cré7 /248 wr >0, ¥x € M. (103)
p" (B, :

Proof of Theorem 5.2. For a.e. h, the following holds true. Let numbers y, s € R with y? < 4s <
2n be given as well as a Borel set E C M with /vtgh(E) > 0. Applying Lemma 5.6 with a :=n +
y?/2-2s€[y?/2,n)and ¢ := %,L{Z(E) > 0 yields the existence of § > 0, C < oo, and a compact

set M, C M such that ,u}g'h(M \ M,) < ¢ and (103) holds. Set y, := 1 ,uzh. Then, u.(E) > ¢ > 0.
Furthermore, with f(r) :=r* " and R := diam(M), uniformly in y,

R
/M FdCey) () = — /M /0 1o aiey S (P)dr dpt ()

R
- /O (B, () f(r) dr
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R
2 _ndr
S(H—ZS)/ ra y/2+5r2s n4r
0 r

R 5dl”
=(n—2s)/ rP—<C <o.
0 r
Hence, according to Lemma 2.10,

0< Gs,l/"e(y) < C, . (104)

Thanks to the convolution property of the kernels G, ; for r > 0 [29, Lem. 2.3(ii)], the uniform
estimate (104), and the fact that ,u’g'h is a finite measure, we find, with ¢/ := 14,

Gs/2,1(:u,)

iz =///Gs/2,1(x,y)d,u’(y) Gy /2.1(x, 2) ' (z) dvol ,(x)

=//Gs,1(y’z)dl~l’(y)d,u/(z)
<C @ (M) =: C" < .

Hence, by the very definition of by,

!
E
bE) > LB 5 o,
||Gs/2,1(,u 2 c”
and thus, in turn, cap(E) > 0 according to Lemma 5.5. O
5.2 | Random Dirichlet form and Liouville Brownian motion

For sufficiently small |y|, the LQG measure ugh does not charge sets of 1!-capacity zero. Hence,
a random Brownian motion can easily be constructed through time change of the standard
Brownian motion ((B,);>0, (P )xen)-

Theorem 5.7. Let (M, g) be admissible, let h ~ CGF g denote the co-polyharmonic Gaussian field,
and ,u’;h the associated LQG measure with |y| < 2. Then, for P-a.e. h,

(i) A regular strongly local Dirichlet form on L*(M, /,t?;h) is given by
NS ) = /M VflPdvol,,  DEM:={fen'®n: ferrMmuh} (05

where f denotes the quasi-continuous modification of f € H'(M).
(ii) The associated reversible continuous Markov process ((Xfl)tzo’(Pﬁ)xeM)» called Liouville
Brownian motion on (M, g), is obtained by time change of the standard Brownian motion on
h .. . I vh
(M, g). Namely, let (A}),., be the additive functional whose Revuz measure is given by u;",
then

20

Pﬁ::[@ X" =B, Th:=inf{s>0:A?>t}.
t
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(iii) Moreover, for every bounded probability density p on M, the additive functional (A?)go isP,-
a.s. given by

t 2
— lim | exp (y ho(B,) - y—kf(Bs,Bs)>ds , (106)
‘= Jo 2

with h, and k, as in (66) and (67).

Remark 5.8. Recall that the additive functional A" associated with the measure ,ugh is the process
characterized by

t t
E, [/ u(BS)dAz‘] = / /u(y) ps(x,y) du}g’h(y)ds , ueB,,t=0, (107)
0 0

where B, denotes the space of real-valued bounded Borel functions on M. For further information
on additive functionals, see [38].

Proof. (i) and (ii) hold using standard argument in the theory of Dirichlet forms. Indeed, Corol-
lary 5.3 and the compactness of M imply that for P-a.e. h, the measure ,ugh is a Revuz measure
of finite energy integral. For details, see [45, Thm. 1.7], where this argument is carried out in the
case when M is the unit disk.

(iii) Fix t > 0 and p a probability measure with bounded density on M. We consider the
occupation measure

t
dL;(x) =/0 dég (x)ds .

Observe that for a > 0,

ol [ 5] L wenonoare
=2/Ot/st///d(y,z)‘aps(X,Y)pr_s(J’,z)dvolg(y)dvolg(z)dp(x)drds

t
< Ctsup / // d(y,z) *p,(y,2) dvol (y)dvol (z)ds
¢ Jo
<Cté // d(y,2)"“G, 1 (v, 2) dvol (y) dvol (2) .

According to the estimate for the 1-Green kernel G, ;, the latter integral is finite for all « < 2. This
means that, P P-almost surely, L, satisfies [54, Eqn. (39)] for all o < 2. Thus, L, is, P p-almost surely,
in the class M; for all & < 2. Arguing as in the proof of Theorem 4.1, we find that, for all y? < 4,

having fixed the randomness with respect to P, there exists a random measure vi’h that is the
Gaussian multiplicative chaos over (h, yk) with respect to L,.
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Now, for all Borel sets A C M, we set

thf(A) = /Aexp <yhf(x) - y—;kf(x,x)>st(x)

t 2
= [ 1aBoexp (vhoB) - LB, s

Since we choose (hf) ,asin (66), the family (V;/hf ), is a P-martingale for every fixed ¢ > 0, sim-
ilarly to Theorem 4.14. The fact that vi’hi - vi’h follows from the same uniform integrability
argument for martingales as in Theorem 4.14.

For all t > 0, set Ai‘ = vfh(M) and A?f = vg/h” (M) for each # € N. It is clear that t — A?” is

the positive continuous additive functional associated to ,ugh‘ by the Revuz correspondence, that
is, (cf. (107)),

t t
E, [/0 u(BS)dA?"] :/0/[/ S(x,y)u(y)du};hf(y)] dp(x)ds , ueB,,t=>0. (108)

Now let A[h denote the positive continuous additive functional associated with ,uzh. Then applying

h

(82) twice — to ,u’;hf - ,u};h and to v[hf — v;! — we obtain that in P-probability:

E, [/Otu(Bs)dA?] =E, [/Mudvlh]
t
= }er; E, [/Mudvth”] = /11_1)130 Eo [/0 u(BS)dA?”]
t
=m [ ] [ / ps<x,y>u<y>du£’”‘f<y>] dp(x)ds

t t
-1/ [ / ps(x,y>u(y)dugh(y)]dp(x)ds=[E,, [ / u(BS)dAg].

This shows that A" = A" a.s. wrt. P ® P, and concludes the proof. O

Remark 5.9. The intrinsic distance associated to the Dirichlet form (105) vanishes identically. This
can be easily verified, exactly as in [45, Prop. 3.1].

Remark 5.10. The previous constructions work equally well with the adjusted Liouville measure
,L‘ﬂg'h (or with the refined Liouville measure ﬂ}g'h) in the place of the plain Liouville measure x". For
a.e. h, the resulting process, the adjusted (or refined, resp.) Brownian motion, can be regarded as
the plain Brownian motion with drift.

Remark 5.11. In the case n = 2, Liouville Brownian motion shares an important quasi-invariance
property under conformal transformations. In higher dimensions, no such — or similar — con-
formal quasi-invariance property holds true. Indeed, the generator of the Brownian motion, the
Laplace-Beltrami operator, is quasi-invariant under conformal transformations if and only if
n=2.

For the two-dimensional counterparts of the previous theorem, see [6] and [45, 46].
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5.3 | Random Paneitz and random GJMS operators

In higher dimensions, from the perspective of conformal quasi-invariance, the natural random
operators to study are random perturbations of the co-polyharmonic operators P,. To simplify
notation, we henceforth write P and vol rather than P B and vol g

Theorem 5.12. Let (M, g) be admissible, let h ~ CGF p denote the co-polyharmonic Gaussian field,
and ,u};h the associated plain LQG measure with |y| < 1/2n. Then, for P-a.e. h,

G'(u,v) := / \/I;u \/Ev dvol, u,v € D(G") := H"/? nLZ(M,,u}g’h) ,
M

is a well-defined nonnegative closed symmetric bilinear form on L*>(M, ugh).

Proof. Since /,Ug'h does not charge cap,, /,-polar sets by Theorem 5.2, and since every f € H"/?
is cap,, /,-q.e. finite by Proposition 5.5(iv), every f € H"/? admits a ,u};h—a.e. finite representative

(possibly depending on h). Thus, G" is well defined on H"/? n LO(,u};h). In order to show that G"
is finite on D(G"), letu = G, 4 ,u', resp. v = G,, /4 ;0" € H"/?, withu’,v’ € L?, and note that

Gh(u’ U) = <Gn/4,1u’ | PGn/4,1v,>L2 = <u, | Gn/4,1PGn/4,lvl>L2

1212 < oo

<[ 21Vl 2 Gr/4,1PGpyan
by admissibility of M.
In order to show closedness, it suffices to show that D(G") is complete in the graph-norm

1/2
lull pny = <(§h(u)+ ”””izwh)) , u e DE").
g

Since G" vanishes on constant functions by Theorem 1.3(ii), it suffices to show that D((oih) =
"2 n LZ(,ugh) is complete in the same norm. To this end, let (u;), be D(@h)—Cauchy and note
that it is in particular both Lz(ugh)- and G"-Cauchy. In particular, there exists the Lz(ugh)-limit u
of (uy),, and, up to passing to a suitable nonrelabeled subsequence, we may further assume with
no loss of generality that lim, u, = u ,uzh-a.e. Furthermore, by Lemma 2.15(ii), " defines a norm
on H{"/2, bi-Lipschitz equivalent to the standard norm of 74"/2. As consequence, (ug )y is as well
H"/2-Cauchy, and, by completeness of the latter, it admits an 7{"*/2-limit u’. Up to passing to a
suitable nonrelabeled subsequence, by Proposition 5.5(v), we may further assume with no loss
of generality that lim; w, = v’ cap,,/,-q.e. In particular, again since ,u;'h does not charge cap,, /,-
polar sets, we have that lim, u, = u /,tgh-a.e., thatisu’ = u ,ugh-a.e., hence as elements of Lz(ugh).
It follows that Lz(;ﬂ;h)-limk u;, = u, which concludes the proof of completeness.

Nonnegativity is a consequence of the admissibility of M. Symmetry follows from that of P,
Theorem 1.3(iv). O

Corollary5.13. Let (M, g), h, v, and ,u}g'h be as above. Then for P-a.e. h, there exists a unique nonneg-
ative self-adjoint operator P" on L*(M, /xgh), called random co-polyharmonic operator or random
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GIMS operators, defined by D(P") ¢ D(G") and

G"(u,v) = /uth d/,t};h , ue DPY, ve DG .

In the case n = 4, the operators P" are also called random Paneitz operators.

Corollary 5.14. With (M, g), h, y, and ,u};h as above, for a.e. h, there exists a semigroup (e“Ph )i>0
of bounded symmetric operators on L*>(M, ,u}g'h), called random co-polyharmonic heat semigroup.

Proposition 5.15. The random co-polyharmonic heat flow (t,u) — e™! Py is the EDE-gradient flow
for %@h onL*(M, ,ugh).
Here “EDE” stands for gradient flow in the sense of “energy-dissipation-equality,” see [1, Dfn. 3.4].

Proof. The energy decays along the flow according to

d d
a@h(u,) = <\/Eau, | \/P_hu[> = —(Phuy, | Phu,>L2(M£h) = —||P"u,||?

vh
sz);”') L2y )
h . .
for u, := e~*""u,. Moreover, for each differentiable curve v,, we have

d gheyy— 4 h 1 h_ [ 4 on h_[d h
E(ﬁ (v) = a/\/P_vt\/P_vtd,u}; —/EvtP v dul" = <av[|P U[>L2. (109)

Consequently VG"(v) = P"v which leads to

Ly =-ve"u) (110)

and thus the assertion. O

tP

Remark 5.16. For a.e. h and every u € L?(M, Mgh), the solutions u, := e~ hu are absolutely con-

tinuous with respect to ,uzh for all £ > 0. It is plausible to conjecture that there exists a random
co-polyharmonic heat kernel pth such that

—tph _ h h 2
e Pulx) = /Mpt (x,y)u(y)d/vtg D) forae.xeM, uelrL.

In the case n = 2, such a kernel exists, and it admits sub-Gaussian upper bounds (see [2, 62]),

1
e d(x, y)P AT\ T
pth(x,y)sclt Nog(t 1) exp —C2<f ) te <%1] )

for any 8 > %(y + 2)? and constants C; = C;(,7, h,d(y,0)).

Now let us address the conformal quasi-invariance of the random co-polyharmonic operators.
For this purpose, of course, we have to emphasize all g-dependencies in the notation and thus
write P, and P" rather than Pand P".
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Assume that the Riemannian manifold (M, g) is admissible and that |y| < v/2n. Let h ~ CGF,

denote the co-polyharmonic random field and ;ﬂ;h the corresponding plain LQG measure on

M, g).
Given any g’ = e**g with ¢ € C®(M), define (a version of) the LQG measure on (M, g')
according to Theorem 4.15 by

,qul i=el ,uf']h. (111)
with v" = vol ,(M) and

2 2
Fi=—y(h), + zy_wcg(e"‘f’, e"?) - (§> ky(e"?) +ne . (12)

Theorem 5.17. The random co-polyharmonic operator PZ’ is conformally quasi-invariant: if g’ =
e’ g, then

r (d
pr @ o ph (113)
g g
with F as above.

Proof. By the conformal quasi-invariance of the LQG measure as stated in (111) and by the
conformal invariance of the bilinear form ¢ e

/PZ’uvd,uf’]h=(§f}l(u,v)=®f]‘,(u,v)=/ P?,uvdu?:/ eZhPZ’,uvd,u};h
M ‘ ‘ : M ¢ M - ‘

for all u and v in appropriate domains. Hence, Pfllu =" PZ,u. This proves the claim. O

Remark 5.18. The above construction can also be carried out with ﬂ};h instead of /ﬂ;h yielding
the adjusted random co-polyharmonic operator PZ. In that case, we get for the conformal quasi-
invariance the following formula:

G
ph D -Fph
g 9

where F =y (h|e"?) + (n+y?/2)p.

6 | THE POLYAKOV-LIOUVILLE MEASURE
Our last objective in this paper is to propose a version of conformal field theory on compact man-

ifolds of arbitrary even dimension, an approach based on Branson’s Q-curvature. We provide a
rigorous meaning to the Polyakov-Liouville measure 7, informally given as

exp (—S,(h)) dh
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with the (nonexisting) uniform distribution dh on the set of fields (thought as sections of some
bundles over M), and the action

S,(h) ::/ <-|\/_h| +0Q,h+ |®(M)h+me7h> dvol, (114)

where p, = a,P,, is the normalized co-polyharmonic operator (with the constant a, from (32)),
Q p denotes Branson’s curvature, and m, ©, ®*, y are parameters — subjected to some restrictions

specified below, in particular, 0 < |y| < \/ﬁ

We note that the factor ©* /vol (M) does not appear elsewhere in the literature. Its presence
is needed to address constructions of plain objects, see §6.2, while the factor is not present when
addressing adjusted objects, see §6.3.

6.1 | Heuristics and motivations

Before going into the details of our approach, let us briefly recall the longstanding challenge of
conformal field theory and some recent breakthroughs in the two-dimensional case. Here, (114)
becomes the celebrated Polyakov-Liouville action

1 2, 0O o*
S, (h) = —|Vh —R h+ ——
o0 /M<471'| I+ 29 +volg(M)

h+m e7h> dvol, , (115)
where R g is the scalar curvature and m, ©, ©*, y are parameters. (Instead of m and ® mostly in the
literature, i and Q are used. However, in this paper, the latter symbols are already reserved for the
LQG measure and Branson s curvature.) With the Polyakov-Liouville action, this ansatz for the

measure 7 (dh) = —e ~Ss(M dh reflects the coupling of the gravitational field with a matter field.
g

It can be regarded as quantization of the classical Einstein-Hilbert action SfH (h) = E fM(Rg —
2A) dx or, more precisely, of its coupling with a matter field

SEH(h) = /M |5 (R, = 2) + £y | dx

In the case n = 2 and Q* = 0, based on the concepts of Gaussian free fields and LQG measures,
the rigorous construction of such a Polyakov-Liouville measure 7, has been carried out recently
in [28] for surfaces of genus 0, [33] for surfaces of genus 1 (see also [50] for the disk), and in [47] for
surfaces of higher genus. For related constructions, see [31]. The approach of [47] gives a rigorous
meaning to

® 1
7, (dh) = exp [—/ <ER~" h+ me”h)dvolg] exp <—E||Vhllig>dh

by setting

v;(dh) = exp (=2 (h|R,), = m 2" OD) 9, (dh)
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where ,a};h denotes the adjusted LQG measure on M with parameter y € (0, 2), and

m,(dh) := v;(dh) .

This provides a complete solution to the above-mentioned challenge in dimension 2.

In dimension greater than 2, the same constructions are considered on spheres by B. Cerclé
in [16], and are anticipated in the physics literature by T. Levy and Y. Oz in [60]. Here, we carry out
the same program with mathematical rigor and in full generality on arbitrary even-dimensional
admissible manifolds.

Remark 6.1. The previous argumentation is based on the interpretation of ¥, := GFF 4 the law of
the ungrounded Gaussian free field, as a rigorous definition for the measure

! 1
det (—m

vol (M)

exp<—$<h| —Ah))dh.

To justify the latter, recall that for a nonnegative symmetric operator A on a finite-dimensional
Hilbert space H with orthonormal eigenbasis {e,, ... , e,} and eigenvalues {4, ..., 4,,}, we put

- = e - X2
/Hf(h)exp( 7 (h,Ah))dh : /Rnf<;xlel> exp( T ;/llxl>dx

and thus, in particular,

/ exp (=7 (h, AhY)dh = ————.
H

v/ det(A)

Therefore, for a positive self-adjoint operator A with discrete spectrum {4}, on a Hilbert
space H in analogy, we put

1

Vdet' (A)

where det’(A) := exp(—¢ 11(0)) denotes the regularized determinant, defined in terms of the
meromorphic continuation of the function

/ exp (—7z (h,Ah))dh =:
H

$als) = Z /1j_s,
>
initially defined for s with large enough real part. For A = —#A, this leads to the identification

S S
! 1
\/det' (=54)

Furthermore, the orthogonal decomposition 7 = h +ae, of h € Hg‘g intoh € Iflg‘E and a mul-
1

vol, (M)

exp (—ﬁ(hl - Ah))dh - v,(dh)  onIT;".

tiple of the normalized eigenfunctione, := for the (single) eigenvalue 0 of the Laplacian
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leads to

. f(ryexp (=5 (hl — An) ) = /R </HJ f(h+ae@exp(—#(h—Ah))dh)da

= 1/vol, (M) / /H f(h+a) v,(dh) |da
) \/de t( 5A)
y/vol, (M)

=Y / f(n)d®,(dn)

\/det( A)

forany f : Hg‘e — R,. This yields the identification

y/vol,(M)
\/det’(—ﬁA)

A remarkable property of the Polyakov-Liouville action is that it quantifies the conformal
quasi-invariance of the functional determinant in dimension 2. Namely, we have that [67,
Eq. (1.13)]:

exp (-ﬁ(m - Ah))dh - 9,(dh)  onH".

det’ (——A ) det’ (——A ) 1

1 -1 = 2 I, +|Vel“d | 116
BV, BT va o C 12x / pscal, + Vol dvo (1)

Thus, we can see the Polyakov-Liouville action as a potential accounting for the variation of
the functional determinant of the Laplacian coupled with the volume. It is conjectured (see [10,
Equ. (6)], [25, Equ. (5.9b)] and the references therein) that a physically relevant Polyakov formula
for n > 2 should involve the (normalized) co-polyharmonic operators. Under our admissibility, it
should take the form:

logdet’p, —logdet'p,, =®/ [%¢ngo+qug]dvolg+/Fg, dvolg,—/ngvoIg+G,

where © is a constant, F, and F, are local scalar invariants, and G is a global term. The first
integral on the right- hand side here is regarded as the “universal part.” In view of this formula,
let us define a higher dimensional equivalent of the 2d Polyakov-Liouville action:

S,(h)y=0 / hQ,dvol, + /hdvolg + m/eyhdvolg + %Pg(h, h) .

vol (M)

Remark 6.2. Minimizers of S/ satisfy

o* N
h+0 + —— +mye’" =0.
Py Rz vol (M) Y
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na,

- Q for some Q € R and put ¢ = %h, then this reads as

If we choose ®* = 0,0 = ";“,m = -

aln P, +Q, =e"?Q.
In other words, g’ = e2? ¢ is a metric of constant Branson curvature Q g = Q.
The remainder of this section is devoted to give a rigorous meaning to the measure
7, (dh) = exp(=S,(h))dh.

As an ansatz, we regard the quanuty = exp( p (h, h))dh as an informal definition of the law of

the ungrounded co-polyharmonic fleld With this interpretation, we regard [ eyhdvol as the vol-
ume of M with respect to the LQG measure. Since the latter comes in two versions —the plain and
the adjusted Liouville measure — we obtain two conformally quasi-invariant rigorous definitions
of the above measure, denoted henceforth by vZ and 17;‘.

Remark 6.3. Before going into further details, let us have a naive look on the transformation
property of our action functional under conformal changes that would apply if the random field
h were smooth. Choose ®* = 0. Then, by a direct computation, we have that for all ¢ smooth and
all h € H/?:

semg(h— 2 ) S,(h)+ (9 - —)pg(h ?)

n

2
+<2"——92>p (¢.9)—©% /qugdvolg
P2 a,y y

where we used that Q2 , = e™"?(Q, + — p ,®)- In particular, when selecting the special value

0=a, ; the above expression simplifies to

Sez¢g<h—§qn> =5,(h) - [ p,(p.0) +a, /godivolg].

Therefore, writing T for the shift by h— h + §q0, we expect the following quasi-conformal
invariance:

dT 72 2/1
log%(h)z %<§pg(go,qo)+an/qugdvolg> .

However, due to the choice of the measure v, the random field & will not be smooth. As a con-
sequence, the quasi-conformal invariance arises at a different Value of G) (and/or ©*). Indeed,
the renormalization of the adjusted (or plain) LQG measure (or ,ug , Tesp.) produces in an
additional term which corresponds to quasi-invariance under the shift

n, v
h>h+(2+%
~ +<y+2>¢
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(orh— h+ ggo + %gb for some function @ given in terms of ). We derive rigorous statements
below. For convenience, we treat the two procedures —in spite of their similarity— for the “plain”
and “adjusted” cases separately.

Remark 6.4. The approach involving the adjusted measure 17; is similar to (and inspired by) that
of [47] in the case n = 2. Results concerning the plain measure v;" seem to be new even in the
two-dimensional case.

6.2 | The plain Polyakov-Liouville measure

Let us address the challenge of giving a rigorous meaning to
dm,(h) = exp (—/ (G) Q,h+ G)*(h)g + mth)dvoIg> exp <—%pg(h, h))dh

on admissible manifolds of arbitrary even dimension. Assume for the sequel that |y| < 4/2n, and
let

v, := CGF,

denote the law of the co-polyharmonic field, a (rigorously defined) probability measure on F ;E
for some/any € > 0. For convenience, we choose € = n/2. Furthermore, let

% :=CGF 117)

denote the (infinite) measure on H ;"/ % introduced in Proposition 3.16 as the distribution of the
ungrounded co-polyharmonic field on (M, g). As outlined in Section 3 and Remark 6.1, the latter
admits a heuristic characterization as
%, (h) = 2 exp (—Lp, (b k) )dh
q - p 2 pg ’

Z,

with

Proceeding as in the two-dimensional case, in terms of this measure, we define the measure
dv:(h) = exp (—@(h 1Q,), —©*(h), —m Mgh(M)) a9, (h) (118)
on Hy_"/ * with associated partition function

z* :=/ dv*(h) € (0,00],
g Heniz 9

where ©,0*, m,y € R are parameters with m > 0, 0 < |y| < 4/2n, and where /,c}g'h denotes the
plain LQG measure on the n-dimensional manifold M. Moreover, <h |Q g>g denotes the pairing
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between the random field h and the (scalar valued) Q-curvature, and (h) , = m (h|1) denotes
g
the pairing between h and the constant function 1, normalized by the volume of M. Set Q(M) :=

QM, g).

Theorem 6.5. Assume that0 <y < y/2n and © Q(M) + 0* < 0. Then, v;‘ is a finite measure and
S0 is

The normalizations of them coincide and provide a well-defined probability measure on H ;"/ 2

A U I
9" Zx'g " zm’y

9 g
with Z77 := fH_n/zdn'g(h).

Proof.
zi= /H e (=0(hQ,), 0" (h), —muan) d9,(h)

- _/H—n/z /R *p <_®<h | Qg)g —a(0QM) + 6%) — meya,u};h(M)> dadv,(h)

_0QMM)+0*
—o(n|q, 0 12
S e Ly (ny
H"n/2 0 m Mgh(M) yt
" —oln 0 Q(M)+0*
0 1p(- 00Oy [ ol (mgran) T an 0.
14 14 H—n/2

Here, (a) follows by change of variables a — t := me’? ,uZ’y(M ), and (b) by the very definition of
Euler’s T function. The final integral then can be estimated according to

0 QM)+0*

/ ~ofrle), (m,u};h(M)>—7 v, ()
H-n/2 ¢

1/2 20 QM)+6%) 1/2
— h _—
< </ e 2®< |Q{/>g dvg(h)> . (/ (mlu};h(M)) 14 dvg(h)> .
H-n/2 H-"1/2

The finiteness of the first term on the right-hand side is obvious by the defining property of v :

— h
/ e 2®< |Qg>g d,,g(h) — e2®2 K4(Qq:Qq)
H-"1/2

N 2(0 QM) +0*) .
The finiteness of /H—”/Z /,t}; (M) 7 dv,(h) for w <0 follows from

Theorem 4.1 (iii). O
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Remark 6.6. Assuming that @ is positive, the finiteness assumption ® Q(M) + ©* < 0in the above
theorem is equivalent to saying that the constant —©* /@ is larger than the total Q-curvature.

Theorem 6.7. Assume that0 <y < 4/2n, ©® = q, %, and ©* = y. Then, v;* is conformally quasi-
invariant modulo shift in the sense that for all ¢ € C®°(M) and g’ = e*%g,

v, =2(g.9) - T.v, (119)

where T, denotes the push forward under the shift T : h — h — %go - gcp on H;n/z with ¢ defined
as in (85). The A-type conformal anomaly Z(g, ¢) is given as

n Y n?
Z(g,9) :=exp [9/ (;fp + 5@) Q dvol, +n{p), + 2—}/2Pg(¢,¢) . (120)
In particular, Z(g,p) = Z:Z%/Z;‘ provided Z; < 0.

Proof. For the sake of brevity, let us write
Sy(h) = ©(h|Q,), +©"(h), +mu"(M) .

—n/2

g — R, be measurable. Then, by Girsanov

We also set @ := (sqo +Ip)ece(M). LetF: H
theorem (Corollary 3.18) for 9/, we find that

/H—n/z de:’ = / F(h — ®)exp (—Sg/(h - CI)))

exp ((hIp, @), = S, (@, @) )db(h) .

By Corollary 4.17 and Theorem 4.1(i), we have that
/H_n/z Fdv’, =/F(h — ®)exp (—@(h —2[Q,), - mygh(M))
- exp <—®*<h -0 1)9,)
1 N
oxp ((R]py®@) = 3by/ (@) )ds, (h) .

Now recall that p ;u = e™"?p u, that p, is conformally invariant, and that, by Proposition 21,
Qy =e"(Q, + aipggo). Thus, we obtain

[ Fav = [ P e (-0(n-]0,), - mitan)
- exp (—@*<h ~ | 1>y,>

exp (-a%(h ~®[p,¢), + (h]p,@), = 30,(®, @))dﬁg(h) .
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Since we have chosen © = q,, s some of the terms in the last line cancel out and we get:
*® _ _ _ _ }’]’1
/H_n/2 Fdv}, = /F(h d))exp( O(h-o| Qg>g mu! (M))
exp <—®*<h - 1)9,)
72
exp < (h|p,®), +3 Pg(¢ P) — —Pg(qb, ¢)>dﬁg(h) :

Now by definition of ¢, we get

2 oy 2 np 2
P® = S0 = o, a0 vl ()
In particular, for every h € H,, -/ 2
<h | pgg5> =2(h)y —2(h), . (121)

As a consequence,
* h
/H_n/2 Fdv!, = /F(h — ®)exp <—®(h | Qg>g + G)/(I)divolg —mu! (M))
exp (—0%(h), + ©(P),/)
n? oo\
exp <7(<h>gr —(h),) + z—yng(wo) - gpg(mo))dvg(h) :
Thus, the choice of @* = y, after cancelations and rearrangement, yields
R * h N
/Hm Fdv’, _/F(h _®)exp (—@(h 1Q,), — ©"(hy, —my (M))dvg(h)

- exp (/ <®Q +@*l>dvol + P (@, 9) -
| (M)

Again, in light of (121), we further have that

2

(@, ¢)> - (122)

20,09 = @)y - @), -

Substituting the definitions of ®* :=y and ® :=( ggo + %qﬁ) then yields

e 2
/ <®Q + 0" W>dV0| +— P (%, 9) — —Pg(§0,§0)=

2

2
—0 [ 00,dvol, +n(e), + 2 (91, +(@),) + r).
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Finally, by definition (85) of ¢, and since k,(e"?) € i;,

_ 2
vol ,(M)?

_ 1
vol ,,(M)?

(@) +4(P), /Mewkg(ew)dvolg - K, (e"?,e"?)

2 1
+——= | Kk (e")dvol, - ——
volg/(M)voIg(M)/M s(€)dvol, vol ,(M)?

2 1
=————K ("%, e"P)— ———
V0|g/(M)2 g( ) VO|g/(M)2

ICg(e"¢,e”¢)

K, (e"?,e"?)

1

- —=K (e"?,e"?
vol ,/(M)? o )

and therefore,

n 2
/ <®Q +®*ﬁ)dvo ; p(<p ?) - Lp,0.9) =

/(DQ dvoI +n<qo) ,+ p (p,9) . (123)

Substituting (123) into (122), we finally have that

/H‘"/Z Fvy = / F(h—@)exp (~0(h|Q, ), = ©"(h), = mul/"(M1) ), (h)

. exp< /(I)Q dV0| + n(go) /+ P (o, ¢)>

This concludes the proof of the conformal quasi-invariance. To conclude for the expression of

Z(g,p), we take F = 1. ]
z, g
Corollary 6.8. Assume that® = a, f 0* =y, andy? < —na, Q(M). Then Z(g, ) = z* ,and v,
is conformally invariant modulo shift:
fwg =T, (124)
withT : h— h—nep/y —y@/2.
Proof. We have
v* Z*
g _ g’_Z(g,GD)' «_ 9 ) g _ #
vg, = 7" = Z T*vg = Z Z(g,9) - T v =T, v" . O
g g g

Remark 6.9. With the choices © := "yﬂ and ©* := y from above, the condition ® Q(M) + 0* < 0
Q(M) + 1 < 0 or, in other words,

y* < —-na, QM) . (125)
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Remark 6.10. In view of Corollaries 3.17 and 4.16, the quasi-invariance assertion in the previous
Theorem 6.7 and Corollary 6.8 also holds under the more general class of conformal transfor-
mations in the sense of Definition 1.1(ii). In particular, the plain Polyakov-Liouville measure is
quasi-invariant under isometric transformations ® : M — M’.

6.3 | The adjusted Polyakov-Liouville measures

As anticipated, our results for the plain Polyakov-Liouville measure can also be recast in the
setting of the adjusted Polyakov-Liouville measure. Let us set

dv,(h) = exp (-0(h|Q, ), - mi" (M) )d?,(h)

which corresponds to the adjusted Polyakov-Liouville measure. The associated partition function
is

7r = /Hn/z dv'(h) .

As for the plain measure, we have the following result.

Theorem 6.11. Assume that0 <y < \/2nand ® Q(M) < 0. Then, 17;‘ is a finite measure and so is

The measure 7, is in fact the “standard” Polyakov-Liouville measure considered in the two-
dimensional case; see, for example, [28, §3.2] and [47, Prop. 4.1]

Proof. The proof is the same as in Theorem 6.5, simply remarking that Theorem 4.1 (iii) also
applies for " instead of u”. O

The next result extends to admissible manifolds the same assertion for spheres in [16,
Thm. 3.10].

Theorem 6.12. Assumethat0 <y < \/2nand that® = an(s + }2—'). Let g besmoothand g' = e*%g.

Then, v* is conformally quasi-invariant under the shift T : h — h — (s + }—2')go, namely,
77;/ = Z(g’ §0) : T*ﬁ; H

where

2
Z(g,§0)=exp<<§+g> [%pg(qo,go)+an/godivolg]>.
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Proof. LetF: H, 2 LR 4 be measurable. Write ® = (s + g)qo € C*®(M). By Girsanov’s theorem

for 9, (Corollary 3.18), we have

/ Fdv*, = /F(h —®)exp (-0(h-|Q, ), —m ")
H—n/2 9 ’

] 1 e 0 ~
. h r— — =Pyl —¥, — (h) .
exp<< |pq an¢>y’ ng <an¢ an¢>>dvg( )

In view of Theorems 3.16 and 4.20, we thus get

/ Fdﬁ*,:/F(h—CIJ)exp( <h ®|Q,+— pgo> —Mﬂ};h(M)>
H"/2 9

2
eXp( (hlpye), - ang(qo,qo))dv?g(h)-

Expanding <h -o,1Q,+ a_l,, p gqo>y cancels out with some term on the second line and we obtain

the announced result. O

Corollary 6.13. Assume Q(M) < 0 and set ﬁg = %17;‘ Then with ©® and T as above,

Remark 6.14. In dimension n = 2, the result of the previous theorem is consistent with the results
in [47]. Indeed, the main result there (Thm. 1) deals with conformal changes of the Polyakov-
Liouville measure

vol (M) )
_ V.
det’ (— Ay !

In our notation and with ® and T as in Theorem 6.12, the conformal anomaly for this measure in
thecasen = 2is

az 1 2 % 2 1

g9
iT.7, = exp < lg + <)—/ + 5) . [Epg(go, p)+a, / »Q, dvolg] . (126)
The factor exp(% [%Pg(% ) +a, [ ¢Q,dvol ,]] here accounts for the conformal transforma-

. [ vol,(M . .
tion of the prefactor % of the measure 7. In dimension n = 2,
=228 ’

logdet'(—tA ) = logdet'(—A,) + log(t) <1 - M) vVt >0
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with the latter term on the right-hand side here being conformally invariant, and the conformal
change of

vol /(M) vol (M)

log ——— —log ———
& det'(-A,) 8 det'(-A,)

is given explicitly in terms of the so-called Polyakov formula [67, Equ. (1.13)], cf. (116). The quantity
c:=1+ 6(% + }2—')2 appearing in (126) is the celebrated central charge, taking values in the interval
(25, ).

Indeed, with this choice of ¢, with w = 2¢, a, = ﬁ,Kg =2Q,,andp, (w,w) = i / |dw|£27dvolg,
the right-hand side of (126) reads as

exp (% . / [ldcolﬁ + 2Kgco]dvolg> (127)

exactly as in [47].

Corollary 6.15. Assume that n = 4 and put similarly as before

Then with ® and T as in Theorem 6.12,
dﬁ' ’ 7 4 2
9 Y 1
- i Svinag B I e 21 dvol
dT*fL'g eXp<l4S + <y + 2) [ng(go ¢)+an/§0Qg VO g]
- exp ! —/scal2,dvol ,+/scalzdvol - exp _1 /§0|W|2dvol ,
4572 g 97" 144072 g

where W denotes the Weyl tensor.

Proof. Let{,(s) = ¥ ;,,(v;/a,)~". Then —log det'(P,) = ¢!(0) and thus — logdet'(tP,) = AOR
log(t) ¢ ,(0) for every ¢ > 0. The value

$,(00=-1+ / U,(P,)dvol ,

is a conformal invariant [9, Lemma 2]. Therefore,

vol /(M) . vol (M) 1 volg,(M)_ vol (M)

log———— —log———— =log—— —log .
det’(% ) det'(%pg) det'(P,/) det'(P,)

The right-hand side is calculated explicitly in [9, Thm. 4]. Together with Theorem 6.12 above, this
yields the claim. Ll
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6.4 | Some examples
The above assertions impose two conditions on a given manifold (M, g): positivity of the
co-polyharmonic operator P, and negativity of the total Q-curvature Q(M).

Let us present some examples of such manifolds.

Example 6.16 (n = 2). Every compact Riemannian surface of genus > 2 satisfies both of
these conditions.

Example 6.17 (n = 2,6,10,...). Every compact hyperbolic Riemannian manifold of dimension
n =47 + 2 for some ¢ € N and with 4; > @ satisfies both of these conditions.

Proof. Combine Proposition 2.5 and Example 1.14. O

Example 6.18 (n = 4). Let M = M, X M, where M, and M, are compact Riemannian surfaces of
constant curvature k; and k,, resp.

(i) Then Q, < 0ifand only if

lky + ksl < V3 k) — ksl .

(i) Furthermore, P, > 0on Hifk, +k, > 0.

Proof.

(i) According to Example 1.14 (ii),
2_ 2,2 2 1 2,1 2
Q, =—ki—k;+ §(k1 +ky) = —5(k1 — k)" + g(k1 +ky)° .
(ii) Fori = 1,2, denote by P; = —A,; the negative of the Laplacian on the manifold M;. Then, by
Proposition 1.5 (ii),
4
P, = (P, +P,)* — 2k;P, — 2k,P, + 5(k1 +k,)(P; + P,)
= P,(P, — 2k;) + Py(P, — 2k,) + 2P,P, + %(kl + k)P, +P,) >0
according to the Lichnerowicz estimate P; > 2k; for i = 1,2 (which is valid independent

of the sign of k;). Indeed, P, is positive since the term 2P, P, is positive on the grounded
L?-space. 0

7 | OUTLOOK: DISCRETE MODELS AND SCALING LIMITS

In [23], we study discrete approximations of the co-polyharmonic Gaussian field /4 on the contin-
uous torus T" = R"/Z" and of the associated LQG measure u = ,uZh on T" for arbitrary even n

and |y| < v/2n. The co-polyharmonic Gaussian field s, on the discrete torus T} = %Z” /7" for
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L e Nwill be defined in complete analogy to the continuous case. Indeed, however, it also admits
an instructive characterization as random field on R'z with law explicitly given by

2
—b, |[(=A, /4
] | dh,
where dh is the Lebesgue measure and A; is the discrete Laplacian. The associated discrete LQG
measure is the random measure on T} given as

2
(dz) = exp <m<z> - %Ew))dz.

As L — o0, we prove convergence of the fields h; to the co-polyharmonic Gaussian field h on
the continuous torus T" = R" /Z", as well as convergence of the random measures y; to the LQG

measure 4 on T" for all |y| < 4/2n.
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