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Abstract
We present a new tool to study the regularity of a function 𝐹 of a sequence (𝑋𝑖) of

independent and identically distributed random variables. Our main result states that,
under mild conditions on the law of 𝑋1, the regularity of the law of 𝐹 is controlled by
the regularity of the law of a conditionally Gaussian object, canonically associated with𝐹. At the technical level our analysis relies on the formalism of Dirichlet forms and
an explicit construction of the Malliavin derivative of 𝐹 in the direction of a Gaussian
space. As an application, we derive an explicit control of the regularity of the law of a
quadratic from in the 𝑋𝑖’s in terms of spectral quantities, when the law of 𝑋1 belongs
to a large class of distribution including, for instance, all the Gaussian, all the Beta,
all the Gamma, and all the polynomials thereof. We also present an application to the
regularity of Breuer–Major statistics in a simple case.

Introduction

Main contributions
Regularity of the law of random variables via Dirichlet form analysis

We develop a systematic method to study the regularity of the law of a real-valued random
variable 𝐹, when the probability space is equipped with a Dirichlet form (see Section 2.1.1
for reminders). The theory of Dirichlet forms provides us with a unbounded non-negative
bilinear form Γ∶ 𝐿2 × 𝐿2 → 𝐿1, as well as an algebra of smooth random variables 𝔻∞. We
fix a sequence (𝑋𝑖) of independent and identically distributed random variables such that𝑋1 ∈ 𝔻∞, and satisfying furthermore a Dirichlet-independence condition (2.8). We considerΓ ≔ 𝑑𝑖𝑎𝑔(Γ(𝑋1, 𝑋1),… ,Γ(𝑋𝑛, 𝑋𝑛)).
For a symmetric matrix 𝖠 with spectrum (𝜆𝑖), we also writeℛ𝑞(𝖠) ≔ ∑

𝑖1≠⋯≠𝑖𝑞 𝜆2𝑖1 … 𝜆2𝑖𝑞 , 𝑞 ∈ ℕ,
Our main result reads as follows.
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Theorem A (Theorem 2.8). Let 𝐹 = 𝑓(𝑋1,… , 𝑋𝑛) with 𝑓 smooth. Assume that for all 𝑞 ∈ ℕ,ℛ𝑞(Γ1∕2(∇2𝑓(𝑋))Γ1∕2)−1∕4 ∈ 𝐿1, where ∇2𝑓 is the usual Hessian matrix of 𝑓. Then, 𝐹 has a
smooth law.

We actually obtain a precise quantitative relationship between the 𝑞 for whichℛ𝑞 is in 𝐿−1∕4
and the Sobolev regularity of the law of 𝐹.
Application to quadratic forms

In this paper, our archetypical application is concerned with regularity of the law of a
quadratic form in the 𝑋𝑖’s.
Theorem B (Theorem 3.2). Let the previous notation prevail, and assume further that
(0.1) 𝐏[Γ(𝑋1, 𝑋1) ≤ 𝜀] ≲ 𝜀𝜃,
for some 𝜃 > 0. Let {𝖠(𝑛) = (𝑎(𝑛)𝑖𝑗 ) ∶ 𝑛 ∈ ℕ} be a sequence of symmetric operators such thatlim inf𝑛→∞ ℛ𝑞(𝖠(𝑛)) > 0;lim𝑛→∞∑𝑗 (𝑎(𝑛)𝑖𝑗 )2 = 0.
Then, for all 𝑞 ∈ ℕ, there exists𝑁𝑞 such that𝐥𝐚𝐰[⟨𝑋,𝖠(𝑛)𝑋⟩] ∈ 𝒞𝑞, 𝑛 ≥ 𝑁𝑞.
We actually obtain precise estimate regarding the Sobolev norms of the density of the
quadratic form ⟨𝑋,𝖠(𝑛)𝑋⟩. The assumption (0.1) ensures some minimal initial Sobolev
regularity at the level of of the law of 𝑋1 that allows us to bootstrap our argument. We stress
it is a rather mild assumption: we show in Section 4.1 that a large class of random variables,
including, for instance, the Gaussian variables, the Beta variables, the Gamma variables,
and the multi-linear polynomials thereof.

Motivations and related works
Smooth central limit theorem

It is part of the probabilistic folklore, that if (𝑋𝑖) is a sequence of centred, normalized,
independent and identically distributed random variables whose common law has density
in a Sobolev space, then the regularity of the law of the linear functionals𝑆𝑛 ≔ 1𝑛1∕2 𝑛∑

𝑖=1 𝑋𝑖,
improves with 𝑛. This fact can easily be seen at the level of the decay of the Fourier transform
of 𝑆𝑛. Our work leverages the theory of Dirichlet forms to obtain a non-linear equivalent of
this regularization phenomenon.
We stress out that we do not need to assume asymptotic normality, or even convergence
in law, of the random variables under consideration as our conditions in Theorems A
and B are purely spectral. In some cases, it is however, possible to recover those spectral
conditions from asymptotic normality. See for instance Section 4.2.1 for examples at the
level of quadratic forms over a general Dirichlet space, and the companion paper [HMP23]
for the cases of Wiener chaoses of any degrees.
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Regularity of via the law via positivity of the Malliavin gradient

In his seminal work Malliavin [Mal78] led the foundation of an infinite dimensional differ-
ential calculus at the level of the Wiener to study the regularity of the density of a solution
of SDEs, thus giving a new proof of a celebrated theorem by Hörmander [Hör67]. [Mal78]
establishes that some form of positivity of the Malliavin gradient implies some form of
regularity at the level of the law. Since then, the existence of negative moments of the Malli-
avin gradient plays a prominent role in many works related to Gaussian analysis (see, for
instance, [AJJ22; NPS14]). In the literature, the problem of existence of negative moments
is tackles on a case by case basis owing to the specificity of the model under consideration,
or taken as an assumption. In this work, we introduce novel ideas in order to systematically
study the existence of negative moments of the Malliavin derivative.

Regularity at the level of the carré du champ

Since the theory of Dirichlet forms can be seen as a non-Gaussian generalization ofMalliavin
calculus, it not surprising that results regarding the regularity of laws from positivity of the
Malliavin derivative can be recast in the setting of Dirichlet forms. To that extent, let us
mention the celebrated criterion of Bouleau &Hirsch [BH91, Thm. I.7.1] regarding existence
of a density. By working at the level of abstract Dirichlet space rather than the Wiener space,
we can apply our theorem to a much larger class of random variables. We, however, pay a
price: the differential calculus at the level of the abstract Dirichlet space is more involved,
and applying Theorem A to general functionals is rather intricate, this is why we only state
Theorem C in the setting of quadratic forms. We reserve exploring the case of higher degree
polynomials to a subsequent work. Let us also mention that on the Wiener space, we obtain
results for Wiener chaoses of any degree [HMP23].

Outline of the proof and of our construction
A Gaussian representation of the carré du champ

The quantity Γ(𝐹, 𝐹) plays the role, in the non-smooth setting of our probability space, of
the square length of the gradient of 𝐹. As anticipated, we derive explicit controls of the
negative moments of Γ(𝐹, 𝐹). To do so, we define the Bouleau derivative:

♯𝐺𝐹 ≔ 𝑛∑
𝑖=1 Γ(𝑋𝑖, 𝑋𝑖)1∕2𝜕𝑖𝑓(𝑋1,… , 𝑋𝑛)𝐺𝑖,

where (𝐺𝑖) is a sequence of independent standard Gaussian variables. By construction, ♯𝐺𝐹
has the same law as Γ(𝐹, 𝐹)1∕2𝑁 where 𝑁 is an independent standard Gaussian variables.
In particular, we have the following Fourier-Laplace equivalence:𝐄[ei𝑡♯𝐺𝐹] = 𝐄[e−𝑡2∕2Γ(𝐹,𝐹)].
From this identity, we see that existence of negative moments for Γ(𝐹, 𝐹) is guaranteed by
some sufficiently fact Fourier decay of ♯𝐺𝐹, which in turns is equivalent to some regularity
of the law of ♯𝐺𝐹. Combining all of this, we obtain the following intermediary result.
Theorem C (Theorem 2.4). Assume that ♯𝐺𝐹 has a smooth law, then so does 𝐹.
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Comparison of the Malliavin derivative and the Bouleau derivative

In the theory of Dirichlet forms, and in particular in Gaussian analysis, it is rather standard
to represent the carré du champ Γ through a so-calledMalliavin derivative. This consists in
a separable Hilbert space 𝔾 together with a map ∇∶ 𝐿2 → 𝐿2(𝔾) such that‖∇𝐹‖𝔾 = Γ(𝐹, 𝐹).
All separable Hilbert spaces being isomorphic little care is usually given to the choice of 𝔾.
The Bouleau derivative ♯𝐺𝐹 is a Malliavin derivative, where we take 𝔾 to specifically be a
Gauss space. By doing so, we introduce gaussianity in a a priori non-Gaussian world, and
we can now leverage the rich structure of Gaussian analysis. This paradigmatic shift in the
representation of the derivative is reminiscent of proof of the isometric embeddality of 𝓁2
into 𝐿𝑞, where 𝓁2 is explicitly sent into the Gauss space. The idea of taking derivatives in
the direction of Gaussian variables can be traced back to a slightly different construction of
Bouleau [Bou04, Chap. V §2] to study different problems.

Introducing a non-linearity by iterating the derivative

The object ♯𝐺𝐹 is still to close from 𝐹, and we were not able to derive meaningful estimates
by working directly at the level of ♯𝐺𝐹. This motivates the introduction of the second
derivative ♯𝐻♯𝐺𝐹. For an other sequence𝐻 = (𝐻𝑖) of independent Gaussian variables, we
define iterated Bouleau gradient, ♯𝐻♯𝐺𝐹 whose precise definition is too involved for this
introduction. Let us simply mention that our definition guarantees that

• ♯𝐻♯𝐺𝐹 has the same law as Γ(♯𝐺𝐹, ♯𝐺𝐹)1∕2𝑁, where in the above expression we freeze the
quantity depending on 𝐺 when computing the carré du champ;

• there exists a random matrix, the Bouleau derivative 𝖣2𝐹, independent of 𝐺 and𝐻, such
that ♯𝐻♯𝐺𝐹 = ⟨𝐺,𝖣2𝐹𝐻⟩;
• 𝖣2𝐹 = Γ1∕2(∇2𝑓(𝑋))Γ1∕2 + 𝖡 where 𝖡 is a random matrix that we manage to discard in
our analysis.

Similarly to T. Royen’s proof of the Gaussian correlation inequality [Roy14], we exploit
properties of square of Gaussian variables rather than of Gaussian variables directly. In our
case, this allows us to control the regularity of ♯𝐻♯𝐺𝐹 in terms of the spectral properties of𝖣2𝐹, and thus of Γ1∕2(∇2𝑓(𝑋))Γ1∕2, which leads to Theorem A.

Controlling the Bouleau Hessian of a quadratic form

When considering a quadratic form 𝐹 ≔ ⟨𝑋,𝖠𝑋⟩, the term to control in the Bouleau Hessian
is almost deterministic: Γ1∕2𝖠Γ1∕2. Owing to this particular form, we can explicitly control
the right-hand side in Theorem A under some spectral assumptions on 𝖠, which gives
Theorem B. As a main technical tool, we use two results of independent interest:

• a result showing that existence of a negative moment is preserved by taking multi-
polynomial (Proposition 3.4);

• a splitting argument that allows us to improve the positivity of some quantities under
spectral conditions (Proposition 3.8).
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1 Reminders and notations

1.1 Linear algebra
1.1.1 Symmetric Hilbert–Schmidt operators

We write 𝓁2(ℕ) for the usual Hilbert space of square-integrable ℕ-indexed sequences 𝑥 =(𝑥𝑖 ∶ 𝑖 ∈ ℕ). A symmetric Hilbert–Schmidt operator 𝖠 acting on 𝓁2(ℕ) can be identified with
a bi-sequence 𝖠 ≃ (𝑎𝑖𝑗 ∶ 𝑖, 𝑗 ∈ ℕ) satisfying:
symmetry 𝑎𝑖𝑗 = 𝑎𝑗𝑖 for all 𝑖 and 𝑗 ∈ ℕ;
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square-integrability Tr𝖠2 ≔ ‖𝑎‖2𝓁2 ≔∑𝑖,𝑗 𝑎2𝑖𝑗 <∞;

We sometimes also assume that 𝖠 has a vanishing diagonal, that is 𝑎𝑖𝑖 = 0 for all 𝑖 ∈ ℕ.
(a) Eigenvalues and spectral quantities The operator 𝖠 is diagonalizable in an or-
thonormal basis with real eigenvalues (𝜆𝑖 ∶ 𝑖 ∈ ℕ). We always assume that they are
decreasingly ordered by their eigenvalues: |𝜆1| ≥ |𝜆2| ≥ … . The square-integrability can be
rephrased in terms of the eigenvaluesTr𝖠2 =∑

𝑖∈ℕ 𝜆2𝑖 <∞.
We consider various quantities associated with 𝖠:

• the spectral radius 𝜌(𝖠) ≔ sup𝑖∈ℕ |𝜆𝑖|;
• the spectral remainders ℛ𝑞(𝖠) ≔ ∑

𝑖1≠⋯≠𝑖𝑞 𝜆2𝑖1 … 𝜆2𝑖𝑞 , 𝑞 ∈ ℕ;
• the partial influences 𝜏𝑖(𝖠) ≔ ∑

𝑗∈ℕ 𝑎2𝑖𝑗, 𝑖 ∈ ℕ;
• themaximal influence 𝜏(𝖠) ≔ sup𝑖∈ℕ 𝜏𝑖(𝖠) = sup𝑖∈ℕ ∑

𝑗∈𝒫𝑞(ℕ) 𝑎2𝑖𝑗.
We always have that 𝜏𝑖(𝖠) ≤ 𝜏(𝖠) ≤ Tr𝖠2.
For 𝐼 and 𝐽 ⊂ ℕ, we also write𝖠(𝐼, 𝐽) ≔ (𝑎𝑖𝑗 ∶ (𝑖, 𝑗) ∈ 𝐼 × 𝐽),
for the extracted operator.

(b) Properties of the spectral remainders Provided rk𝖠 < 𝑞, then ℛ𝑞(𝖠) = 0. Ac-
tually, the spectral remainder ℛ𝑞(𝖠)measures the distance of 𝖠 to the operators of rank 𝑞.
See [HMP23, Lem. 3 & 4] for a precise statement.
The following representation of the spectral remainder will come handy.

Lemma 1.1 ([HW16, Thm. 6]). For a symmetric Hilbert–Schmidt operator 𝖠:ℛ𝑞(𝖠) = ∑𝐼, 𝐽⊂ℕ|𝐼|=|𝐽|=𝑞[det𝖠(𝐼, 𝐽)]2.
A first consequence of this representation is the following.
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Lemma 1.2. Let 𝖠 = (𝑎𝑖𝑗) and 𝖠′ = (𝑎′𝑖𝑗) be symmetric Hilbert–Schmidt operators on 𝓁2(ℕ)
such that 𝑎𝑖𝑗𝑎′𝑖𝑗 = 0 for all 𝑖 and 𝑗 ∈ ℕ. Then, for all 𝑝 ∈ ℕ,ℛ𝑝(𝖠 + 𝖠′) ≥ ℛ𝑝(𝖠) +ℛ𝑝(𝖠′).
Proof. Let us write supp𝖠 ≔ {(𝐼, 𝐽) ⊂ ℕ2 ∶ 𝑎𝑖𝑗 ≠ 0, (𝑖, 𝑗) ∈ 𝐼 × 𝐽},
and similarly for supp𝖠′. BY assumption, supp𝖠 and supp𝖠′ are disjoint. Thus, by
Lemma 1.1 ℛ𝑝(𝖠′ + 𝖠) ≥ ∑

(𝐼,𝐽)∈supp𝖠|𝐼|=|𝐽|=𝑝 [det𝖠(𝐼, 𝐽)]2 + ∑
(𝐼,𝐽)∈supp𝖠′|𝐼|=|𝐽|=𝑝 [det𝖠′(𝐼, 𝐽)]2.

1.1.2 Determinantal operators associated with a Hilbert–Schmidt operator

Let 𝑞 ∈ ℕ and𝒫𝑞(ℕ) ≔ {𝐼 ⊂ ℕ ∶ |𝐼| = 𝑞}. We identify𝒫1(ℕ) = ℕ. In view of the Cauchy–
Binet formula, it is natural to consider the operator 𝖡 ≔ (𝑏𝐼𝐽 ∶ 𝐼, 𝐽 ∈ 𝒫𝑞(ℕ)) with non-
negative coefficients 𝑏𝐼𝐽 ≔ [det𝖠(𝐼, 𝐽)]2.
We treat 𝖡 as a genuine operator, however due to the non-negative nature of its entries, we
consider 𝓁1-quantities rather than 𝓁2:

• the total mass: 𝜎(𝖡) ≔ ‖𝑏‖𝓁1 ≔∑
𝑖,𝑗 𝑏𝑖𝑗 = ℛ𝑞(𝖠);

• the 𝓁1-partial influences of the index 𝑖:𝜐𝑖(𝖡) ≔ ∑
𝐼, 𝐽∈𝒫𝑞(ℕ) 1𝑖∈𝐼∪𝐽𝑏𝐼𝐽;

• the 𝓁1-maximal influences: 𝜐(𝖡) ≔ sup𝑖 𝜐𝑖(𝖡).
Lemma 1.3. With the above notations, assume that Tr𝖠2 = 1, then𝜐(𝖡) ≤ 2𝑞𝜏(𝖠).
Proof. Let 𝑖 ∈ ℕ. For 𝐼 and 𝐽 ∈ 𝒫𝑞(ℕ), write 𝐼 = {𝑖1,… , 𝑖𝑞} and 𝐽 = {𝑗1,… , 𝑗𝑞} with the
elements being increasingly ordered. By definition, we have

det𝖠(𝐼, 𝐽) = ∑
𝜎∈Σ𝑞(−1)|𝜎| 𝑞∏

𝑙=1 𝑎𝑖𝑙𝑗𝜎(𝑙) .
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By Jensen’s inequality, 𝑏𝐼𝐽 = [det𝖠(𝐼, 𝐽)]2 ≤ 𝑞! ∑𝜎∈Σ𝑞 𝑎2𝑖𝜎(𝑗).
Thus, we find that 𝜐𝑖(𝖡) ≤ ∑

𝐼∪𝐽∋𝑖 𝑞! ∑𝜎∈Σ𝑞 𝑞∏
𝑙=1 𝑎2𝑖𝑙𝑗𝜎(𝑙) .

On the one hand, when (𝑗1,… , 𝑗𝑞) ranges through increasingly ordered sets (𝑗𝜎(1),… , 𝑗𝜎(𝑞))
for 𝜎 ranging in Σ𝑞 ranges through all the pairwise disjoint indices (𝑗1,… , 𝑗𝑞). On the other
hand to go from increasingly ordered (𝑖1,… , 𝑖𝑞) to pairwise disjoint (𝑖1,… , 𝑖𝑞), we have to pay
a factor 𝑞!. It follows that

𝜐𝑖(𝖡) ≤ 2 ∑
𝑖1≠⋯≠𝑖𝑞

∑
𝑗1≠⋯≠𝑗𝑞 1{∃𝑙∶𝑖𝑙=𝑖} 𝑞∏

𝑙=1 𝑎2𝑖𝑙𝑗𝑙 .
By symmetry, we finally get

𝜐𝑖(𝖡) ≤ 2𝑞⎛⎜⎝∑𝑗 𝑎2𝑖𝑗⎞⎟⎠⎛⎜⎝∑𝑘,𝑗 𝑎2𝑘𝑗⎞⎟⎠
𝑞−1 = 2𝑞𝜏𝑖(𝖠)(Tr𝖠2)𝑞−1.

This concludes the proof since Tr𝖠2 = 1.
1.2 Sobolev regularity and Sobolev regularity in Fourier modes
1.2.1 Regularity for functions

Let us first define some quantities in order to measure this regularity at the level of the
density function 𝑓.
(a) Hölder regularity. For 𝑘 ∈ ℕ, we write 𝒞𝑘 for the space of 𝑘 times continuously
differentiable functions on ℝ, equipped with the norm‖𝑓‖𝒞𝑘 ≔ max𝑙=1,…,𝑘 sup{|𝑓(𝑙)(𝑥)| ∶ 𝑥 ∈ ℝ}.
Additionally, for 𝛼 ∈ [0, 1], we write 𝒞𝑘,𝛼 for the space of 𝑓 ∈ 𝒞𝑘 whose 𝑘-th derivative is
also 𝛼-Hölder, equipped with the norm

‖𝑓‖𝒞𝑘,𝛼 ≔ ‖𝑓‖𝒞𝑘 + sup𝑥≠𝑦 |𝑓(𝑘)(𝑥) − 𝑓(𝑘)(𝑦)||𝑥 − 𝑦|𝛼 .
(b) Sobolev regularity. Actually, it is more convenient to work with the notion of weak
regularity whose basic definitions are recalled below. For 𝑝 ∈ [1,∞], we writeℒ𝑝 for the
Lebesgue space of order 𝑝 on ℝ. We also define 𝒮 is the Schwartz space of rapidly decreasing
functions on ℝ, and 𝒮′ is its dual the space of tempered distributions. On 𝒮′, we can define
by duality a derivative operator 𝜕. By spectral calculus, we can actually make sense of any
power of the massive Laplace operator, that is we can define, for all 𝑠 ∈ ℝ, the operator
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(1 − 𝜕2)𝑠 on 𝒮′. Every element 𝑓 ∈ ℒ𝑝 induces a tempered distribution still denoted by𝑓. Conversely, for a tempered distribution 𝑇 we write 𝑇 ∈ ℒ𝑝 whenever it is induced by a
function inℒ𝑝. Recall the definition of the fractional Sobolev spaces:𝒲𝑠,𝑝 ≔ {𝑓 ∈ 𝒮′ ∶ (1 − 𝜕2)𝑠∕2𝑓 ∈ ℒ𝑝}, 𝑝 ∈ [1,∞], 𝑠 ∈ ℝ,
equipped with the norm ‖𝑓‖𝒲𝑠,𝑝 ≔ ‖(1 − 𝜕2)𝑠∕2𝑓‖ℒ𝑝 .
For 𝑘 ∈ ℕ, the Sobolev norm ‖⋅‖𝒲𝑠,𝑝 is equivalent to the classical Sobolev norm‖𝑓‖ℒ𝑝 + ‖𝜕𝑠𝑓‖ℒ𝑝 .
Sobolev spaces are relevant for our analysis due to the celebrated Sobolev embeddings

(1.1) 𝒲𝑠,𝑝 → 𝒞𝑘,𝛼, 𝑘 + 𝛼 = 𝑠 − 1𝑝, 𝑘 ∈ ℕ, 𝛼 ∈ [0, 1].
(c) Sobolev regularity in Fouriermode. In this work, it is convenient to workwith the
Fourier transform. Recall that by duality, we can define, on 𝒮′, the Fourier transform, and its
inverseℱ−1. Recall that the Fourier transform sends differential operators to multiplication
operators. In particular,ℱ[(1 − 𝜕2)𝑠𝑓](𝜉) = (1 + 𝜉2)𝑠𝑓(𝜉), 𝜉 ∈ ℝ, 𝑠 ∈ ℝ.
We also write 𝑓 = ℱ𝑓. We then define the Sobolev space in Fourier modeℱ𝒲𝑠,𝑝 ≔ {𝑓 ∈ 𝒮′ ∶ (𝜉 ↦ (1 + 𝜉2)𝑠∕2𝑓(𝜉)) ∈ ℒ𝑝}, 𝑝 ∈ [1,∞], 𝑠 ∈ ℝ,
equipped with the norm‖𝑓‖ℱ𝒲𝑠,𝑝 ≔ ‖(1 + 𝜉2)𝑠∕2𝑓‖ℒ𝑝 = ‖‖‖‖ℱ[(1 − 𝜕2)𝑠∕2𝑓]‖‖‖‖ℒ𝑝 .
Due to the Fourier isomorphism theorem [Hör03, Thm. 7.1.11], we have thatℱ𝒲𝑠,2 =𝒲𝑠,2
for all 𝑠 ∈ ℝ. In general, by [Hör03, Thm. 7.1.13], for 𝑝 ∈ [1, 2] and 𝑝′ ≔ 𝑝∕(𝑝−1) ∈ [2,∞]
the Hölder conjugate of 𝑝, we have thatℱ ∶ ℒ𝑝 → ℒ𝑝′ is bounded. While, by [Hör03, Thm.
7.9.3], for 𝑞 > 2, and 𝑠 > 1∕2 − 1∕𝑞, ℱ ∶ ℒ𝑞 →𝒲−𝑠,2 is bounded. Consequently, we have
that

(1.2) 𝒲𝑠,𝑝 → ℱ𝒲𝑠,𝑝′ →𝒲𝑠−𝑡,2, 𝑝 ∈ [1, 2], 𝑠 ∈ ℝ, 𝑡 > 1𝑝 − 12 .
1.2.2 Regularity at the level of the random variable

It is more convenient to manipulate quantities defined at the level of a random variables
rather than referring to its density. Whenever a random variable 𝑍 has density 𝑓, we let𝐍𝑠,𝑝(𝑍) ≔ ‖𝑓‖ℱ𝒲𝑠,𝑝𝐖𝑠,𝑝(𝑍) ≔ ‖𝑓‖𝒲𝑠,𝑝 .
We easily verify that 𝐍𝑠,𝑝(𝑍) = (∫ ||||||(1 + 𝜉2)𝑠∕2 𝐄[ei𝜉𝑍]||||||𝑝d𝜉)1∕𝑝,
where, when 𝑝 = ∞, the above integral is understood as an essential supremum. Owing to
the duality betweenℒ𝑝 andℒ𝑝′ , we find that𝐖𝑠,𝑝(𝑍) = sup{𝐄[|(1 − 𝜕2)𝑠∕2𝜑(𝑍)|] ∶ 𝜑 ∈ 𝒞∞𝑐 , ‖𝜑‖ℒ𝑝′ ≤ 1}.
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2 Regularity of laws of a random variables arising from
a Dirichlet structure

2.1 Generalities on Dirichlet forms
2.1.1 Reminders and notations

Let us first recall some basic notions regarding Dirichlet forms. We follow [BH91] (see also
[FOT11; BGL14]). In all the paper, (Ω,𝔚,𝐏) is a sufficiently large probability space. We
assume that Ω contains a Fréchet space 𝐸, and we let𝔅(𝐸) be the Borel 𝜎-algebra of 𝐸. We
write 𝕃𝑝 ≔ 𝐿𝑝(𝐸,𝔅(𝐸),𝐏).
(a) Dirichlet forms and their generators. A Dirichlet form over 𝐸 is a closed symmet-
ric non-negative bilinear form defined on a dense Hilbert space 𝔻omℰ ⊂ 𝕃2ℰ∶ 𝔻omℰ × 𝔻omℰ → ℝ,
and additionally satisfying the so-calledMarkov property:ℰ(𝐹 ∧ 1, 𝐹 ∧ 1) ≤ ℰ(𝐹, 𝐹), 𝐹 ∈ 𝔻omℰ.
We always assume that the Dirichlet form is diffusive (also known as local), that isℰ(𝜑(𝐹), 𝜓(𝐹)) = 0, 𝜑, 𝜓 ∈ 𝒞∞𝑐 , 𝜑𝜓 = 0.
To such a Dirichlet form corresponds a unbounded self-adjointMarkov generator𝖫∶ 𝕃2 → 𝕃2,
with domain 𝔻om 𝖫 ⊂ 𝔻omℰ, and characterized by the following integration by parts
formula ℰ(𝐹, 𝑅) = −𝐄[𝐹𝖫𝑅], 𝐹 ∈ 𝔻omℰ, 𝑅 ∈ 𝔻om 𝖫.
(b) Dirichlet-Sobolev spaces. The non-negative self-adjoint operator −𝖫 admits a
spectral decomposition {𝖤𝜆 ∶ 𝜆 ≥ 0}. This allows to define the unbounded operator 𝜓(−𝖫)
acting on 𝕃2 for all measurable 𝜓 on ℝ+. In particular, we can define the Sobolev spaces𝔻𝑠,𝑝 ≔ {𝐹 ∈ 𝕃𝑝 ∶ (1 − 𝖫)𝑠∕2𝐹 ∈ 𝕃𝑝}, 𝑠 ≥ 0, 𝑝 ∈ [1,∞],
equipped with the norm ‖𝐹‖𝔻𝑠,𝑝 ≔ ‖(1 − 𝖫)𝑠∕2𝐹‖𝕃𝑝 .
We often abbreviate ‖⋅‖𝔻𝑠,𝑝 = ‖⋅‖𝑠,𝑝. Remark that it is also possible to define Sobolev spaces of
negative orders but we do not use them here. We have that𝔻omℰ = 𝔻1,2 and𝔻om 𝖫 = 𝔻2,2.
We have that 𝔻𝑠,𝑝 → 𝔻𝑟,𝑞, 𝑠 ≥ 𝑟, 1 < 𝑞 ≤ 𝑝 <∞.
We also write 𝔻∞ ≔ ⋂

𝑠≥0, 𝑝∈(1,∞)𝔻𝑠,𝑝.
The space 𝔻∞ is an algebra stable under the action of 𝖫 and Γ. Given a separable Hilbert
space𝐻, we similarly define the𝐻-valued versions of the Sobolev spaces, denoted by 𝕃𝑝(𝐻),𝔻𝑠,𝑝(𝐻), and 𝔻∞(𝐻).
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(c) Carré du champ We always assume that the form admits a carré du champ: there
exists a non-negative symmetric continuous bilinear operatorΓ∶ 𝔻omℰ × 𝔻omℰ → 𝕃1,
such that𝐄[𝑆Γ(𝐹, 𝑅)] = 12(ℰ(𝐹𝑆, 𝑅) + ℰ(𝑅𝑆, 𝐹) − ℰ(𝑆, 𝐹𝑅)), 𝐹, 𝑅, 𝑆 ∈ 𝔻omℰ ∩ 𝕃∞.
For smooth random variables, we have the straightforward definitionΓ(𝐹, 𝑅) ≔ 12(𝖫(𝐹𝑅) − 𝐹𝖫𝑅 − 𝑅𝖫𝐹), 𝐹, 𝑅 ∈ 𝔻∞.
More generally, if𝐹 = (𝐹1,… , 𝐹𝑙) ∈ (𝔻omℰ)𝑙 and𝑅 = (𝑅1,… , 𝑅𝑚) ∈ (𝔻omℰ)𝑝, we consider
the matrix-valued carré du champΓ(𝐹, 𝑅)𝑖𝑗 ≔ Γ(𝐹𝑖, 𝑅𝑗), 1 ≤ 𝑖 ≤ 𝑙, 1 ≤ 𝑗 ≤ 𝑚.
(d) Important formulas related to the locality Since the Dirichlet form is diffusive,
the carré du champ satisfies a chain rule

(2.1) Γ(𝜑(𝐹), 𝑅) = 𝜑′(𝐹)Γ(𝐹, 𝑅), 𝐹, 𝑅 ∈ 𝔻omℰ, 𝜑 ∈ 𝒞1;
and a Leibniz rule

(2.2) Γ(𝐹𝑅, 𝑆) = 𝑅Γ(𝐹, 𝑆) + 𝐹Γ(𝑅, 𝑆).
In particular, we find the formula

(2.3) 𝐄[Γ(𝐹, 𝑆)𝑅] = −𝐄[𝐹𝑅𝖫𝑆] − 𝐄[Γ(𝑅, 𝑆)𝐹], 𝐹, 𝑅, 𝑆 ∈ 𝔻∞.
2.1.2 Regularity of laws from positivity of the carré du champ

The analysis of Dirichlet forms is relevant for the study of regularity of laws. Indeed, as it is
well-known: if 𝐹 ∈ 𝔻∞ and Γ(𝐹, 𝐹)−1 ∈ ∩1<𝑝<∞𝕃𝑝, then 𝐹 has a law that is𝒞∞. See [Wat84,
Thm. 1.14] for this statement on the Wiener space. Here, we give a quantitative version of
this estimate in the setting of Dirichlet forms.
Let us define recursively 𝑅0 ≔ 1, and𝑅𝑘+1 ≔ Γ(𝐹, 𝐹)[−𝑅𝑘𝖫𝐹 − Γ(𝐹, 𝑅𝑘)] + 𝑅𝑘Γ(𝐹,Γ(𝐹, 𝐹)), 𝑘 ∈ ℕ.
We immediately verify that 𝑅𝑘 ∈ 𝔻∞ for all 𝑘 ∈ ℕ. The quantities 𝑅𝑘’s allows us to perform
integration by parts and thus to control the regularity of the density of 𝐹.
Proposition 2.1. Let 𝐹 ∈ 𝔻∞ such that Γ(𝐹, 𝐹)−1 ∈ 𝕃4𝑘 for some 𝑘 ∈ ℕ. Then,
(2.4) 𝐄[𝜑(𝑘)(𝐹)] = 𝐄[𝜑(𝐹) 𝑅𝑘Γ(𝐹, 𝐹)2𝑘 ], 𝜑 ∈ 𝒞∞𝑐 .
In particular, we have that

(2.5) 𝐖𝑘,1(𝐹) ≤ 𝐄[ |𝑅𝑘|Γ(𝐹, 𝐹)2𝑘 ].
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Proof. Since 𝜑 is bounded, by Hölder’s inequality the right-hand side of (2.4) is well-defined.
For short we will write in this proof 𝑆 ≔ Γ(𝐹, 𝐹) and𝑊𝑘 ≔ 𝑅𝑘Γ(𝐹, 𝐹)2𝑘 = 𝑅𝑘𝑆2𝑘 .
We establish (2.4) by induction. For 𝑘 = 0, it is trivial. Assume that 𝑆−1 ∈ 𝕃4𝑘+4 and that
the claim is established up to some 𝑘 ∈ ℕ. By (2.4), we get that
(2.6) 𝐄[𝜑(𝑘+1)(𝐹)] = 𝐄[𝜑′(𝐹)𝑊𝑘].
Using the diffusion property (2.1), we get that

(2.7) 𝐄[𝜑′(𝐹)𝑊𝑘] = 𝐄[Γ(𝜑(𝐹), 𝐹) 𝑅𝑘𝑆2𝑘+1 ].
We shall now carry out computation as if 𝑆 ∈ 𝔻∞. On the one hand, we have that 𝑆−2𝑘−1 ∈ 𝕃2.
On the other hand, by the chain rule (2.1), we find thatΓ(𝑆−2𝑘−1, 𝑆−2𝑘−1) = (2𝑘 + 1)2𝑆−4𝑘−2Γ(𝑆, 𝑆).
Let us mention that this a priori formal computation can be made rigorous by doing the
computation at the level of the smooth random variable (𝑆 + 𝜀)−2𝑘−1, and then letting 𝜀 → 0.
Since Γ(𝑆, 𝑆) ∈ 𝔻∞, this shows thatΓ(𝑆−2𝑘−1, 𝑆−2𝑘−1)1∕2 ∈ 𝕃2.
Thus, by Meyer’s inequalities [BH91, Chap. II, Thm. 7.3.3], we have that 𝑆−2𝑘−1 ∈ 𝔻1,2 =𝔻omℰ. Since 𝑅𝑘 ∈ 𝔻omℰ, we have shown that 𝑅𝑘𝑆−2𝑘−1 ∈ 𝔻omℰ. Since we also have that𝜑(𝐹) and 𝐹 ∈ 𝔻∞, all the following computations make sense. By integration by parts and
the Leibniz rule, we get that−𝐄[𝜑(𝐹) 𝑅𝑘𝑆2𝑘+1𝖫𝐹] = 𝐄[Γ(𝜑(𝐹) 𝑅𝑘𝑆2𝑘+1 , 𝐹)]= 𝐄[Γ(𝜑(𝐹), 𝐹) 𝑅𝑘𝑆2𝑘+1 ] + 𝐄[𝜑(𝐹)Γ( 𝑅𝑘𝑆2𝑘+1 , 𝐹)].
Combining with (2.6) and (2.7) yields𝐄[𝜑(𝑘+1)(𝐹)] = 𝐄[𝜑(𝐹)[−𝑅𝑘𝑆−2𝑘−1𝖫𝐹 − Γ(𝑅𝑘𝑆−2𝑘−1, 𝐹)]].
By the Leibniz rule and the chain rule, we find thatΓ(𝑅𝑘𝑆−2𝑘−1, 𝐹) = 𝑆2𝑘−1Γ(𝑅𝑘, 𝐹) − (2𝑘 + 1)𝑅𝑘Γ(𝑆, 𝐹)𝑆−2𝑘−2.
Recalling that 𝑆 = Γ(𝐹, 𝐹) this concludes the proof in view of the definition of the 𝑅𝑘’s.
By construction the 𝑅𝑘’s are obtained by iteratively applying the carré du champ operator
and the generator to 𝐹. In particular, it norms can be control by some monomial in a
finite number of the Sobolev norms 𝔻𝑠,𝑝 with 𝑠 ∈ ℝ and 𝑝 ∈ (1,∞) possibly multiplied
by a positive constant. We thus introduce a new notation Ψ(‖𝐹‖𝔻∞) to indicate quantities
controlled by such monomial, in other words

Ψ(‖𝐹‖𝔻∞) ≔ 𝑂⎛⎜⎝ 𝑙∏
𝑗=1 ‖𝐹‖𝑘𝑗𝔻𝑠𝑗 ,𝑝𝑗⎞⎟⎠,

for some possibly changing values of 𝑙 ∈ ℕ, 𝑠𝑗 ∈ ℝ, 𝑝𝑗 ∈ (1,∞), and 𝑘𝑗 ∈ ℕ. We stress that‖𝐹‖𝔻∞ is not even defined. With this notation, we can rephrase Proposition 2.1 as follows.
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Theorem 2.2. Let 𝑘 ∈ ℕ and 𝐹 ∈ 𝔻∞ such that Γ(𝐹, 𝐹)−1 ∈ 𝕃4𝑘. Then, 𝐹 has a density in𝒲𝑘,1 with 𝐖𝑘,1(𝐹) ≤ Ψ(‖𝐹‖𝔻∞)‖Γ(𝐹, 𝐹)−2𝑘‖𝕃2 .
2.2 Regularity for smooth random variable of an independent se-

quence
We now use the formalism of Dirichlet forms to derive regularity estimates for the density
of a smooth random variable with respect to a sequence of independent and identically
distributed random variables. Roughly speaking, we construct conditionally Gaussian
random variables encoding the properties of the carré du champ.

2.2.1 The Bouleau derivative ♯ associated with an independent sequence
Fix a diffusive Dirichlet structure ℰ with carré du champ Γ. We now want to study regularity
of the law of 𝐹 ∈ 𝔻∞. As anticipated, our main contribution is to give sufficient conditions
for the integrability of Γ(𝐹, 𝐹)−1 whenever 𝐹 is a function of independent random variables.

(a) Smooth coordinate system Let us thus fix 𝑋 = (𝑋𝑖) a sequence of independent
random variables such that 𝑋𝑖 ∈ 𝔻∞. In general, Γ(𝑋𝑖, 𝑋𝑖) is not measurable with respect to𝑋𝑖. In particular, Γ(𝑋𝑖, 𝑋𝑖) and Γ(𝑋𝑗, 𝑋𝑗)might fault to be independent. In order to simplify
the definition, we assume a form of Dirichlet-independence on (𝑋𝑖). For all 𝑖 ∈ ℕ, we define
recursively Γ(0)𝑖 ≔ 𝑋𝑖 and Γ(𝑘+1)𝑖 ≔ Γ(Γ(𝑘)𝑖 ,Γ(𝑘)𝑖 ).
Our assumption thus reads as follows

(2.8) Γ(𝑘)𝑖 ⫫ Γ(𝑘′)𝑗 , and Γ(Γ(𝑘)𝑖 ,Γ(𝑘′)𝑗 ) = 0, 𝑖 ≠ 𝑗, 𝑘, 𝑘′ ∈ ℕ.
(b) The Malliavin matrices of 𝑋 We often abbreviate Γ𝑖 ≔ Γ(1)𝑖 . We define, for 𝑛 ∈ ℕ

{ 𝑉(𝑛)𝑖 ≔ (Γ(0)𝑖 ,Γ(1)𝑖 ,… ,Γ(𝑛−1)𝑖 ),𝑀(𝑛) ≔ Γ(𝑉(𝑛), 𝑉(𝑛)).
By definition,𝑀(𝑛) is a symmetric non-negative matrix. In view of (2.8),𝑀(𝑛) is diagonal by
blocks, each block being of size 𝑛 × 𝑛. We write 𝐵(𝑛)𝑖 for the 𝑛 × 𝑛matrix composing the 𝑖-th
block of𝑀(𝑛). For instance, we have that 𝐵(1)𝑖 = Γ𝑖 and𝐵(2)𝑖 ≔ ( Γ𝑖 Γ(𝑋𝑖,Γ𝑖)Γ(𝑋𝑖,Γ𝑖) Γ(Γ𝑖,Γ𝑖))
By construction, we also have that(𝐵(𝑛+1)𝑖 )1≤𝑗,𝑙≤𝑛 = 𝐵(𝑛)𝑖 .
We only use 𝐵(1), 𝐵(2), 𝑀(1), and 𝑀(2) in our construction. We let 𝔅0(𝐸) ≔ 𝜎(𝑋), and we
define 𝔅𝑘+1(𝐸) ≔ 𝜎(𝑋,𝑀(𝑘+1)).
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For instance, a random variable 𝐹 is𝔅1(𝐸)-measurable provided it is measurable provided𝐹 = 𝑓(𝑋1,Γ1, 𝑋2,Γ2,… ) for some 𝑓∶ (ℝ2)∞ → ℝmeasurable; while 𝐹 is𝔅2(𝐸)-measurable
provided 𝐹 = 𝑓(𝑋1,Γ1,Γ(𝑋1,Γ1),Γ(Γ1,Γ1),… ).
We also let 𝕃2𝑘 ≔ 𝐿2(𝐸,𝔅𝑘(𝐸),𝐏);𝔻𝑘 ≔ 𝔻 ∩ 𝕃2𝑘;𝔻∞𝑘 ≔ 𝔻∞ ∩ 𝕃2𝑘.
Informally, random variables in 𝔻∞𝑘 are obtained by iteratively taking carré du champ of
elements of smooth randomvariablesmeasurablewith respect to𝑋. Indeed, if𝐹 and𝑅 ∈ 𝔻∞𝑘
then Γ(𝐹, 𝑅) ∈ 𝔻∞𝑘+1. We write 𝕊𝑘(ℝ) for the set of symmetric matrices of size 𝑘×𝑘 with real
coefficients. For every 𝐹 ∈ 𝕃2𝑘 there exists a measurable function 𝑓∶ (ℝ × 𝕊𝑘(ℝ))∞ → ℝ
such that 𝐹 = 𝑓(𝑋1, 𝐵(𝑘)1 , 𝑋2, 𝐵(𝑘)2 ,… ).
Whenever it makes sense, we use the notation 𝜕𝑥𝑖𝑓 to indicate the partial derivative with
respect to the 𝑖-th coordinate; ∇𝑏𝑖𝑓 to indicate the partial gradient with respect to the 𝑖-th
matrix coordinate; and, more generally,

∇𝑖𝑓 ≔ ( 𝜕𝑥𝑖𝑓 00 ∇𝑏𝑖𝑓 ) ∈ 𝕊𝑘+1(ℝ).
(c) TheBouleau derivatives Fix𝐺 = (𝐺𝑖 a sequence of independent standardGaussian
variables, that are also independent of𝔅(𝐸). We use the notation𝐺⊗𝑘 to indicate a sequence
where each of the 𝐺𝑖 is replaced by a 𝑘 × 𝑘 Gaussian matrix with independent entries. Take𝐹 a smooth cylinder function on 𝕃2𝑘, that is 𝐹 = 𝑓(𝑋1, 𝐵(𝑘)1 ,… , 𝑋𝑛, 𝐵(𝑘)𝑛 ) for some 𝑛 ∈ ℕ, and𝑓 ∈ 𝒞∞𝑐 ((ℝ × 𝕊𝑘(ℝ))𝑛). Thus, we define

♯(𝑘+1)𝐺 𝐹 ≔ 𝑛∑
𝑖=1 Tr(∇𝑖𝑓(𝑋1, 𝐵(𝑘)1 ,… , 𝑋𝑛, 𝐵(𝑘)𝑛 )(𝐵𝑘+1𝑖 )1∕2𝐺⊗(𝑘+1)𝑖 ).

Namely, whenever 𝐹 = 𝑓(𝑋1,… , 𝑋𝑛), we find♯(1)𝐺 𝐹 = 𝑛∑
𝑖=1 𝜕𝑥𝑖𝑓(𝑋1,… , 𝑋𝑛)Γ1∕2𝑖 ;

and, whenever 𝐹 = 𝑓(𝑋1,Γ1,… , 𝑋𝑛,Γ𝑛), we have that♯(2)𝐺 𝐹 = 𝑛∑
𝑖=1 𝜕𝑥𝑖𝑓(𝑋1,Γ1,… , 𝑋𝑛,Γ𝑛)Γ1∕2𝑖 𝐺𝑖,1 + 𝜕𝛾𝑖𝑓(𝑋1,Γ1,… , 𝑋𝑛,Γ𝑛)Γ(Γ𝑖,Γ𝑖)1∕2𝐺𝑖,2.

We consider 𝔾 the closed linear span of the 𝐺𝑖’s in 𝐿2(Ω,𝔚,𝐏). Elements of 𝔾 are auto-
matically a centred Gaussian. We similarly define 𝔾⊗𝑘 (this notation is consistent with the
actual tensor product of Hilbert spaces).
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Lemma 2.3. For all 𝑘 ∈ ℕ the previously defined operators♯(𝑘+1)𝐺 ∶ 𝕃2𝑘 → 𝕃2𝑘+1(𝔾⊗(𝑘+1)),
are closable. We have 𝔻om ♯(𝑘+1)𝐺 = 𝔻𝑘, and
(2.9) 𝐄[(♯(𝑘+1)𝐺 𝐹)2 |𝔅(𝐸)] = Γ(𝐹, 𝐹), 𝐹 ∈ 𝔻𝑘.
In particular, for 𝐹 ∈ 𝔻𝑘 and for 𝑗 and 𝑙 ∈ ℕ, ♯(𝑘+𝑗)𝐺 𝐹 and ♯(𝑘+𝑙)𝐺 𝐹 have the same law, namely𝒩(0,Γ(𝐹, 𝐹)).
Proof. We show first (2.9) for smooth cylinder functions of 𝕃2𝑘. For such a 𝐹, we find𝐄[(♯(𝑘+1)𝐺 𝐹)2 |𝔅(𝐸)] = ⟨∇𝑓,𝑀(𝑘+1)∇𝑓⟩ = Γ(𝐹, 𝐹).
The last equality being true by the chain rule. Now take (𝐹𝑘) a sequence of smooth cylinder
functions converging to 0 in 𝕃2𝑘 such that (♯(𝑘+1)𝐺 𝐹𝑘) converges to some 𝑌 ∈ 𝕃2(𝔾⊗𝑘). By the
nature of the Gauss space, this implies that𝐄[(♯𝐺𝐹𝑘)2 |𝔅(𝐸)] = Γ(𝐹𝑘, 𝐹𝑘) ,,,,→𝑘→∞ 𝐄[𝑌2 |𝔅(𝐸)].
Thus 𝑌 = 0 since Γ is a closed operator. The other points are direct consequences of (2.9)
for smooth cylinder functions.

It is possible to construct the Hilbert space-valued version of the Bouleau gradient. With
a slight abuse of notation, we write, for every separable Hilbert space 𝔽, ♯(𝑘+1)𝐺 ∶ 𝕃2𝑘 →𝕃2𝑘+1(𝔽⊗ 𝔾).
(d) Simple and iterated Bouleau derivatives on 𝕃2𝑋 Now we are concerned with the
gradient and the iterated gradient for elements of 𝕃2𝑋 ≔ 𝕃20, those are random variables
measurable with respect to 𝑋. We consider 𝐻 another sequence of standard Gaussian,
independent of 𝐺 and 𝔅(𝐸). As before we define ℍ, 𝐻⊗𝑘, and ℍ⊗𝑘. It is implicitly as-
sume that all the 𝐺⊗𝑘 and 𝐻⊗𝑘′ are independent, that is 𝔾⊗𝑘 and ℍ⊗𝑘′ are orthogonal in𝐿2(Ω,𝔚,𝐏). The gradients ♯(𝑘+1)𝐻 ∶ 𝕃2𝑘 → 𝕃2𝑘+1(ℍ⊗(𝑘+1)) are defined as before. As for ♯𝐺, for
every Hilbert space 𝔽, we overload the notation ♯(𝑘+1)𝐻 to also indicate for the 𝔽-valued version𝕃2𝑘(𝔽)→ 𝕃2𝑘+1(ℍ⊗(𝑘+1) ⊗ 𝔽). In particular, we can define the simple Bouleau derivative♯𝐺 ≔ ♯(1)𝐺 ∶ 𝕃2𝑋 → 𝕃2(𝔾),
and the iterated Bouleau derivative♯𝐻♯𝐺 ≔ ♯(2)𝐻 ♯(1)𝐺 ∶ 𝕃2𝑋 → 𝕃2(𝔾⊗ ℍ⊗2).
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(e) Explicit computations on smooth cylinder functions For the reader’s conve-
nience, let us explicit the simple and the iterated gradient for 𝐹 = 𝑓(𝑋1,… , 𝑋𝑛) a smooth
cylinder function of 𝕃2𝑋. We then we recall that♯𝐺𝐹 = 𝑛∑

𝑖=1 𝜕𝑥𝑖𝑓(𝑋1,… , 𝑋𝑛)Γ1∕2𝑖 𝐺𝑖.
The expression for the iterated derivative is more involved. In order to state it, we use the
shorthand notation, Γ ≔ 𝑀(1) = 𝑑𝑖𝑎𝑔(Γ1,… ,Γ𝑛),𝑀 ≔ 𝑀(2), and 𝐵𝑖 ≔ 𝐵(2)𝑖 . We also define
the (non-independent) Gaussian vectors �̂� (resp. �𝐻) by taking the odd (resp. even) indices
of𝑀1∕2𝐻⊗2. Then, we have that♯𝐻♯𝐺𝐹 = ⟨Γ1∕2𝐺,∇2𝑓�̂�⟩ + 12⟨Γ−1∕2𝐺, 𝑑𝑖𝑎𝑔(∇𝑓) �𝐻⟩=∑

𝑖,𝑗 𝜕𝑥𝑖𝑥𝑗𝑓(𝑋1,… , 𝑋𝑛)Γ1∕2𝑖 𝐺𝑖(𝐵1∕2𝑗 (1, 1)𝐻(1)𝑗 + 𝐵1∕2𝑗 (1, 2)𝐻(2)𝑗 )
+ 12∑𝑖 𝜕𝑥𝑖𝑓(𝑋1,… , 𝑋𝑛)Γ−1∕2𝑖 𝐺𝑖(𝐵1∕2𝑖 (2, 1)𝐻(1)𝑖 + 𝐵1∕2𝑖 (2, 2)𝐻(2)𝑖 ).(2.10)

2.2.2 Regularity of the random variable through the Bouleau derivative

Assumption 1. We work under the following assumptions.

1. There exists a exists a diffusive Dirichlet form ℰ with carré du champ Γ over a Fréchet space𝐸 ⊂ Ω equipped with its Borel 𝜎-algebra𝔅(𝐸).
2. 𝑋 = (𝑋𝑖) is a sequence of independent random variables such that 𝑋𝑖 ∈ 𝔻∞ and the
Dirichlet-independence condition (2.8) holds.

3. The 𝑋𝑖’s are centred and of variance 1.
4. 𝐺 = (𝐺𝑖) and𝐻 = (𝐻𝑖) are sequences of independent standard Gaussian variables, with
associated Gauss spaces 𝔾 and ℍ.
5. 𝔅(𝐸), 𝜎(𝐺), and 𝜎(𝐻) are independent.
In this case, we recall that the simple derivative ♯𝐺 ∶ 𝕃2𝑋 → 𝕃2(𝔾) and the iterated Bouleau
derivative ♯𝐻♯𝐺 ∶ 𝕃2𝑋 → 𝕃2(𝔾⊗ ℍ⊗2) are defined in Section 2.2.1.
Our general principle states that the regularity of the law of ♯𝐺𝐹 controls that of the law 𝐹.
Theorem 2.4. Under Assumption 1, let 𝐹 ∈ 𝔻∞𝑋 . Then,𝐖𝑞,1(𝐹) ≤ Ψ(‖𝐹‖𝔻∞)𝐍8𝑞+1,∞(♯𝐺𝐹)1∕2≤ Ψ(‖𝐹‖𝔻∞)𝐖8𝑞+1,1(♯𝐺𝐹)1∕2.(2.11)

Proof. Let 𝜉 > 0 and 𝜆 > 0. By Markov’s inequality, we have that:
𝐏[Γ(𝐹, 𝐹) < 1𝜉 ] = 𝐏[exp(−𝜆22 Γ(𝐹, 𝐹)) > e−𝜆2∕(2𝜉)] ≤ e𝜆2∕(2𝜉) 𝐄[exp(−𝜆22 Γ(𝐹, 𝐹))].
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By Lemma 2.3, ♯𝐺𝐹 is a conditionally Gaussian variable with conditional variance Γ(𝐹, 𝐹),
and we have that 𝐄[exp(−𝜆22 Γ(𝐹, 𝐹))] = 𝐄[exp(i𝜆♯𝐺𝐹)].
Thus, taking 𝜆 = √2𝜉 we have that

𝐏[Γ(𝐹, 𝐹) < 1𝜉 ] ≤ e𝐄[exp(i(2𝜉)1∕2♯𝐺𝐹)].
It follows that 𝐄[Γ(𝐹, 𝐹)−𝑞] = 𝑞 ∫ ∞

0 𝜉𝑞−1 𝐏[Γ(𝐹, 𝐹) < 1𝜉 ]d𝜉≤ e𝑞2 ∫ ∞
0 𝜉2𝑞−1 𝐄[exp(i𝜉♯𝐺𝐹)]d𝜉≤ e𝑞2 (∫ ∞
0 𝜉2𝑞−1(1 + 𝜉2)𝑞+1∕2d𝜉)𝐍2𝑞+1,∞(♯𝐺𝐹).

(2.12)

By Theorem 2.2, 𝐖𝑞,1(𝐹) ≤ Ψ(‖𝐹‖𝔻∞)𝐄[Γ(𝐹, 𝐹)−4𝑞]1∕2.
From which, together with Theorem 2.2, we conclude the first inequality in (2.11). The
second inequality follows by (1.2).

We can iterate Theorem 2.4.

Theorem 2.5. Under Assumption 1, let 𝐹 ∈ 𝔻∞𝑋 . We have that𝐖𝑞,1(𝐹) ≤ Ψ(‖𝐹‖𝔻∞)𝐄[𝐍64𝑞+9,∞(♯𝐻♯𝐺𝐹)]1∕4.
Proof. We would like to apply Theorem 2.4 to ♯𝐺𝐹. However, ♯𝐺𝐹 is not in 𝔻∞𝑋 , since it is
not measurable with respect to 𝑋. To circumvent this issue we consider the usual Dirichlet
form associated to 𝐺, that is the so-called Wiener–Dirichlet form ℰ𝑊 [BH91, Chap. III]. This
form is diffusive and admits a carré du champ Γ𝑊. We can consider the diffusive product
Dirichlet form ℰ̃ ≔ ℰ⊗ ℰ𝑊. Then, ♯𝐺𝐹 ∈ �̃�∞, andΓ̃(♯𝐺𝐹, ♯𝐺𝐹) = Γ(♯𝐺𝐹, ♯𝐺𝐹) + Γ𝑊(♯𝐺𝐹, ♯𝐺𝐹) ≥ Γ(♯𝐺𝐹, ♯𝐺𝐹).
Hence, to obtain negative moments for Γ̃(♯𝐺𝐹, ♯𝐺𝐹) and thus regularity for ♯𝐺𝐹, is is suffi-
cient to obtain negative moments for Γ(♯𝐺𝐹, ♯𝐺𝐹). This is done exactly as in the proof of
Theorem 2.4. Details are left to the reader.

Remark 2.6. The choice of theWiener structure in the above proof is irrelevant. Any diffusive
Dirichlet forms with carré to champ associated to 𝐺 could have worked, including the trivial
Dirichlet form ℰ0 ≔ 0.
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2.2.3 Estimating the regularity of the iterated gradient by Gaussian analysis

The random variable ♯𝐺♯𝐻𝐹 is conditionally a Gaussian quadratic form, that is a Gaussian
quadratic form with random independent coefficients. More precisely there exists a𝔅(𝐸)-
measurable linear operator 𝖣2𝐹 such that♯𝐻♯𝐺𝐹 = ⟨𝐺, (𝖣2𝐹)𝐻⊗2⟩.
We refer to 𝖣2𝐹 as the Bouleau Hessian of 𝐹. We stress that the explicit formula for 𝖣2𝐹 is
involved but can be inferred from (2.10); we do not write formula as we will see that we can
work with a simpler matrix. In order to control its regularity, let us start with an estimation
of the regularity of the law Gaussian quadratic forms, that is with deterministic coefficients.

Lemma 2.7. Let𝑁 = (𝑁𝑖) be a sequence of independent standard Gaussian variables and 𝖠
a symmetric Hilbert–Schmidt operator. Then,𝐍𝑞∕2,∞(⟨𝑁,𝖠𝑁⟩) ≲ ℛ𝑞(𝖠)−1∕4.
Proof. Write 𝐹 ≔ ⟨𝑁,𝖠𝑁⟩. By diagonalization we have 𝖠 = 𝖯𝑇Λ𝖯 where Λ is the diagonal
operator of real eigenvalues of 𝖠 and 𝖯 is an orthogonal operator. By the invariance of
Gaussian measures under isometries, we find that𝐹 = ⟨𝖯𝑁,Λ𝖯𝑁⟩ 𝑙𝑎𝑤= ⟨𝑁,Λ𝑁⟩.
Recalling that 𝐄[ei𝜉𝑁21] = (1 − 2i𝜉)−1∕2,
we get that ||||𝐄[ei𝜉𝐹]|||| =∏

𝑘 |||1 − 2i𝜉𝜆𝑘|||−1∕2 =∏
𝑘 (1 + 4𝜉2𝜆2𝑘)−1∕4.

Developing the product yields∏
𝑘 (1 + 4𝜉2𝜆2𝑘) = 1 +∑

𝑝 4𝑝𝜉2𝑝ℛ𝑝(𝖠).
Finally, we have that ||||𝐄[ei𝜉𝐹]|||| ≲ (1 + 𝜉)𝑞∕2ℛ𝑞(𝖠)−1∕4,
from which the claim follows.

We now derive the main abstract result of this paper. Recall that we write Γ𝑖 ≔ Γ(𝑋𝑖, 𝑋𝑖)
and Γ ≔ diag(Γ1,Γ2,… ).
Theorem 2.8. Under Assumption 1, let 𝐹 ∈ 𝔻∞𝑋 . Then,
(2.13) 𝐖𝑞,1(𝐹) ≤ Ψ(‖𝐹‖𝔻∞)𝐄[ℛ128𝑞+18(𝖣2𝐹)−1∕4]1∕4.
Moreover, when 𝐹 = 𝑓(𝑋), for some 𝑓∶ ℝ∞ → ℝ such that the Hessian ∇2𝑓(𝑋) exists, we
have

(2.14) 𝐖𝑞,1(𝐹) ≤ Ψ(‖𝐹‖𝔻∞)𝐄[ℛ128𝑞+18(Γ1∕2(∇2𝑓(𝑋))Γ1∕2)−1∕4]1∕4.
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Proof. (2.13) follows from Theorem 2.5 and Lemma 2.7.
To derive (2.14), consider 𝐹 = 𝑓(𝑋) for 𝑓 sufficiently smooth. Following (2.10), con-
sider three independent standard Gaussian vectors 𝐺, 𝐻(1) and 𝐻(2), as well as the (non-
independent) Gaussian vectors�̂�𝑖 ≔ 𝐵𝑖(1, 1)1∕2𝐻(1)𝑖 + 𝐵𝑖(1, 2)1∕2𝐻(2)𝑖 ∼ 𝒩(0,Γ𝑖)�𝐻𝑖 ≔ 𝐵𝑖(1, 2)1∕2𝐻(1)𝑖 + 𝐵𝑖(2, 2)1∕2𝐻(2)𝑖 ∼ 𝒩(0,Γ(Γ𝑖,Γ𝑖)).
We then have that

(2.15) ♯𝐻♯𝐺𝐹 = ⟨Γ1∕2𝐺,∇2𝑢𝑙𝑓(𝑋)�̂�⟩ + ⟨Γ1∕2𝐺,∇2𝑑𝑓(𝑋)�̂�⟩ + 12⟨Γ−1∕2𝐺,∇𝑓(𝑋) �𝐻⟩,
where we consider the two random diagonal operators∇2𝑑𝑓(𝑋) ≔ 𝑑𝑖𝑎𝑔(𝜕2𝑥1𝑥1𝑓(𝑋), 𝜕2𝑥2𝑥2𝑓(𝑋),… );∇𝑓(𝑋) ≔ 𝑑𝑖𝑎𝑔(𝜕𝑥1𝑓(𝑋), 𝜕𝑥2𝑓(𝑋),… );
as well as the upper-lower part of the Hessian∇2𝑢𝑙𝑓(𝑋) = ∇2𝑓(𝑋) − ∇2𝑑𝑓(𝑋).
By construction ∇2𝑑𝑓(𝑋) + ∇𝑓(𝑋) are diagonal operator, while ∇2𝑢𝑙𝑓(𝑋) is purely non-
diagonal. By Lemma 1.2, it is sufficient to estimate the spectral remainder of the operator
appearing in the first term of the right-hand side of (2.15). Let us consider the operators𝖬 ≔ Γ1∕2∇2𝑢𝑙𝑓(𝑋)Γ1∕2,𝖬⊘2 ≔ ( 0 𝖬𝖬 0 )
By construction, we have that

⟨Γ1∕2𝐺,∇2𝑢𝑙𝑓(𝑋)�̂�⟩ 𝑙𝑎𝑤= ⟨𝐺,𝖬𝐻⟩ 𝑙𝑎𝑤= ⟨(𝐺𝐻) ,𝖬⊘2 (𝐺𝐻)⟩,
where𝐻 is a sequences of independent standard Gaussian variables independent of𝐺. Thus,
it is sufficient to control the spectral remainder ℛ𝑞(𝖬⊘2) ≥ ℛ𝑞(𝖬).
3 Regularity of laws of random quadratic forms
In this section, we use our general theorem in order to derive sufficient condition for the
regularity of random quadratic forms. More precisely, we let 𝑋 satisfy Assumption 1 and𝖠 = (𝑎𝑖𝑗) be a symmetric Hilbert–Schmidt operator on 𝓁2(ℕ), and we consider
(3.1) 𝑄𝖠 ≔ ⟨𝖠𝑋,𝑋⟩ =∑

𝑖,𝑗 𝑎𝑖𝑗𝑋𝑖𝑋𝑗.
In order to obtain regularity on the law of 𝑄𝖠 we need to assume some regularity at the level
of 𝑋1.
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3.1 General result when the law of 𝑋1 is in a Sobolev space
Assumption 2. There exists 𝜃 > 0 such that
(3.2) 𝐏[Γ(𝑋1, 𝑋1) ≤ 𝜀] ≲ 𝜀𝜃, 𝜀 > 0.
Remark 3.1. Assumption 2 is equivalent to the fact that there exists𝑝0 such that𝐄[Γ(𝑋1, 𝑋1)−𝑝0] <∞. In view of Section 2.1.2 this implies that 𝑋1 has a density in some Sobolev space𝒲𝑠0,1
for some 𝑠0 > 0. Note that we possibly have that 𝑠0 < 1.
Our main result shows that the law of 𝑄𝖠 is regular provided the influence of 𝖠 is small
enough.

Theorem 3.2. Under Assumptions 1 and 2. Let 𝑞 ∈ ℕ. There exists 𝜏𝑞 > 0 such that for all 𝖠
with Tr𝖠2 = 1,(3.3) ℛ𝑞(𝖠) > 0,(3.4) 𝜏(𝖠) < 𝜏𝑞.(3.5)

the law of 𝑄𝖠 is in𝒲𝑞,1, and in particular, it in𝒞⌊𝑞−1⌋. Moreover, for some 𝜂𝑞 > 1∕4,𝐖𝑞,1(𝑄𝖠) ≲ 1ℛ128𝑞+18(𝖠)𝜂𝑞 .
Remark 3.3. From our proof we see that we can take𝜏𝑞 ≔ 2−11(𝜃 ∧ (2048𝑞 + 288))−52−1280𝑞−180.
We did not try to optimize the constant 𝜏𝑞.
3.1.1 A general small ball estimate for multi-linear polynomials

As could be anticipated from the previous sections our analysis is concerned with the
positivity of some random quadratic forms. We thus start with some auxiliary results of
independent interest. Amulti-linear polynomial is a function𝑝(𝑥) ≔ ∑

𝐼⊂ℕ 𝑎𝐼𝑥𝐼, 𝑥 ∈ ℝ∞,
where 𝑥𝐼 ≔ ∏𝑖∈𝐼 𝑥𝑖, and (𝑎𝐼 ∶ 𝐼 ∈ ℕ) are real coefficients such that 𝑎𝐼 = 0 for all 𝐼 with|𝐼| > 𝑑 for some 𝑑 ∈ ℕ. We call the degree of the polynomial the largest 𝑑 such that 𝑎𝐼 ≠ 0
for some |𝐼| = 𝑑.
Proposition 3.4. Let (𝑈𝑖) be a sequence of independent and identically distributed random
variables with finite third moment, and such that there exists 𝜃 > 0 with
(3.6) sup𝑏∈ℝ 𝐏[|𝑈1 − 𝑏| ≤ 𝜀] ≲ ( 𝜀𝐕𝐚𝐫[𝑈1]1∕2)𝜃.
For all 𝑑 ∈ ℕ, let
(3.7) 𝜃𝑑 ≔ (𝜃 ∧ 18𝑑 )2−𝑑.
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Then, for all 𝑝 be a multi-linear polynomial of degree 𝑑.
(3.8) sup𝑏∈ℝ 𝐏[|𝑝(𝑈) − 𝑏| ≤ 𝜀] ≲ ( 𝜀𝐕𝐚𝐫[𝑝(𝑈)]1∕2)𝜃𝑑 .
Remark 3.5. We did not try to optimize the constant 𝜃𝑑. Finding the optimal exponent
would be an interesting problem, not only in connexion with this work but also regarding
generalization of the inequality of Carbery & Wright [CW01].

Proof. By homogeneity, we assume that 𝑈1 is centered and with variance 1. By induction
on 𝑑. For 𝑑 = 1, the claim is simply (3.6). Let us thus fix 𝑑 > 1, and assume that (3.8) holds
for multi-linear polynomials of degree 𝑑 with some 𝜃𝑑. Let 𝑝 be a multi-linear polynomial
of degree 𝑑 + 1.
(a) Large influence estimate Let us write𝑆𝑖 ≔∑

𝐼∋𝑖 𝑎𝐼𝑈𝐼⧵{𝑖},𝑅𝑖 ≔∑
𝐼∌𝑖 𝑎𝐼𝑈𝐼.

In this way, we have that 𝑝(𝑈) = 𝑈𝑖𝑆𝑖 + 𝑅𝑖, and 𝑆𝑖 and 𝑅𝑖 are independent of 𝑈𝑖. By (3.6), it
follows that𝐏[|𝑝(𝑈) − 𝑎| ≤ 𝜀] = 𝐏[|||𝑈𝑖𝑆𝑖 + 𝑅𝑖 − 𝑎||| ≤ 𝜀, 𝑆𝑖 > 𝜂] + 𝐏[|||𝑝(𝑈) − 𝑎||| ≤ 𝜀, 𝑆𝑖 ≤ 𝜂]≲ ( 𝜀𝜂)𝜃 + 𝐏[𝑆𝑖 ≤ 𝜂].
Since 𝑆𝑖 is a multi-linear polynomial of degree 𝑑, by the induction hypothesis,
(3.9) 𝐏[|||𝑝(𝑈) − 𝑎||| ≤ 𝜀] ≲ ( 𝜀𝜂)𝜃 + ( 𝜂‖𝑆𝑖‖𝐿2 )𝜃𝑑 .
(b) Small influence estimate The above bound is useless, whenever 𝜏 ≔ sup𝑖 𝐄[𝑆2𝑖 ]
is small. In that case, we use a celebrated invariance principle for polynomials by Mossel,
O’Donnell & Oleszkiewicz. Consider 𝐺 = (𝐺𝑖) a vector of independent standard Gaussian
variables, then according to [MOO10, Thm. 2.1],𝐏[|||𝑝(𝑈) − 𝑎||| ≤ 𝜀] ≲ 𝑑𝜏1∕8(𝑑+1) + 𝐏[|||𝑝(𝐺) − 𝑎||| ≤ 𝜀].
By a famous inequality of Carbery & Wright [CW01, Cor. of Thm. 2], we find that

𝐏[|||𝑝(𝐺) − 𝑎||| ≤ 𝜀] ≤ ( 𝜀‖𝑝(𝐺) − 𝑎‖𝐿2 )1∕(𝑑+1).
By assumption, we have that 𝐕𝐚𝐫[𝑝(𝐺)] = 1. Altogether this shows that
(3.10) 𝐏[|||𝑝(𝑈) − 𝑎||| ≤ 𝜀] ≲ 𝜏1∕8(𝑑+1) + 𝜀1∕(𝑑+1).
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(c) Combining the estimates Whenever 𝜏 ≲ 𝜀, we choose (3.10) yielding𝐏[|||𝑝(𝑈) − 𝑎||| ≤ 𝜀] ≤ 𝜀1∕8(𝑑+1) + 𝜀1∕(𝑑+1).
On the other hand, when 𝜏 ≳ 𝜀, we choose (3.9) with 𝜂 = 𝜀1∕2, and this gives𝐏[|||𝑝(𝑈) − 𝑎||| ≤ 𝜀] ≲ 𝜀𝜃∕2 + 𝜀𝜃𝑑∕2
Thus we have that 𝜃𝑑+1 = 18(𝑑 + 1) ∧ 𝜃𝑑2 , and 𝜃1 = 𝜃.
This shows that 𝜃𝑑 = ( 18𝑑 ∧ 𝜃)∕2𝑑.
By using the comparison between 𝐿1 and 𝐿2, we immediately get the following corollary.
Corollary 3.6. Under the same assumptions as in Proposition 3.4, and assume moreover that𝑈1 ≥ 0. Then,
(3.11) sup𝑎∈ℝ 𝐏[|𝑝(𝑈) − 𝑎| ≤ 𝜀] ≲ ( 𝜀𝐄[𝑝(𝑈)])𝜃𝑑 .
3.1.2 Improving positivity by splitting independent terms

Fix 𝑞 ∈ ℕ. We consider the set of subsets of ℕ with exactly 𝑞 elements, that is𝒫𝑞(ℕ) ≔ {𝐼 ⊂ ℕ ∶ |𝐼| = 𝑞}.
We consider:

• a symmetric trace-class operator𝖡 ≔ (𝑏𝐼𝐽 ∶ 𝐼, 𝐽 ∈ 𝒫𝑞(ℕ));
• a sequence of non-negative random variables (𝑈𝑖 ∶ 𝑖 ∈ ℕ), and𝑈𝐼 ≔∏

𝑖∈𝐼 𝑈𝑖, 𝐼 ∈ 𝒫𝑞(ℕ);
• and the non-negative random variable:𝑆 ≔ ∑

𝐼,𝐽∈𝒫𝑞(ℕ) 𝑏𝐼𝐽𝑈𝐼𝑈𝐽.
Recall that we have defined the 𝓁1-influence 𝜐(𝖡) and the total mass 𝜎(𝖡) in Section 1.1.2.
Remark 3.7. The random variable 𝑆 is non-negative since all the terms are non-negative.
However, it is not non-negative as a quadratic form in 𝑈𝐼 since the operator 𝖡may fail to be
non-negative.
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Proposition 3.8. Assume that 𝐄[𝑈21] <∞, and that there exists 𝜃 > 0 such that
(3.12) 𝐏[𝑈1 ≤ 𝜀] ≲ 𝜀𝜃, 𝜀 > 0.
Let 𝜅 ∈ ℕ such that 𝜐(𝖡) ≤ 12 × 32𝜅 .
Then, with 𝜃2𝑞 defined in (3.7),𝐏[𝑆 ≤ 𝜀] ≲ ( 𝜀32𝜅𝜎(𝖡))𝜃2𝑞2𝜅 , 𝜀 > 0.
Consider disjoint subsets 𝕃𝑙 ⊂ 𝒫𝑞(ℕ). Let𝑆𝑙 ≔ ∑

(𝐼,𝐽)∈𝕃𝑙×𝕃𝑙 𝑏𝐼𝐽𝑈𝐼𝑈𝐽.
Then, the 𝑆𝑙’s are mutually independent. Since, each of the 𝑆𝑙 is a multi-linear polynomial of
degree 2𝑞, provided we can apply (3.11) on each of the 𝑆𝑙, this allows to improve our bound.
We now show this procedure is indeed feasible.

(a) Splitting the mass via a probabilistic method Given 𝕃 ⊂ 𝒫𝑝(ℕ), we write 𝖡𝕃 =(𝑏𝐼𝐽 ∶ 𝐼, 𝐽 ∈ 𝕃) for the extracted operator.
Lemma 3.9. There exists 𝕃 ⊂ 𝒫𝑝(ℕ) such that𝜎(𝖡𝕃) ≥ 116𝜎(𝖡) − 116𝜐(𝖡);𝜎(𝖡𝕃𝐶) ≥ 116𝜎(𝖡) − 116𝜐(𝖡).
Proof. Since 𝜎 and 𝜐 are linear, by homogeneity, we assume that 𝜎(𝖡) = 1. Let us consider
a family of independent Bernoulli variables (𝜀𝐼 ∶ 𝐼 ∈ 𝒫𝑞(ℕ)) with mean 1∕2. We define the
random set and random variables𝕃 ≔ {𝐼 ∈ 𝒫𝑝(ℕ) ∶ 𝜀𝐼 = 1};𝑇 ≔ ∑

(𝐼,𝐽)∈𝕃×𝕃 𝑏𝐼𝐽 =∑
𝐼𝐽 𝜀𝐼𝜀𝐽𝑏𝐼𝐽.�̂� ≔ ∑

(𝐼,𝐽)∈𝕃𝐶×𝕃𝐶 𝑏𝐼𝐽 =∑
𝐼𝐽 (1 − 𝜀𝐼)(1 − 𝜀𝐽)𝑏𝐼𝐽.

For 𝐼, 𝐽, 𝐼′, 𝐽′ ∈ 𝒫𝑝(ℕ), we have that 𝜀𝐼𝜀𝐽(1 − 𝜀𝐼′)(1 − 𝜀𝐽′) = 0 as soon as {𝐼, 𝐽} ∩ {𝐼′, 𝐽′} = ∅.
This later condition is implied by (𝐼 ∪ 𝐽) ∩ (𝐼′ ∪ 𝐽′) = ∅. Developing the product we thus find𝐄[𝑇�̂�] ≥ 116 ∑

(𝐼∪𝐽)∩(𝐼′∩𝐽′)=∅ 𝑏𝐼𝐽𝑏𝐼′𝐽′ = 116(𝜎(𝖡))2 − 116 ∑
(𝐼∪𝐽)∩(𝐼′∩𝐽′)≠∅ 𝑏𝐼𝐽𝑏𝐼′𝐽′ .

Now we compute∑
(𝐼∪𝐽)∩(𝐼′∩𝐽′)≠∅ 𝑏𝐼𝐽𝑏𝐼′𝐽′ =∑

𝑖∈ℕ
⎛⎜⎝∑𝐼,𝐽 1𝑖∈𝐼∪𝐽𝑏𝐼𝐽⎞⎟⎠

2 =∑
𝑖∈ℕ 𝜐𝑖(𝖡)2 ≤ 𝜐(𝖡)∑𝑖∈ℕ 𝜐𝑖(𝖡) = 𝜐(𝖡)𝜎(𝖡).
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Since 𝜎(𝖡) = 1, we have shown 𝐄[𝑇�̂�] ≥ 116(1 − 𝜐(𝖡)).
Owing to the fact that 𝑇 ∨ �̂� ≤ 1, we find𝐄[𝑇 ∧ �̂�] ≥ 𝐄[𝑇�̂�] ≥ 116(1 − 𝜐(𝖡)).
This shows that there exists a realization of 𝕃(𝜔) fulfilling the requirements of the lemma.
(b) Extraction of independent sums We now have all the necessary tools to conclude.

Proof of Proposition 3.8. Let us define for all 𝑘 ∈ ℕ the pairwise disjoint sets 𝕃(𝑘)1 ,… ,𝕃(𝑘)2𝑘 ⊂𝒫𝑞(ℕ) using an iterative procedure described below. To each of the 𝕃(𝑘)𝑙 , we associate the
operators 𝖡(𝑘)𝑙 ≔ 𝖡𝕃(𝑘)𝑙 , and the random sums𝑆(𝑘)𝑙 ≔ ∑

(𝐼,𝐽)∈𝕃(𝑘)𝑙 ×𝕃(𝑘)𝑙 𝑏𝐼𝐽𝑈𝐼𝑈𝐽.
Since the 𝑈𝑖’s are independent and that, for a given 𝑘, the 𝕃(𝑘)𝑙 ’s are pairwise disjoint, the𝑆(𝑘)𝑙 are mutually independent.
We initialize 𝕃(0)1 ≔ 𝒫𝑞(ℕ). Then, for all 𝑘 ∈ ℕ, if there exists 𝑙 ∈ {1,… , 2𝑘} such that𝜐(𝖡) > 12𝜎(𝖡(𝑘)𝑙 ), we stop the procedure; otherwise define𝕃(𝑘+1)𝑙 and𝕃(𝑘+1)𝑙+2𝑘 as the sets obtained
by applying Lemma 3.9 to 𝖡(𝑘)𝑙 . We write 𝑘𝑚𝑎𝑥 the integer at which the procedure stops. Our
procedure guarantees that 𝜎(𝖡(𝑘)𝑙 ) ≥ 𝜎(𝖡)32𝑘 , 𝑘 ≤ 𝑘𝑚𝑎𝑥.
On the other hand at step 𝑘 the procedure continues provided𝜐(𝖡) ≤ 125𝑘+1 .
This shows that 𝑘𝑚𝑎𝑥 ≥ 𝜅. Using the mutual independence of the 𝑆(𝑘𝑚𝑎𝑥)𝑙 ’s and the fact that
the 𝐵𝐼𝐽’s and 𝑈𝐼’s are non-negative we get

𝐏[𝑆 ≤ 𝜀] ≤ 2𝜅∏
𝑙=1 𝐏[𝑆(𝜅)𝑙 ≤ 𝜀].

We conclude by invoking Corollary 3.6 to each of the terms of the product.
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3.1.3 Control of the spectral remainders of Γ1∕2𝖠Γ1∕2
Proof of Theorem 3.2. In view of the Dirichlet independence, we find thatΓ(𝖫𝑛𝑋𝑖, 𝖫𝑚𝑋𝑗) = 0, 𝑖 ≠ 𝑗, 𝑛,𝑚 ∈ ℕ.
In particular, we get that 𝖫𝑘𝑄 = 𝑘∑

𝑙=1
(𝑘𝑙 )⟨𝖫𝑙𝑋,𝖠𝖫𝑘−𝑙𝑋⟩.

Since 𝑄 ∈ 𝔻∞ this implies that all the above random variables have all their moment finite,
and ‖𝖫𝑘𝑄‖𝕃𝑝 ≲ ‖𝖫𝑘𝑄‖𝕃2 ≲ ‖𝖠‖Ψ(‖𝑋‖𝔻∞).
Finally, we have shown

(3.13) Ψ(‖𝑄‖𝔻∞) ≲ Ψ(‖𝑋‖𝔻∞).
Let 𝑞′ = 128𝑞 + 18. In view of Proposition 3.8 and Lemma 1.3, we find that

(3.14) 𝐏[ℛ𝑞′(Γ1∕2𝖠Γ1∕2) ≤ 𝜀] ≲ ( 𝜀32𝜅ℛ𝑞′(𝖠))𝜃2𝑞′2𝜅 .
Whenever 𝜂𝑞 ≔ 2𝜅𝜃2𝑞′ > 1∕4 and 𝜏(𝖠) ≤ 2−5𝜅−1, this shows that𝐄[ℛ𝑞′(Γ1∕2𝖠Γ1∕2)−1∕4]1∕4 ≲ ℛ𝑞′(𝖠)−𝜂𝑞 .
In view of (3.4), the above quantity is finite. We conclude by Theorem 2.8 and (3.13)
and (3.14).

3.2 Improved constants when 𝑋1 is log-concave
In the previous proof, we have use Assumption 2 combined with a splitting argument in
order to derive a small ball estimate for𝑆𝑞 ≔ ∑

𝐼,𝐽∈𝒫𝑞(ℕ) 𝑏𝐼𝐽Γ𝐼Γ𝐽.
Since we rely on Proposition 3.4, we obtain the non-optimal exponent 𝜃𝑑. However, in some
cases we can expect a much better exponent to appear. This is for instance the case as soon
as 𝑆𝑞 is a multi-linear polynomial of degree 𝑑𝑞 in the 𝑋𝑖 and 𝑋1 as a log-concave law. In this
case by an inequality of Carbery & Wright [CW01, Cor. of Thm. 2], we find that

𝐏[𝑆𝑞 ≤ 𝜀] ≲ ( 𝜀𝐄[𝑆𝑞]) 1𝑑𝑞 .
Redoing the same proof with 𝜃𝑑 replaced by 1∕𝑑 yields to the following theorem with
improved constant.
Theorem 3.10. Under Assumption 1 assume moreover that 𝑋1 has log concave law and 𝑆𝑞
is a multi-linear polynomial in the 𝑋𝑖’s of degree 𝑑𝑞. Then, the statement of Theorem 3.2 still
holds with 𝜏𝑞 replaced by 𝜏∗𝑞 ≔ 1𝑞 (2𝑑𝑞)−5.
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4 Examples and applications

4.1 Examples of laws satisfying our assumptions
We now give concrete examples where Theorem 3.2 can be applied.

4.1.1 Product Dirichlet structures

Recall from [BH91, Chap. V, §2] that it is possible to consider infinite products of Dirichlet
forms. If the initial Dirichlet forms are local and admit a carré du champ then so does
the product Dirichlet form [BH91, Chap. V, Prop. 2.2.2]. This ability to consider products
provide us with a large class of examples. More precisely, we consider a Dirichlet formℰ over a Fréchet space 𝐸 equipped with a measure 𝜇 such that there exists 𝑋 ∈ 𝔻omℰ
and 𝑋 satisfies Assumption 2. Then over the product space (𝐸, 𝜇)ℕ we consider the the
product Dirichlet structure, and the coordinate functions 𝑋𝑖 ∶ (𝑥𝑙)↦ 𝑥𝑖. Then (𝑋𝑖) satisfies
Assumptions 1 and 2.

4.1.2 Dirichlet forms associated with orthogonal polynomials

We start with the only three examples of Dirichlet structure associated with orthogonal
polynomials on ℝ (see [BGL14, Part I, Chap. 2] for more details).

(a) Normal distribution and Hermite polynomials Onℝ, consider a standard Gaus-
sian measure 𝜇 whose density with respect to the Lebesgue measure is proportional to e−𝑥2∕2.
In this was, the identity map 𝑋(𝑥) ≔ 𝑥 is a random variable with Gaussian distribution.
Over ℝ, we consider the Dirichlet formℰ(𝑢, 𝑢) ≔ ∫ (𝑢′)2d𝜇, 𝑢 ∈ 𝐿2(𝜇),
with domain 𝔻omℰ ≔𝑊1,2(𝜇) the Sobolev space with respect to 𝜇. In this case, we have
that 𝖫𝑢 = 𝑢′′ − 𝑋𝑢′,
with domain 𝔻om 𝖫 ≔𝑊2,2(𝜇), and Γ(𝑢, 𝑣) = 𝑢′𝑣′.
This shows thatℰ is diffusive. Since 𝖫𝑥 = −𝑥,𝑋 ∈ 𝔻∞; and sinceΓ(𝑋,𝑋) = 1, Assumption 2
trivially holds. On (ℝ, 𝜇)∞, we can consider the product Dirichlet structure where each of
the marginal is equipped with the above Dirichlet form. This structure is often called the
Wiener space. Whenever 𝑋𝑖 ∶ ℝ∞ ∋ (𝑥𝑘) ↦ 𝑥𝑖, the 𝑋𝑖’s are independent and identically
distributed standard Gaussian, and the argumentation of Section 4.1.1 shows that they
satisfy Assumptions 1 and 2.

(b) Beta distribution and Jacobi polynomials Over [−1,+1] ⊂ ℝ consider 𝜇 the Beta
distribution with parameter 𝛼 > 0 and 𝛽 > 0, that is the law whose density with respect to
the Lebesgue measure is proportional to (1 − 𝑥)𝛼−1(1 + 𝑥)𝛽−1. In this way, the identity map𝑋(𝑥) ≔ 𝑥 is a Beta-distributed random variable. Over ℝ, we consider the Dirichlet formℰ(𝑢, 𝑢) ≔ ∫ (1 − 𝑥2)(𝑢′)2d𝜇, 𝑢 ∈ 𝐿2(𝜇),
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with domain 𝔻omℰ being a weighted Sobolev space with respect to 𝜇. In this case, we have
that 𝖫𝑢 = (1 − 𝑋2)𝑢′′ − [(𝛼 + 𝛽)𝑋 + 𝛼 − 𝛽]𝑢′,
whose domain 𝔻om 𝖫 is a weighted Sobolev space of higher order, andΓ(𝑢, 𝑣) = (1 − 𝑋2)𝑢′𝑣′.
This shows that ℰ is diffusive. Since 𝖫𝑋 = −(𝛼 + 𝛽)𝑋 + 𝛼 − 𝛽, we find that 𝑋 ∈ 𝔻∞; and
since, for 𝜃 > 0, 𝐄[Γ(𝑋,𝑋)−𝜃] = ∫ 1

−1(1 − 𝑥)𝛼−1−𝜃(1 + 𝑥)𝛽−1−𝜃d𝑥,
we see that Assumption 2 holds for 𝜃 < 𝛼 ∧ 𝛽. On (ℝ, 𝜇)∞, we can consider the product
Dirichlet structure where each of the marginal is equipped with the above Dirichlet form.
This structure is sometimes called the Laguerre space. Whenever 𝑋𝑖 ∶ ℝ∞ ∋ (𝑥𝑘) ↦ 𝑥𝑖,
the 𝑋𝑖’s are independent and identically distributed Beta random variables, and, following
Section 4.1.1, they satisfy Assumptions 1 and 2. More generally, whenever 𝛼 ≥ 1 and 𝛽 ≥ 1,
the Beta distribution is log-concave and we can apply our Theorem 3.10.

(c) Gamma distribution and Laguerre polynomials On ℝ+ ⊂ ℝ consider 𝜇 a
Gamma distribution with parameter 𝛼 > 0, that is 𝜇 has density with respect to the Lebesgue
measure proportional to 𝑥𝛼−1e−𝑥. Thus, the identity map 𝑋(𝑥) ≔ 𝑥 is a Gamma-distributed
random variable. Over ℝ, we consider the Dirichlet formℰ(𝑢, 𝑢) ≔ 𝐄[𝑋(𝑢′)2] = ∫ 𝑥(𝑢′)2d𝜇, 𝑢 ∈ 𝐿2(𝜇),
with domain 𝔻omℰ being a weighted Sobolev space with respect to 𝜇. In this case, we have
that 𝖫𝑢 = 𝑋𝑢′′ − [𝛼 − 𝑋]𝑢′,
whose domain 𝔻om 𝖫 is a weighted Sobolev space of higher order, andΓ(𝑢, 𝑣) = 𝑋𝑢′𝑣′.
This shows that ℰ is diffusive. Since 𝕃𝑋 = 𝑋, we have that 𝑋 ∈ 𝔻∞; and since, for 𝜃 > 0𝐄[Γ(𝑋,𝑋)−𝜃] = ∫ℝ+ 𝑥𝛼−1−𝜃e−𝑥d𝑥,
we see that Assumption 2 holds for 𝜃 < 𝛼. On (ℝ, 𝜇)∞, we can consider the product
Dirichlet structure where each of the marginal is equipped with the above Dirichlet form.
This structure is sometimes called the Laguerre space. Whenever 𝑋𝑖 ∶ ℝ∞ ∋ (𝑥𝑘)↦ 𝑥𝑖, the𝑋𝑖’s are independent and identically distributed Gamma random variables. By Section 4.1.1,
they satisfy Assumptions 1 and 2. Whenever 𝛼 ≥ 1, we find that the Gamma distribution is
log-concave and we can apply Theorem 3.10.
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(d) Multi-linear chaos In the three above examples, the operator 𝖫 has a purely dis-
crete spectrum with an orthonormal basis of eigenfunctions given by the orthonormal
polynomials, namely the Hermite polynomials for Example (a), the Jacobi polynomials for
Example (b), and the Laguerre polynomials for Example (c). This fact allows us to consider
multi-linear polynomials. More precisely, consider a sequence (𝜇𝑙) where each of the 𝜇𝑙 is
in the class of the examples above. Define𝐸𝑖 ≔⨂

𝑙∈ℕ (ℝ, 𝜇𝑙),
equipped with the product Dirichlet structure. Consider 𝑌(𝑙)𝑖 ∶ (𝑥𝑘) ↦ 𝑥𝑙. This way for
all 𝑖, the sequence (𝑌(𝑙)𝑖 )𝑙 is composed of independent random variables whose (possibly
non-identical) law are normal, beta, or gamma. Let 𝑝 be a multi-linear polynomial, and𝑋𝑖 ≔ 𝑝(𝑌𝑖). Since 𝕃𝑖 has polynomial eigenfunctions, and the normal, the gamma, and
the beta have finite moments of every positive order, this shows that 𝑋𝑖 ∈ 𝔻∞. Moreover,Γ(𝑋𝑖, 𝑋𝑖) is also a multi-linear polynomial, thus by Proposition 3.4, and the previous analysis
for the normal, the beta, and the gamma, we find that Assumption 2 holds. Thus (𝑋𝑖)
satisfies Assumptions 1 and 2.

4.1.3 Other examples

(a) Dirichlet forms in canonical forms with respect to a smooth density Let𝑉∶ ℝ→ ℝ be smooth and such that, for all 𝑘 ∈ ℕ, there exists 𝑑 > 0 such that:lim inf|𝑥|→∞ 𝑉(𝑥)𝑥2 > 0;(4.1) ∀𝑘 ∈ ℕ, ∃𝑑 > 0 ∶ lim sup|𝑥|→∞ 𝑉(𝑘)(𝑥)𝑥𝑑 <∞.(4.2)

On ℝ, let 𝜇 be the probability measure whose density with respect to the Lebesgue is
proportional to e−𝑉, and consider
(4.3) ℰ(𝑢, 𝑢) ≔ ∫ (𝑢′)2d𝜇.
This Dirichlet form is sometimes referred to as the canonical Dirichlet form associated to𝜇. By an easy instance of Hamzaa’s theorem, this indeed defines a Dirichlet form, whose
generator is given by 𝖫𝑢 ≔ 𝑢′′ − 𝑢′𝑉′,
and carré du champ is given by Γ(𝑢, 𝑢) ≔ (𝑢′)2.
Consider the identity map 𝑋(𝑥) ≔ 𝑥 which is a random variable distributed according to 𝜇.
We have that 𝖫𝑋 = −𝑉′, and more generally 𝖫𝑘𝑋 is a polynomial in 𝑉 and its derivatives
up to order 𝑘. In view, of our assumptions on 𝑉, we have that such a polynomial has finite
moments of every positive order. Thus, 𝑋 ∈ 𝔻∞. Since Γ(𝑋,𝑋) = 1, Assumption 2 trivially
holds. As before, considering on the product Dirichlet structure 𝑋𝑖 ∶ (ℝ, 𝜇)∞ ∋ (𝑥𝑙)↦ 𝑥𝑖,
we have that (𝑋𝑖) satisfies Assumptions 1 and 2.
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Remark 4.1. The canonical Dirichlet form (4.3) can be defined for a very large class of
measures 𝜇, namely themeasures satisfyingHamzaa’s condition. In particular, they could be
defined for Beta and Gamma distributions. This would yield a different Dirichlet structure
than the ones of Examples (b) and (c). We stress out that in this case the identity map𝑋(𝑥) ≔ 𝑥 is not in 𝔻∞ of the canonical Dirichlet form.

(b) Functions of a Gaussian In the setting of a normal distribution, consider a smooth
function 𝜑 such that: ∀𝑘 ∈ ℕ, ∃𝑑 > 0 ∶ sup𝑥 𝜑(𝑘)(𝑥)𝑥𝑑 <∞;(4.4) ∃𝜃 > 0 ∶ ∫ℝ 𝜑′(𝑡)−2𝜃e−𝑡2∕2d𝑠.(4.5)

We consider 𝑋(𝑥) ≔ 𝜑(𝑥). Thus, 𝑋 is a random variable with the same distribution as 𝜑(𝑁)
where 𝑁 is a standard Gaussian. In view, of the explicit expression for 𝖫 and using the fact
that the Gaussian has finite moments of any positive order, by (4.4), we find that 𝖫𝑋 ∈ 𝔻∞.
Moreover, since Γ(𝑋,𝑋) = 𝜑′(𝑋)2, (4.5) ensures that Assumption 2 holds. Thus we can use
the product Dirichlet structure construction of Section 4.1.1 in order to construct a sequence
satisfying Assumptions 1 and 2.

Example 1. Consider the cumulative distribution function of the standard Gaussian,Φ(𝑡) ≔ ∫ 𝑡
−∞ e−𝑠2∕2d𝑠.

Then it is clear that (4.4) and (4.5) hold. Since Φ(𝑁) follows a uniform distribution when 𝑁
is a standard Gaussian, this argument allows us to obtain uniform distributions in a different
way than the way presented for Beta distributions.

4.1.4 Stability of our assumptions under probabilistic operations

Actually our assumptions are stable under various natural probabilistic operations. To
formulate them let us say that 𝑋 ∈ 𝒜1 whenever 𝑋 ∈ 𝔻∞ for some diffusive Dirichlet
admitting a carré du champ, and 𝑋 ∈ 𝒜2 if moreover Assumption 2 holds. By Section 4.1.1,
if 𝑋 ∈ 𝒜2, there exists a sequence of independent and identically distributed random
variables with same law as 𝑋 satisfying Assumptions 1 and 2. According to our previous
examples, 𝒜2 contains for instance all the Gaussian, Beta, and Gamma random variable.

(a) Stability under convolution

Lemma 4.2. Let 𝑋 ∈ 𝒜2 and 𝑌 ∈ 𝒜1 independent. Then 𝑋 + 𝑌 ∈ 𝒜2.
Proof. Let ℰ be a Dirichlet form over (𝐸, 𝜇) such that 𝑋 ∈ 𝒜2, and ℱ a Dirichlet form over(𝐹, 𝜈) such that 𝑌 ∈ 𝒜1. Consider 𝑍∶ 𝐸 × 𝐹 ∋ (𝑥, 𝑦) ↦ 𝑋(𝑥) + 𝑌(𝑦), where 𝐸 × 𝐹 is
equipped with the product Dirichlet structure. Then 𝑍 has there exists same law as 𝑋 + 𝑌.
By definition of product Dirichlet structures, it is immediate that 𝑍 ∈ 𝔻∞. SinceΓ𝐸×𝐹(𝑍, 𝑍) = Γ𝐸(𝑋,𝑋) + Γ𝐹(𝑌,𝑌) ≥ Γ𝐸(𝑋,𝑋),
we find that 𝑍 satisfies Assumption 2.
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(b) Stability under products

Lemma 4.3. Let 𝑋 ∈ 𝒜2 and 𝑌 ∈ 𝒜1 independent, and such that 𝑌 has finite moment for
some negative order. Then 𝑋𝑌 ∈ 𝒜2.
Proof. Let ℰ be a Dirichlet form over (𝐸, 𝜇) such that 𝑋 ∈ 𝒜2, and ℱ a Dirichlet form over(𝐹, 𝜈) such that𝑌 ∈ 𝒜1. Consider 𝑍∶ 𝐸×𝐹 ∋ (𝑥, 𝑦)↦ 𝑋(𝑥) ⋅𝑌(𝑦), where 𝐸×𝐹 is equipped
with the product Dirichlet structure. Then 𝑍 has the same law as 𝑋𝑌. The fact that 𝑍 ∈ 𝔻∞
follows immediately from the definition of the product Dirichlet structure. Moreover,Γ𝐸×𝐹(𝑍, 𝑍) = 𝑌2Γ𝐸(𝑋,𝑋) + 𝑋2Γ𝐹(𝑌,𝑌) ≥ 𝑌2Γ𝐸(𝑋,𝑋).
Thus, we find that 𝐏[Γ𝐸×𝐹(𝑍, 𝑍) ≤ 𝜀] ≲ 𝜀𝜃 𝐄[𝑌−2𝜃].
4.2 Applications
4.2.1 Improving normal convergence for quadratic forms

In this section, we consider a sequence of independent and identically distributed random
variables (𝑋𝑖) such that Assumptions 1 and 2 hold. We also consider a sequence of quadratic
forms 𝑄𝑛 ≔∑

𝑖,𝑗 𝑎(𝑛)𝑖𝑗 𝑋𝑖𝑋𝑗,
for some sequence

{𝖠(𝑛) ≔ (𝑎(𝑛)𝑖𝑗 ) ∶ 𝑛 ∈ ℕ} of symmetric Hilbert–Schmidt operators with
vanishing diagonal. In this section, we assume that (𝖠(𝑛)) satisfies some conditions ensuring
that (𝑄𝑛) converges in law to a Gaussian distribution, and we show that the convergence
is automatically improved in 𝒞∞-convergence. By this, we mean that for all 𝑞 ∈ ℕ, there
exists 𝑁𝑞 ∈ ℕ such that for 𝑛 ≥ 𝑁𝑞, the law of 𝑄𝑛 has a 𝒞𝑞-density and that this density
converges in 𝒞𝑞 to that of a standard Gaussian.
(a) Leptokurtic random variables We say that a random variable 𝑍 is leptokurtic
whenever 𝐄[𝑍] = 0, 𝐄[𝑍2] = 1, and 𝐄[𝑍4] ≥ 𝐄[𝑁4] = 3 where 𝑁 is a standard Gaussian
variable.

Proposition 4.4. With the above notation, assume moreover that 𝑋1 is leptokurtic and that𝑄𝑛 𝑙𝑎𝑤,,,,→𝑛→∞ 𝒩(0, 1).
Then, 𝑄𝑛 𝒞∞,,,,→𝑛→∞ 𝒩(0, 1).
Proof. Then, by [NPPS16], we find that the spectral radius 𝜌(𝖠(𝑛)) → 0 as 𝑛 → ∞. Fixing𝑞 ∈ ℕ, this in turns implies that lim supℛ𝑞(𝖠(𝑛)) > 0 and 𝜏(𝖠(𝑛))→ 0. We apply Theorem3.2
to conclude.
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(b) Uniform order statistics

Proposition 4.5. Let the previous notation prevail, and assume that (𝑋𝑖) is the sequence of
centered ordered statistics of a uniform distribution on [0, 1]. Assume that𝑄𝑛 𝑙𝑎𝑤,,,,→𝑛→∞ 𝒩(0, 1).
Then, 𝑄𝑛 𝒞∞,,,,→𝑛→∞ 𝒩(0, 1).
Remark 4.6. Sufficient conditions for the asymptotic normality of such order statistics have
appeared frequently in the statistic literature. See, for instance [GL88], and the references
therein. In [GL88], the authors also derive conditions for convergence of a quadratic form
in order statistics to the law of an element of the second Wiener chaos. It can be shown that
in most applications, the law of the target distribution is smooth. It would be of interest, but
outside of the scope of this paper, to know whether our techniques can provide convergence𝒞∞ also in this case.

Proof. Due to the lack of independence of in (𝑈(𝑖)) our result do not apply directly, however
we can use the following representation𝑄𝑛 𝑙𝑎𝑤= 𝑇𝑛 ≔ ⟨𝑋,𝖡(𝑛)𝑋⟩ 1(1 + �̄�)2 ,
where (𝑋𝑖) is a sequence of independent random variables distributed as centered expo-
nentials of intensity 1, �̄� is the empirical mean, and 𝖡(𝑛) = 𝖬𝑇𝖠(𝑛)𝖬, for some explicit
deterministic matrix 𝖬. By the law of large number �̄� → 0 almost surely, and by Basu’s
theorem �̄� is independent of 𝑇𝑛. Thus, since the exponential distribution of intensity 1
being leptokurtic, we find that 𝜌(𝖡(𝑛))→ 0. We conclude as before.
4.2.2 Improving the Carbery–Wright inequality

Assume that the 𝑋𝑖’s are centered, normalized, and with log-concave, and let 𝑄 ≔ ⟨𝑋,𝖠𝑋⟩
be a random quadratic form in the 𝑋𝑖’s. Then, a celebrated result of Carbery & Wright
[CW01] states that

(4.6) 𝐏[𝑄 ≤ 𝜀] ≲ 𝜀1∕2.
However, whenever 𝜏(𝖠) is small enough Theorem 3.2 ensures that the law of 𝑄 has a
continuous density. Thus (4.6) is improved to

(4.7) 𝐏[𝑄 ≤ 𝜀] ≲ 𝜀.
Note that (4.6) holds for any (𝑋𝑖)whose joint law is a log-concave distribution (not necessarily
independent); while (4.7) holds for sequence of independent random variables such that
Assumptions 1 and 2 hold and the influence is small enough. The use of the Carbery–Wright
inequality is ubiquitous in probability theory, and an improvement of their inequality could
yield major improvements in several fundamental results in probability theory.
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4.2.3 Regularity for Breuer–Major statistics in the uniformly convex case

Let (𝑌𝑖) be a Gaussian process (not independent). Given a function 𝑔, the Breuer–Major
statistics associated to this process is

𝑆𝑛 ≔ 𝑛−1∕2 𝑛∑
𝑘=1 𝑔(𝑌𝑘).

Theorem 4.7. Assume that:

(i) 𝑔 ∈ 𝐶2(ℝ) and is uniformly convex, that is inf 𝑡 𝑔′′(𝑡) > 𝛿 > 0;
(ii) (𝑌𝑘) is not degenerate, that, for all 𝑛, the covariance matrix 𝖢𝑛 of (𝑌1,… , 𝑌𝑛) is of rank 𝑛.
Then, for 𝑛 ≥ 18, the law of 𝑆𝑛 is in𝒲 𝑛−18128 ,1.
Proof. We fix 𝑛 ∈ ℕ, and, for simplicity, we drop the dependence in 𝑛. Let𝖬 = 𝖢1∕2 we have
that 𝑌 = 𝖬𝑋 where 𝑋 = (𝑋𝑖) is a standard Gaussian vector. With respect to, the associated
Wiener structure, we find that♯𝐻♯𝐺𝑆𝑛 = 𝑛−1∕2∑𝑖,𝑗 ∑𝑘 𝑚𝑖𝑘𝑚𝑗𝑘𝑔′′(𝑌𝑘)𝐺𝑖𝐻𝑗.
Thus the Bouleau Hessian, is given by𝖣2𝑆𝑛 = 𝖬∆𝖬,
where ∆ ≔ 𝑑𝑖𝑎𝑔(𝑔′′(𝑋1),… , 𝑔′′(𝑋𝑛)). Assuming that 𝖬 is invertible, we find that 𝖣2𝑆𝑛 is
similar to𝖬2∆ = 𝖢∆. In particular, ℛ𝑞(𝖣2𝑆𝑛) = ℛ𝑞(𝖢∆). Since ∆ is diagonal, 𝑔 is uniformly
convex, and invoking Lemma 1.1, we have thatℛ𝑞(𝖣2𝑆𝑛) ≥ 𝛿2𝑞ℛ𝑞(𝖢).
We conclude by Theorem 2.8.
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