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WASSERSTEIN GEOMETRY AND
RICCI CURVATURE BOUNDS FOR POISSON SPACES

BY Lorenzo DeLLo Schaiavo, Ronan Herry & Koner Suzuki

Asstract. — We study the geometry of Poisson point processes from the point of view of opti-
mal transport and Ricci lower bounds. We construct a Riemannian structure on the space of
point processes and the associated distance W that corresponds to the Benamou—Brenier varia-
tional formula. Our main tool is a non-local continuity equation formulated with the difference
operator. The closure of the domain of the relative entropy is a complete geodesic space, when
endowed with W. The geometry of this non-local infinite-dimensional space is analogous to that
of spaces with positive Ricci curvature. Among others: (a) the Ornstein—Uhlenbeck semi-group
is the gradient flow of the relative entropy; (b) the Poisson space has an entropic Ricci curvature
bounded from below by 1; (c¢) W satisfies an HWI inequality.

Rissumic (Géométrie de Wasserstein et minoration de la courbure de Ricci pour les espaces de
Poisson)

Nous étudions la géométrie des processus ponctuels de Poisson a travers le prisme du trans-
port optimal et de la minoration de la courbure de Ricci. Nous construisons une structure
riemannienne sur l'espace des processus ponctuels et la distance associée W qui concorde avec
la formulation variationnelle de Benamou—Brenier. Notre analyse repose sur une équation de
continuité non locale définie a ’aide de 'opérateur de différence. La fermeture du domaine de
I’entropie relative, équipé de W, est un espace géodésique complet. La géométrie de cet espace
non local et de dimension infinie est analogue a celle des espaces a courbure de Ricci stricte-
ment positive. Entre autres : (a) le semi-groupe d’Ornstein—Uhlenbeck est le flot du gradient de
Pentropie relative; (b) l'espace de Poisson a une courbure de Ricci entropique minorée par 1;
(c) W satisfait une inégalité HWI.

MATHEMATICAL SUBJECT CLASSIFICATION (2020). — 60G55, 49Q22, 30L99.
Keyworps. — Poisson point process, optimal transportation, Wasserstein distance, gradient flows,
Ricci curvature.
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1. INTRODUCTION

The theory of optimal transportation, and in particular the Wasserstein geometry,
plays a prominent role in the study of the geometry of metric measure spaces and
of functional inequalities on them. For instance, the seminal contributions [Stu06,
LV09, AGS14b] establish a synthetic theory of Ricci curvature lower bounds for metric
measure spaces, subsuming and extending the classical theory on smooth Riemannian
manifolds; see, for instance, [Vil09, Part III] for a broad introduction to this topic.

Later developments extend this approach to various settings, including finite spaces
equipped with a discrete distance. In this case, [Maall, Miel3] provide a fundamental
intuition regarding the generalization of the Benamou—Brenier dynamical formulation
of the W5 transport distance to discrete spaces, where there is no geodesic associated

Following the above line of research, in this paper we develop a Wasserstein geom-
etry on configuration spaces, which are prototypical infinite-dimensional non-local
spaces. In particular, our work establishes that the configuration space equipped with
the Poisson measure has Ricci curvature bounded from below by 1, in a synthetic
sense.

1.1. Mam~ resuLts. — The configuration space 1" over a metric space X is the set
of non-negative Borel measures on X that are integer-valued on bounded sets. Pro-
vided X is equipped with a o-finite measure m, the Poisson measure 7 with inten-
sity m, e.g. [LP18, Ch. 3], is a canonical reference probability measure on 7" . In this
paper, we construct a distance W on &7 (T), the space of probability measures over 7"
with finite first moment (see Section 2.4 for definitions). The geometric properties of
(21(T), W) account for synthetic Ricci-curvature lower bounds associated with (7, 7).
To state our result, we consider the Ornstein—Uhlenbeck semi-group P = {P; : ¢t > 0}
which plays the role of the heat semi-group in our setting, as well as its dual semi-
group P* = {P} : t > 0} acting on measures (see Section 3 for definitions and
details). Let us also write (- | w) for the relative entropy with respect to m, and
PomH ={pe PT): H(p|n) < oo}

Turorem. — The distance W satisfies the following properties:

— (Theorem 5.15) the space (P1(T), W) is a complete geodesic extended-metric
space.

JE.P — M., 2024, tome 11
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— (Theorem 5.17) W satisfies the Talagrand inequality
W2 (i, m) < I | 1), € P(T).

Furthermore, the mon-extended metric space (PomH, W) captures the Ricci-
curvature lower bounds of (¥, 7) in the following sense:

— (Theorem 5.26) The dual semi-group P* exponentially contracts W with rate 1:
W(P:M(M P:Ml) < e_tW<M07,u1)a t > 03 Mo, p1 € Yom I .

— (Theorem 5.27) The Ornstein—Uhlenbeck semi-group satisfies an Evolution Vari-
ation Inequality
1

(EVI) HPip|m)+ 5

d 1
@WQ(PQ%E) + §W2(P§/~t,§) < H(E | ),
s=20, p, &€ PomH.

~ (Theorem 5.28) The relative entropy is 1-geodesically conver on PomH with
respect to W.

— (Theorem 5.30) The relative entropy 3, the distance W, and the Fisher infor-
mation J satisfy the HWI inequality

H(p | m) < Wi m)/Ta 1) — W), € Zom .

1.2. SummaRY oF OUR consTRUCTION. — We construct the distance W on 22, (7), the
space of all probability measures on 7" with locally finite intensity (see Definition 2.9
below). The discrete difference operator on functions F': T — R is

DF:T x X 3 (n,2) — D,F(n) == F(n+ 6,) — F(n),

and we denote by D* its formal adjoint, called Skorokhod divergence.

On Z,(T), we consider a formal Riemannian structure induced by D* and by the
Poisson measure 7, together with the corresponding intrinsic distance a la Benamou—
Brenier. Precisely, for a curve t = {u; : t € [0,1]} of absolutely continuous measures
with py = pem € 21(T), t € [0,1], and a curve of tangent vectors w = {w; : t € [0,1]}
with w; € L'(m ® m), we informally say that the pair (@, w) is a solution to the
continuity equation if

(1.1) Bupe + D*(wipy) = 0, te€[0,1].

Here p; is a tangent vector built from p;, accounting for the non-locality of D (see below
for precise definitions). We endow 47 (") with the dynamical transport distance W
defined by

1
W (o, ) = inf [l 0t possn € 2D,
0

where the infimum runs over all solutions (7z, @) to (1.1) with & joining pg to u1, and
where we let

lwllf, = /Iw(n,x)lzﬁ(n,z)ﬂ(dn)m(dfc)-

JEP — M., 2024, lome 11
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This distance W is extended, meaning that it may take the value 4+o00. However,
in view of the Talagrand inequality, it is finite on Zom H. Restricting our attention to
the W-closure 75 (Y") of the domain of the relative entropy, we see that (225 (1), W)
is a complete non-extended geodesic space. We actually establish our functional in-
equalities on 25 (1).

1.3. Motivarion. — Developing a theory of optimal transport in the setting of the
Poisson space (7, 7), and understanding the curvature of this space from the point of
view of the theory of synthetic Ricci curvature bounds serve as our main guidelines.
Classically, the theory of synthetic Ricci curvature bounds comes in two flavors:

(i) The Bakry-Emery theory [BES5, BGL14], also referred to as the Eulerian for-
malism, is concerned with a Markov semi-group P = (P;);>0. This theory charac-
terizes Ricci-curvature lower bounds by a convexity-type inequality of the relative
entropy along the semi-group. For diffusion semi-groups, this convexity property is
a consequence of the celebrated sub-commutation inequality between the semi-group
and the associated carré du champ operator. In the case of the Poisson space, the
canonical Markov semi-group is the Ornstein—Uhlenbeck semi-group and it is known
that it satisfies a Bakry-Emery [Las16, Lem. 6]. Namely, we have that DP, = e~*P,D.
However, due to the non-diffusive nature of the Ornstein—Uhlenbeck semi-group on
the Poisson space, it is rather difficult to draw consequences of this property in this
case. Nevertheless, [Cha04] uses the Bakry-Emery commutation in order to derive a
modified logarithmic Sobolev inequality for the Poisson measure (first obtained by
[Wu00] with different methods).

(ii) The Lott—Sturm—Villani theory [Stu06, LV09, AGS14b], also referred to as the
Lagrangian formalism, is concerned with a metric measure space. It characterizes
Ricci-curvature lower bounds by a convexity-type inequality of the relative entropy
along the geodesics of optimal transport. Since there is no canonical distance on the
configuration space, this far-reaching theory simply does not apply. The absence of a
canonical distance is a typical feature of infinite-dimensional spaces.

Despite several works (see below) extending the Lagrangian side of the theory
for non-diffusive semi-groups or discrete spaces, a generalization of those techniques
to non-local infinite-dimensional spaces, such as the configuration space, have so far
remained out of reach. Our work tackles this issue and provides foundational tools for
the development of a Wasserstein geometry and theory of Ricci curvature bounds for
point processes on general state spaces with no assigned geometry.

On manifolds, the contraction of the heat semi-group with respect to the Wasser-
stein distance, the convexity of the relative entropy along Wasserstein geodesics,
and the EVI-gradient-flow formulation are all equivalent to having a Ricci curva-
ture bounded from below. In the present infinite-dimensional non-local setting, these
different properties are a priori not equivalent, and could lead to different notions
of Ricci curvature bound. We establish the Evolution Variational Inequality which
implies the contraction property and the convexity of the entropy. Thus, our result

JE.P — M., 2024, tome 11
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establishes Ricci curvature bounds in the strongest sense among all these possible
definitions. In the course of the proof we establish some of these weaker properties as
necessary lemmas with ad hoc methods.

In infinite-dimensional settings, canonical distances are typically eztended: they
can assume the value +oo. In this case, the interplay between the metric properties,
probabilistic aspects of the semi-group and functional inequalities becomes more sub-
tle. [AES16] provides some insights towards a unification of these aspects in some
infinite-dimensional settings. However, the picture is still far from complete.

In non-local settings, several non-equivalent definitions, based on optimal trans-
port, of Ricci-curvature lower bounds coexist, for instance, [O1109, GRST14, Sam22,
Maall]. However, these notions are more adapted to finite-dimensional settings, such
as graphs.

1.4. RELATED WORKS
1.4.1. Entropic Ricei curvature for Markoy chains and jump processes

[Maall, Miel3] and the subsequent works [EM12, FM16] initiated the study of
optimal transport and Ricci-curvature bounds for non-local operators. More precisely,
they construct a transport distance, based on a non-local continuity equation, and
study related functional inequalities for finite Markov chains. This approach is par-
tially generalized to jump processes on R™ in [Erb14].

In particular, the idea of using an analogue of the Benamou—Brenier formulation
involving a discrete continuity equation goes back to [Maall], while our definition
of the Lagrangian, and the formulation of the continuity equation through a couple
(,7) is an adaptation to the Poisson setting of the ones in [DNS09] generalizing
the Benamou-Brenier formula in a continuous setting, and in [Erb14] for jump pro-
cesses on R?. In the case of finite Markov chains on some space E, [Maall] shows
that the interior of &(FE) endowed with W is a Riemannian manifold. In this spirit,
Corollary 5.20 identifies a non-trivial component of &7 (7)) on which W is a complete
geodesic space. No such identification appears in [Erb14]. In particular, the work
[Erb14] does not exclude that the topology generated by W for jump processes is triv-
ial. Let us further note that Poisson random measures naturally appear in the study
of Lévy processes through their jump measures. It would therefore be interesting to
know whether the results of [Erb14] can be recast in our setting via this identification.

The recent work [PRST22] generalizes this non-local Benamou-Brenier approach
to rather general jump processes. However, the jump kernel of the Poisson process
does not satisfy [PRST22, Assumpt. (3.4)].

1.4.2. Other transportation costs for the configuration space. [GHP21] studies opti-
mal transport, more specifically, transport-entropy inequalities on the Poisson space.
There, N. Gozlan, G.Peccati and the second author circumvent the lack of canoni-
cal cost by considering a non-linear generalization of the classical optimal transport
problem. This generalized optimal transport is fully theorized in [GRST17], and is
particularly well suited to study discrete spaces [GRST14]. One of their main result

JEP — M., 2024, lome 11
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[GHP21, Th.1.2] is very close in spirit to our Talagrand inequality for W (Theo-
rem 5.17): they also obtain an upper bound of their transport cost M? by the relative
entropy. However, at the time of writing, no dynamical Benamou—Brenier formula-
tion for the generalized optimal transport of [GRST17] exists, and a comparison of
those results seems out of reach. Whether the transport cost of [GHP21] satisfies a
displacement convexity inequality is an interesting question outside of the scope of
the current paper.

1.4.3. Other geometries on the configuration space. — The configuration space over a
Riemannian manifold X may be endowed with a differential geometry lifted from that
of the base Riemannian manifold. This geometry, defined and studied in [AKR98],
arises from the continuous difference operator

VF:TXXB(??,JJ)'—)Vz’ D.F(n),

Z=T

and the associated Dirichlet form
e(F) = [ [ 19,F @)l xn(a)m(an).

The corresponding dynamic is that of the second quantization of the heat semi-group
to the Poisson space [Sur84]; while the Ornstein—Uhlenbeck semi-group studied in this
paper corresponds to the second quantization of the semi-group P.f = e~ f for all
f e Z(X)and t > 0. [RS99] proves that this geometry corresponds to that of the
extended metric measure space (1, W), where Wy is the L2-Kantorovich-Rubinstein
transport distance with respect to the Riemannian distance. Following [EH15], this
geometry on 1" inherits both Ricci-curvature and Alexandrov-curvature lower bounds
from the base space. Two of the authors [DSS21, DSS22] have recently generalized
these results to a large class of metric measure spaces; while the third author also has
proved analogous curvature bounds [Suz23] in the setting of Dyson Brownian motion.

This geometry differs from the one we consider throughout the rest of the paper.
For instance, the process associated to this differential geometry is a diffusion process;
while the Ornstein—Uhlenbeck semi-group defines a jump process. Our analysis on the
Poisson space also holds without any geometric assumptions on the base space; while
[AKRI8, EH15| require that the space is a manifold with some geometric assumptions.

1.4.4. Curvature of the Wiener space. Together with Gaussian measures, Poisson
random measures are ubiquitous in probability theory. Among other common prop-
erties, they share the existence of an orthogonal system of “chaoses”. Consequently,
they admit a “differential calculus”, known as the Malliavin calculus, completely char-
acterized by their probabilistic properties. In particular, we expect the geometric and
functional-analytic results one can deduce from this differential calculus to be inde-
pendent of properties of the underlying space. In this regard, [FSS09] derives synthetic
Ricci-curvature lower bounds for infinite-dimensional Wiener spaces, equipped with a
Gaussian measure, that are as good as the finite-dimensional ones. Our result parallels
theirs on the configuration space, equipped with a Poisson measure. Let us however
highlight two fundamental differences:

JE.P — M., 2024, tome 11
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— The generator of the Ornstein—Uhlenbeck process on the Gaussian space is dif-
fusive; while our operator is purely non-local.

— The Wiener space comes naturally equipped with an extended distance, the
so-called Cameron—Martin distance, while their is no canonical distance on the con-
figuration space.

1.5. OurLINE oF THE PAPER. — Throughout the paper, we let X be a complete and
separable metric space. Section 2 recalls the necessary definitions regarding the con-
figuration space T over X, and establishes some topological results regarding the
topology of point processes. Of particular importance, we define the space £;(7)
of point processes with finite first moment and we endow it with a Polish topology
(Theorem 2.11). We show that mapping a point process in 21 (7') to its reduced Camp-
bell measure is a homeomorphism (Theorem 2.10). In Section 3, we recall definitions
regarding the Ornstein—Uhlenbeck semi-group P as well as the difference operator D
and their interactions with the relative entropy H and the Fisher information J.

In Section 4, we give a precise formulation to the continuity equation (1.1). We show
(Proposition 4.3) that the Ornstein—Uhlenbeck evolution is a solution to the continuity
equation, and that every solution has a continuous representative (Theorem 4.10).
We also obtain a closed formula for the entropy production along solutions to the
continuity equations (Theorem 4.12).

In Section 5.1, we define and study the Lagrangian £ and the action A that are
necessary to obtain our transport distance W. We also study an entropic requlariza-
tion J. of W, that is of independent interest. We first state several properties of the
Lagrangian (Lemmas 5.1, 5.2 and 5.5) necessary to apply the direct method of the
calculus of variations in order to prove existence of minimizing curves. We also estab-
lish in Lemma 5.4 that the action of the Ornstein—Uhlenbeck semi-group contracts
the Lagrangian. We then define the action A and verify the existence of minimiz-
ers in the infimum. In that regard, we establish the compactness of sub-level sets in
Lemma 5.9. After defining the extended distance W, we summarize its main properties
in Theorem 5.15.

In Section 5.2, we show that W is finite on the domain of H. The main tool is
the Talagrand inequality (Theorem 5.17) comparing W and J. We then establish in
Theorem 5.27 one of the main result of this work: on the domain of H the Ornstein—
Uhlenbeck semi-group is an EVI-gradient flow for the entropy. From this several im-
portant consequences follow, such as the geodesic convexity of the relative entropy in
Theorem 5.28 and the HWI inequality Theorem 5.30.

Acknowledgements. The authors are grateful to two anonymous reviewers for they
useful remarks and comments and to Matthias Erbar for several useful conversations
on [Erbl4]. They are also grateful to Masha Gordina, Takashi Kumagai, Laurent
Saloff-Coste, Karl-Theodor Sturm, and the Mathematisches Forschungsinstitut Ober-
wolfach (MFO) for organizing the workshop Heat Kernels, Stochastic Processes and
Functional Inequalities (2019), where the authors started discussing this work.
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2. TOPOLOGICAL RESULTS FOR POINT PROCESSES
2.1. TOPOLOGICAL PRELIMINARIES FOR SPACES OF FUNCTIONS AND MEASURES

Given a measure p on some measurable space, we write |u| for its variation; and
for a non-negative measurable or p-integrable functions f, we write u(f) = [ fdu for
the integral of f with respect to u. We say that a locally convex topological vector
space is complete if it is complete with respect to each of the seminorms defining its
locally convex topology.

2.1.1. The weak topology. — Given a topological space (E,T), we write B(E) for
the Borel sets of E, and RK(F) for the compact sets. We write %, (E) for the set
of R-valued bounded Borel functions, and é;(F) for those that are bounded and
continuous. We write &?(E) for the set of all Borel probability, and .#;,(E) for the
set of Borel finite signed measures on E. For B € B(FE) we define the evaluation
map tp: A — A(B) for every Borel measure . For F € Z#(FE), we also write tp
whenever this is well-defined. For an event B € B(E), we also write Bp(F) for the
o-algebra of events depending only on B. More precisely, B (X) is the o-algebra of
all B’ € B(X) such that either B C B or X \ B C B’. The spaces .%,(FE) and €5(F)
are endowed with the uniform norm under which they are Banach spaces. Likewise,
P(E) and 4, (E) are always endowed with the weak topology, that is the initial
topology associated with tp, F' € € (E).

We also use the superscript 4+ to indicate a subset of non-negative functions or
measures. For instance, we write ,//{b+(E) for the cone of non-negative finite Borel
measures, .# 7 (E) for the non-negative Borel functions.

2.1.2. The vague topology. — When (E,d) is a metric space, we write Bo(E) for
the bounded measurable sets. We write .%(FE) for the space of bounded measurable
functions that vanish outside of a bounded set, and %p(E) for those that are also
continuous.

Given a closed and bounded B C E, we write 6}, g(E) for the subspace of functions
[ € %o(E) vanishing outside of B; this set 4} 5(F) is equipped with the uniform
norm, under which it is a Banach space. The set €(F) can be endowed with the
inductive-limit topology associated to the inclusions 6 g, (E) — 6o(E), where (E,,)
is any strictly increasing sequence of closed balls of E' whose union covers E. Since,
for all n € N, the topology induced on 6 g, (E) by € 5,,, (E) coincides with that
of 6, g, (E), the inductive limit is strict, and by [Bou81, Prop. 9(iii), p.I1.35], o(E)
is complete. This topology is in general not metrizable. A sequence (f,) C %o(F)
converges to f for the inductive topology we just defined, provided there exists a
closed ball B such that the supports of all the f,’s are contained in B, and (f,)
converges to f in 6, p(E). We endow the set .#o(E) with a similar inductive-limit
topology. We also consider .#,(FE) the space of o-finite signed Borel measures that
are finite on bounded sets. The set .#((E) is endowed with the vague topology, that is
the initial topology associated with ¢p, F' € € (F). The importance of the inductive-
limit topology on %p(E) is highlighted by the fact that if F,, — F in %p(E), then
v(F,) = v(F) for all v € #y(E).

JE.P — M., 2024, tome 11
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Remark 2.1. All the objects associated with a metric space (E, d) as above depend
on the metric structure of d and not only on the topology generated by d. For instance,
d and d A 1 generate the same topology. However, every set is bounded with respect
todA 1.

2.1.3. Topological properties of the weak and vague topology. — Let us recall some
fundamental results regarding the topology of the spaces of measures we consider.

Turorem 2.2. — Assume either that (E,T) is a Polish space (for statements regard-
ing the weak topology); or that (E,d) is a complete and separable metric space (for
statements regarding the vague topology). Then:

(i) The weak topology on ///;(E), resp. the vague topology on M (E), is induced
by that of the simple convergence on a countable set of €,(E), resp. €o(E). Namely,
there exists (hy) C €y(E), resp. 6o(E), such that the weak topology on M, (E),
resp. the vague topology on ///0+(E), is the locally convex topology generated by the
seminorms

B |M(hk)|a ke N.
Furthermore, the spaces Z(E), M, (E), and My (E) are Polish.

(ii) A set A C Ay(F) is vaguely relatively sequentially compact if and only if both

of the following conditions hold:

(2.1a) VB € Bo(F) sup|u|(B) < oo;
HEA

(2.1b) VB € Bo(E) Ve>0 3K, € R(E):sup|p/(B~\K,) <e.
HEA

A set A C My(E) is weakly relatively sequentially compact if and only if (2.1a)
and (2.1b) hold with B = E.

Proof

(i) [Par67, Th.6.2, 6.5, & 6.6] for the case of Z(E) with (E,7) Polish. The case
of .4, (E) is treated similarly. Now, assume that (FE,d) is complete and separable.
Then it is also Polish, thus, by the previous case, we can find a countable family
(gx) C €p(E) that induces the weak topology on ., (E). We fix a point o € X, and
we consider a sequence (fx) C 6o(£) such that 156 1) < fx < 1B(o,k+1)- We take (hy)
an enumeration of {f;g; : j, ¢ € N}. Then

plp,p) =Y 27"

keN

)

/hkd(u — i)

is a distance metrizing the vague topology on //{0+ (E), and it is complete.
(ii) See [Bog07, Th.8.6.2]. O
2.2. PoINT PROCESSES, INTENSITY MEASURES, CAMPBELL MEASURES, & |LAPLACE TRANSFORMS

Let (X, d) be a complete and separable metric space equipped with m € . (X).
We write 1 = 7°(X) for the space of configurations over X, that is the NgU{oo}-valued
Borel measures on X that are finite on every bounded set.

JEP — M., 2024, lome 11
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Levmva 2.3 (e.g. [GHP21, Lem. 2.1]). The set T is closed in ., (X). In particular,
it is a Polish space.

A point process i is any element of Z(Y). Fix a point process p. We write I,, for
the intensity measure of u, that is

I(B) = ples) = [ n(Byutan). B e BX).

The reduced Campbell measure is the measure on 7" x X given by

Qﬂw://um—%mmwmmm FeB(TxX).

It is a well-known fact in the theory of point processes that p is a Poisson point
process (with intensity I,,) if and only if C\, = p ® I,,. This relation is a rewriting of
the Mecke formula [LP18, Th.4.5] (here only for m = 1)

(2.2) // F(n— 0z, x)n(dz)r(dn) = // F(n,z)n(dn) m(dz), F € BT x X).

When p is a Poisson point process, for all probability densities f € L' (1), we have
that

dCfM (77 CC) _ f(77+6w)
d(f/“g)lf/t) ’ fT f(7+6$)U(d’Y)7
However, for a generic point process p, the Campbell measure C,, is not absolutely
continuous with respect to p ® I, see for instance, [OS16] for an explicit counter-

(2.3) nel,zeX.

example.
Finally, the Laplace transform of u is the map

Au(h) = [ exp(-n()u(an), b e 6 (X)

2.3. Tue WEAK CONVERGENCE ON Z (7). — We define ¢ as the (algebraic) linear span
of functions of the form

e_lfh, S — e_/"‘(h)
for some h € Z; (X). Set .7 == 9 N%G,(T). Let us recall the following characterization
of the weak convergence on Z(7).

TaeOREM 2.4. The space P(T) is Polish. Moreover, for all (u,) C Z(T) and
we PX). Then,

2(1)
(24) [Mnm}/‘} — {Mn<F>—>/~L(F)7F€y:|
= (A () — Au(h), he G5 (X)].
Proof. — All the direct implications follow from definitions. Indeed we have

{em" :he € (X)} C ¥ C 6(X).

By definition, the set %;(X) is the one used to test the Z(Y")-convergence. The fact
that convergence of the Laplace transform implies convergence in & (1) follows from
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[Kall7, Th. 4.11]. There, the theorem is stated for random configurations (&, ) and &,

which, in our notation would have respective laws () and u. The notation Cg there
corresponds in our notation to %, (X) (see the beginning of [Kall7, Ch. 4]). O

In general, there exists no countable set 2 C . convergence-determining for the
weak topology on Z(Y"). We now provide a partial ansatz to this result. For A €
M (X), the class B)(X) of continuity sets for A consists of the sets B € By(X)
such that A(OB) = 0. We then define

(2.5) PMNY) = {pu € P(T): continuity sets for \ are also continuity sets for I,}.
In particular, 4 € 2*(Y) whenever I, < .

Lemma 2.5. Take A € My (X). There exists a countable set 9> C 4 such that the
trace topology of 2(Y) on P*(Y) is induced by the topology of simple convergence
on 9, namely it is induced by the seminorms

(2.6) p— |p(F)|, Fe@

Remark 2.6. — We could also use Theorem 2.2 (i) to find a countable subset of 63(1")
to construct the seminorms. However, we cannot use %5(7") in the definition of the
continuity equation (CEr) below.

Proof. — By [Kall7, Lem. 1.9(v)], B{(X) is a dissecting ring in the sense of [Kall7,
p.24]. By [Kall7, Lem. 1.9(i)], there exists a countable dissecting ring 3* C B3 (X).
Let .#* be the set of simple, J*-measurable, Q N [0, 1]-valued functions on X. In a
more prosaic way, #* is the set of functions h of the form

¢
h:ZQile €€N7 (QZ)CQD[(Ll]a (Bl)CjA

i=1
Then #* is countable and we define:
@ = {e7n 1 he I},

Let us verify that ¢* is an appropriate choice for the claim. Let (u,,) € 2*(T) and
p € PMNT). As a subset of the Polish space Z2(T), the space (Y is metrizable,
and in particular, second-countable. It is thus sufficient to verify that convergence of
(t4r,) with respect to the family of seminorms (2.6) is equivalent to weak convergence.
By construction, J* is a dissecting ring consisting of continuity sets of A. If p,, — p
in 2(T), we get u,(F) — p(F) for all F € 9*, by [Kall7, Th. 4.11(iii)]. Conversely,
assume that ju,(F) — u(F) for all F € 9*. Then the same holds for all F in the
closure 9> of ¥ with respect to the uniform topology. For B € 3%, ¢ € QN [0, 1],
and r € [0, 1], we have that

sup|e*‘m(3) - e*”’(B)| = suple”?" —e """ — 0.
ner neN q—=r
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Together with the triangle inequality, this shows that @ contains functions of the
form e~*» for h a simple, J*-measurable, [0,1]-valued function on 7. By [Kall7,
Th.4.11], pp, — p in Z(7). O

2.4. LOCALLY INTEGRABLE POINT PROCEsSES. — Without further assumptions, I, is
merely a non-negative measure on X, not necessarily finite on bounded sets. This
motivates the following definition. We consider the set 6, 0(2" x X)) of continuous and
bounded functions on 7" x X that vanish outside of a set of the form 7" x B for some
B € By(X). As for 6p(X) or Fo(X), the space 6p,0(7 x X) can be endowed with an
inductive-limit topology. More precisely, it is the strict inductive limit of the Banach
spaces 6, rx (1 x X) of continuous and bounded functions on 7" x X vanishing out-
side of 7" x B for some closed bounded set B C X. Similarly to the vague topology,
we consider the set .4}, 0(Y x X) of o-finite signed Borel measures v on 7" x X such
that |v|(2 x B) < oo for all B € B((X). We equip it with the locally convex topology
induced by the seminorms

vi— [W(F)|, F €% x X).

Theorem 2.2 also works for .#, (1" x X), when we take for “bounded sets” the sets
of the form 7" x B for some B € By(X). To see this we can consider the complete
and separable metric space £ = 1" x X endowed with a distance of the form d’' @ d,
where d’ is any bounded distance on 7" that is complete and induces the topology of 1.
Then, a set is bounded in F if and only if it is contained in 7" x B for some B bounded
in X, and the topology of .#, (2 x X) we defined is the vague topology of .#,(E).

DeriNirion 2.7. We say that a point process p is locally integrable if I, € #o(X).
We write &7 (T) for the set of all locally integrable point processes.

We now equip & (") with a suitable topology. We say that F' € % (T’) has sublinear
growth, provided there exists ¢ > 0 and h € 65(X) such that:

[F(n)] < c(L+n(h), nel.

We write €1(Y) for the set of continuous functions with sublinear growth.

Remark 2.8. We always have 6,(7) C €1 (7)) with a strict inclusion, since for all
h € €(X)~{0}, th € €1(T)\%6(T). This is true even when X = {x} is the one-point
space.

Derinition 2.9. — We equip &7 (7") with the initial topology associated with the
mappings (p, F € €1(T). In other words, it is the locally convex topology defined by
the family of semi-norms

pr— (P, Fea(l).

We now establish that the space 97, (T") with the above topology is Polish. A central
tool in proving so is the following property of the Campbell map.
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Tueorem 2.10. The map C: P1(T) — ///Ij,—o (Y'x X)), C, is a homeomorphism
onto its image.

Proof. — We write .# for the image of C. For all u € 2 (T) and B € By(X),
C.(YxB)=1,(B)<oo. Moreover, C,, is always non-negative. Thus, .# C///bTO(TxX),
and the assertion is well-posed. In the rest of the proof, we write 7* = 1 \ {&},
where @ is the empty configuration. By [Bou74, IX, p.57, Prop. 1], the open set 7™*
is also Polish.

Cisinto. — Let pand p/ € 21(Y) such that C, = Cv. Let A € B(T), B € Bo(X),
and

u(n, ) = 1(z)1a(n+6,) nel, zeX.

n(B) +1
Then, we have that

Cutw) = [[ = b oym(az)n(an)

= /[ 1400 ﬁf(g")) n(dz)u(an) = p(A N {n(B) > 0}).

Letting B ' X we get that pu(A) = p/(A) for all A € B(T™*) by monotone convergence.
Thus p and p' coincide as measures on 17™* but since they are probability measures
on 7', we have that

(@) =1-pT") = p'(2).
Thus u = g/ on 21(7).

C'is continuous. — Take p, € Z1(T)andf € N.Fori=1,...,¢,1let u; € 6p0(T xX),
and g; > 0. We set

0
Vi= 0 {Cuine 27, 1(Cu - Cu) (i)l <= .

i=1
The set V' is a neighbourhood in .# of C),, and the class of all sets V' of this form
is a fundamental system of neighborhoods of C,,, (for instance, [Bou69, II, pp. 2-4]).
Thus it suffices to show that C~1(V) is a neighbourhood of y,. Now, since C' is into,
we have that

CTHV) = () {ie 2T) (G = Cu)(wa)| < e

Let i = 1,...,0. We set, for n € 1, F;(n) = [u;(n — 65, z)n(dz). By Lemma 2.15
below, F; € ¢1(T). Moreover,

(Cru = Cp) (i) = / / wi(n — 8, 2)(dz) (1 — 110) (@) = (1 — 10)(Fy)-
Thus, we get
YA
V)= N {ue 2 - o) (F)| < i},

i=1
which, by definition of the topology on & (1), is a neighbourhood of p, in (7).
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C1is continuous. — Since .4, (T x X) is Polish, it is sufficient to show that C~*
is sequentially continuous. Thus, let us consider (u,,) C 221 (7) and p € £1(T) such
that Cy, = C,, in A o(Y x X). Take h € €5(X) with h > 0. We have the following
bound:

lem1) — o=t < |s —t]|n(h)|, s, te€(0,1),ne.

Since u € 21(T) and h € 65(X), we have that ¢, € L'(u). Since, u € 2,(7),
by Lebesgue dominated convergence theorem, we find that the map (0,1) >t A, (th)
is differentiable with derivative given by:

d
EA#(th) = Cﬂ(ut)a
where

ug(n, ) = —h(x)e @ exp (t/hdn) , nel,ze X, te(0,1).
Now, observe that,

1o (1)) = / n(R)e="M pu (dn) < Iy, (B) = Cp, (10 B).

The right-hand side is uniformly bounded with respect to n € N since, by assumption
(Cu,) converges in 4 0(Y x X) and 1 @ h € 6,0(Y x X). Thus, by dominated
convergence:

1 1
Ay, (h) = 1+/ C n(ut)dtT>1+/ Culu)at = A, (h).
0 n—roo 0

Thus (un) converges weakly to p (Theorem 2.4). Take F € %(7). By definition,
we can find h € %p(X) such that |F| < ¢(¢p, +1) for some ¢ > 0. Now the convergence
of the Campbell measures implies the convergence of the intensity measures in .#(X).
Thus, by [Kal21, Lem. 5.11], we get that ¢, is uniformly integrable with respect to (p,).
So that F'is also uniformly integrable with respect to (). By the continuous mapping
theorem, Fyp, — Fyp in distribution, together with uniform integrability, this gives
by [Kal21l, Lem. 5.11], that p,(F) — wu(F'). This shows that p, — pin 21 (7). O

Now we turn to the proof of Polishness.
Tueorem 2.11. — The space P1(T) is Polish.

Proof. — Tt is sufficient to show that £2;(7") is homeomorphic to a Polish space
(for instance, [Bou74, IX, p.58, Cor.2]). Thus, in view of the previous theorem and
[Bou74, IX, p. 57, Prop. 1], it suffices to show that the image .# of C in J/{bTO(T x X)
is closed. Take (u,) C 1(Y) such that C,, — o € ///bTO(T x X). By continuity of
the projection 7" x X — X, the sequence (/,,,) also converges to some measure in
My (X). This yields that A := () is relatively compact, so that by Theorem 2.2 it
satisfies (2.1). Precisely, taking B € B¢(X), by (2.1b), we have that

inf sup/ BNK)AND)pp(dn) < inf supl, (B~ K) =0;
KeR(X) neN (77( ) )M ( 77) KeR(X) neN ( )
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while, by (2.1a) and Markov’s inequality, we get that
1
sup 1, (7(B) > r) < ~sup 1, (B) < °.
neN T neN r
The two previous equations show that the conditions of [Kall7, Th.4.10] are satisfied
and thus up to extraction we can find p € £(T") such that u, — pin Z(7).

Now, let h € 65(X). By [Kal21, Lem. 5.11], we get p € 7 (T") with

I,(h) <liminf I, (h) < oco.

By definition, the map n — n(h) is continuous. Thus, the set {n(h) +1 > r} is a
closed set, for every r > 0, and the map
ur(nvx) = h(x)l{n(h)qu}T}v ne T, reX,

is upper semi-continuous. By the Portmanteau theorem,

1imsup/n(h) Lin(hysryditn < limsup C,, (u,) < o(u,).

By dominated convergence, the right-hand side converges to 0 as r — oco. In particular,
tp, is uniformly integrable with respect to (u,). By an argument similar to the one
used in the previous proof, we conclude that p,, — p in &1 (7). Since C' is continuous
and 4 0(T x X) is Hausdorff, this shows that o = C,,. O

Actually in the previous proofs, we have established the two following results that
we extract here for convenience.

Prorosition 2.12. — Let (tn)neny C P1(7) and p € P(T). Then, the following are
equivalent:
21(T)

(i) pe 21T) and pn oM
.. My, 0(TxX)
(i) Cu, = Cy.

(iii) pn weakly, wand I, A0, I,.
n—00 n— oo
Proof. — The equivalence between (i) and (ii) follows from Theorem 2.10 since C
is a homeomorphism. We proved that (ii) implies (iii) implies (i) in the proof of the
continuity of C~! in Theorem 2.10. O

Remark 2.13. — Take d; (resp. da) a distance that completely metrizes the topology
of 2(T) (resp. that of . (X)). In view of the above result the distance

d(/hﬂ) = dl(/“‘vlu',) + dQ(I;MIH')’ Hs :u/ S '@1(T)7

metrizes the topology of &2 (7). However, this distance may in general be not com-
plete.

Indeed, take X = {x}, the one-point space. Then, 1" is identified with Ny, and
Mo(X) is identified with R. Let p, be the law of a random variable that takes the
value n with probability 1/n, and 0 with probability 1—1/n. Then p,, — §p in P (Np)
so that (), is Cauchy with respect to di. Moreover, we have that I, = 1 for all
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n € N, so that (I,,), is Cauchy with respect to dp. Thus, (pn)n is Cauchy with
respect to d. However, it does not converge in &% (Ny), since I5, = 0.

Proposition 2.14. Let of C P1(Y). Then, the following are equivalent:

(i) & is relatively compact in P (T);
(i) 7 is relatively compact in Z(T) and, for all h € €,(X), the map vy is uni-
formly integrable with respect to < .

Proof. — Assume that & is relatively compact in &71(Y). Take a sequence in 7.
Up to extraction it converges in %21 (T"). Thus, by Proposition 2.12 (iii), it converges
weakly. This shows that o/ is weakly sequentially relatively compact, and thus rel-
atively compact in &(Y"). The uniform integrability follows from [Kal21, Lem.5.11]
together with Proposition 2.12 (iii).

Conversely, assume that 7 is weakly relatively compact and that we have the
uniform integrability condition. Then up to extraction every sequence in & weakly
converges, and by the uniform integrability and [Kal21, Lem. 5.11], we find that the
intensity measures also converge. By Proposition 2.12, we deduce that </ is then
sequentially relatively compact in Z2;(Y), and thus it is relatively compact, since
Z1(T) is Polish by Theorem 2.11. O

Let us finish with the proof of the lemma used above.

Lemma 2.15. Ifue 60T x X), then

F:n— /u(n — 0z, x)n(dx), neT,
satisfies F' € €1(7).

Proof. — Without loss of generality, we assume that u>0. Indeed, for u€ % o(T'x X),
we also have that uy and u_ € 6, 0(1 x X). Since u € 63,0(7 x X), there exists ¢ > 0
and h € 6,(X) such that h > 0 and

u(n,z) <ch(z), nel,zeX.

We have that

F(na) - F()| < ¢ / () (1 — 1) (dz)| + / (i — b2, 2) — () — B0, 2) ().

The first term vanishes as n — oo, by definition of vague convergence. Since u
is continuous the integrand in the second term also vanishes and is dominated by
2ch € L'(n). By dominated convergence, the corresponding integral also vanishes.
This shows that F' is continuous. We also have that F'(n) < en(h) which shows that
Fes, (T) O
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3. DISCRETE OPERATORS AND THE ORNSTEIN—UHLENBECK DYNAMICS
‘31 BIEHLER’S FORMULA, DIFFERENCE OPERATOR, DIVERGENCE OF A FUNCTION

We refer the reader to [Las16] for more details and proofs regarding objects intro-
duced in this section. For completeness, we provide short proofs of statement that we
could not locate in the literature. For n = Y | 6, € 7, with n € NU {oo} and the
x;’s in X, we define the s-thinning (s € [0,1]) of n as the random configuration

') = i £is
i=1

where the (g;) is a family of independent Bernoulli variables with mean s. In particular,
nM) =, and n(© = @, the empty configuration. See, for instance [LP18, Def.5.7]
and below for more details on thinning.

Remark 3.1. — Even if our definition of thinning depends on a choice of a labeling
of the points of 7, the law of n(*) is independent of this choice and we only deal with
properties in law in this paper.

We fix a Poisson point process m with intensity m € ., (X). For all 7-integrable
F € F(Y), we define the Ornstein—Uhlenbeck semi-group by

P.F(n) =E[F(n© ) +¢&)], nel t=>0,

where 17(*) is the s-thinning of 1 and &, is distributed as a Poisson point process with
intensity (1 — e~ *)m and is independent of the thinning.

The family P = (P;):>0 is a Markov semi-group on L!(7). Moreover, it maps
bounded continuous functions to bounded continuous functions.

Proof of the continuity. — Fixt > 0 and F' € %,(T). We show that P, F is also contin-
uous. Let (n,) C T converging to some n € 1. Since 7" is metrizable by Lemma 2.3,
it suffices to show that

B[Py +&)] —— EB[F( ) +&)], Fe6().
In other words, we want to show that
e+ & % 7+ g

By independence of the Poisson process and the thinning and by the continuous

mapping theorem, it is equivalent to show the convergence in law of (177(164)) to n(eft).
By Theorem 2.4, it suffices to show the convergence of the Laplace transform. In turn,
this follows from the explicit formula for the Laplace transform of the thinning. Indeed,
fix h € 6, (X), and define

hy(z) = log(1 —e (1 — e_h(I))), r e X.
By [Kall7, Lem. 3.1(iv)],

E[exp(— / hdnﬁf”ﬂ = exp( / htdnn)

JIEP. — M., 2024, tome 11



974 .. DELLo Scmiavo, R. Herry & K. Suzukr

Now, since 1 —e~*(1 —e™") > 1 —e™t, hy is also continuous. Moreover, for all x € X
such that h(z) = 0, we have hy(z) = 0. Thus, h; € 6,(X). By convergence of (7,,) in
P (T), we find that

E[e*n£?7t>(h)] s exp (/ htd77> — E[e*n(eft)(h)],

n—+oo
which concludes the proof. O
For all point processes pu, we define by duality
Piu(A) = u(Pla), AeB(Q), t=0.

It is readily verified that this indeed defines a measure, cf. Lemma 3.2 below. If u = pm,
then Pyu = (Pp)w for all t > 0. We also have that P} maps 27 (T") to 221 (T) for all
t > 0, and that

P21(T
(3.1) Pin 2 1 we (1),

t—0
Proofof (3.1). — Letn ~ pand h € 65(X), and set 1 == n ). By [Kall7, Lem. 3.1],
we have that

(3.2) Efexp(—m:(h))] = E {exp ( / log(1 —e™*(1 — e_h))dn>] .

Since log(1 —e *(1—e™")) < (1 — e™"), by dominated convergence and [Kall7,
Th.4.11], we get that law(n,) — p in Z(Y). Similar computations show that
law(&) — 0z in P (7). Thus, by continuity of the sum and the continuous mapping
theorem, we conclude that Pfu = law(n: + &) — p in (7). The Mehler formula
also implies that

(3.3) Ip;u(h) = e " Iu(h) + (1 = e~ )m(h) — L(h),
which concludes the proof in view of Proposition 2.12. O
For F € Z(T) we write
Do F(n) = F(n+dz) = F(n), nel, zecX,
and regard DF as the map
DF:T x X 35 (n,x) — Dy F(n).

The difference operator and the semi-group satisfy a commutation relation a la Bakry—
Emery [Las16, Lem. 6]:

(BE) DP,F =e 'P,DF, F € L*(m).

For all u € L' (7w ® m), we define a formal adjoint to D, namely the Skorokhod diver-
gence

DWM%Z/UM—%JM@@—/UW@m@@7neT
By the Mecke formula, D*u € L(7).
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We further consider an extension of P* acting on measures v in .4 (1" x X), by
restriction of the action to the 7-coordinate. We still denote this extension by P*, viz.

(P;v)(A x B) = /(PtlA)(n)lB(X) v(dndz), AeB(), B e B(X).
For completeness, we verify that P;v indeed defines an element of .4, (1" x X).

Levmvia 3.2, — Let v € My, 0(Y x X). Then, for allt > 0, Pfv defines above extends
uniquely to an element Ptv € My, o(T x X).

Proof. — By definition P* is linear, and resorting to the Hahn decomposition of v,
it suffices to verify the statement for v € ., (Y x X). In this case, P;v is non-
negative, and, since P;1 = 1, we have

Piv(Y x B) =v(Y x B) < oc.

On the other hand, let (A,) C B(T) and (B,) C B(X) be disjoint. By monotone
convergence and linearity of Py

Piv(UA, ® UBy) = v(Pilua, ® 1up,) = > Piv(An x By).
n,k

This shows that Pjv, as defined on rectangles of B(Y ® X), is countably additive.
By uniqueness of the Carathéodory extension, this concludes the proof. |

3.2. SoBoLkv spAaces. — Due to its discrete nature, D does not give rise to a good
notion of smooth functions. As a partial substitute, let us define the Sobolev spaces
associated with D. For all F € .Z(T) and k € N, we can define iteratively D*F €
Z(T x X*). We can thus define the Sobolev spaces of order k € N and p € [1,00] as
the set #/*? = *P(T) containing all F' € L?(r) such that D¥ F € LP(r @ m®*") for
all ¥/ < k. It is endowed with the norm

k

. K
1E ko = 1E | oy + D ID* Fll g (rggmeny-
k'=1
3.3. GENERATOR OF THE ORNSTEIN-UHLENBECK SEMI-GROUP. The Markov generator

of P on L?(r) is the unbounded operator L with Zom L consisting of all the functions
F € L?(m) such that the following limit exists

LF = L2(r)- lim Lt
t—0 t

By [Las16, Props. 3 & 4 and Th. 5], we have that Zom L = #%2; for F € Qom LN¥ 1,
we have the following representation

LF(n) = =D*DF(n) = /(F(n+5w)—F(n))m(dl‘)—/(F(n)—F(n—%))n(dw% ner,

and the following integration by parts holds

F.

(3.4) /FLGdﬂ' = —/DF DGd(r®@m), Fe#'? Ge JomlL.

JEP — M., 2024, lome 11



976 .. DELLo Scmiavo, R. Herry & K. Suzukr

In view of the general theory of Dirichlet forms [MR92, Th. 2.20], we have the following
regularization property

(3.5) P.L*(7) C QomlL, t>0.
The inverse of L is defined for all F' € L?(7) such that [ Fdr = 0 via [Las16, Th. 7]:

L1 F(y) = — /0 b F()ds.

3.4. Revarive ENTROPY. — Let 7 be the Poisson point process with intensity m, and p
be a point process. The relative entropy of u with respect to w is
. du
H(p|m) = [ plogpdr if p<m, p=—,

and H(pu|r) = oo otherwise. We write Zom H for the set of p€ Z(T") with H(p|m) < oo.
The following result recasts well-known properties of the relative entropy with respect
to the weak topology in the setting of %2 (7).

Levmma 3.3, — We have that ZomH C P1(T). Moreover, H(- | m) is lower semi-
continuous with respect to the P21 (T)-topology and its sub-level sets are relatively
compact in (7).

Proof. — Set 0(s) = slogs—s+1 for s > 0 and 0(s) := co otherwise. We denote its

Legendre transform by

0*(t) :=sup(st — 0(s)) =e"' =1, teR.
seR

The functions 6 and 6* are convex conjugate to each other, and a pair of Young
functions. We define, the Orlicz norm

| F|[ze = Sup{/FGdﬂ : /9*(|G|) < 1}, F e Z(T).

Let = pr € Zom H and note that [@(p)dm = H(u | ). For r € R and B € By(X)
set [5.(n) == n(B)1{yB)>r}- In view of [KR61, Eq. (9.13), p. 73], we find that
(3.6) ‘ [ Fopan| < 1o (1758 ).

On the one hand, by Fenchel’s inequality, we have that

(3.7) Fu o < | Foll o < /(e"(B) ~1)ar + 1.

This quantity is finite in view of the exponential integrability of Poisson random
variables. The second inequality above shows that ZJomH C £;(7). On the other
hand, by dominated convergence,

/ 0*(aF,)dr = / Lian(p)=ry (P — 1) m(dn) —— 0, a > 0.

r—00
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In view of the equivalence of the Orlicz and the Luxembourg norms [KR61, Eq. (9.24),
p. 80], the latter convergence implies that

7nli>r1010||F‘r||L(9*‘ =0.

Together with (3.6), this shows that the uniform integrability condition in Propo-
sition 2.14 is satisfied on sub-level sets of H(- | 7). By [DZ10, Lem.6.2.12], these
sub-level sets are also weakly relatively compact, thus we conclude they are relatively
compact in 7 (") by Proposition 2.14. Since H( - |7) is weakly lower semi-continuous
(e.g. [DZ10, Lem. 6.2.13]) and since the &1 (Y')-topology is finer than the weak topol-
ogy, we get the lower semi-continuity. (|

3.5. Fisuer invormation. — The (modified) Fisher information of p € 2(Y) is

d
Sulm = [DpDlogpatrm) it p<m p= 3,
and J(u | 7) == oo otherwise. We write Zom3J for the set of u’s with J(p | 7) < oo.
By convexity of 6, we have that (a — b)(loga — logb) = (a — b)(6'(a) — 0'(b)) = 0 for
all @ and b € R. This shows that J(u | ) is well-defined, although potentially co, for
all u € Z(T). The relative entropy and the Fisher information are related through

the modified logarithmic Sobolev inequality [Wu00, Cor. 2.2]:

(3-8) Hp|m) <I(ulm), ne2(T).
Tueorem 3.4. — The functional I( - | 7) is lower semi-continuous on (7).
Proof. — The lower semi-continuity of the Fisher information will follow from that

of similar functionals defined at the level of functions, by a uniform integrability
argument, as we now show.

Weak Li.. lower semi-continuity. — Let L _(m ® m) be the space of (equivalence

classes of) Borel functions u: 7 x X — R such that
ull s = / luld(m @ m) < 00, B € By(X),
TxB

Equipped with the locally convex topology induced by the family of semi-norms || - || 5
with B € B((X), the space L. .(m®m) is a Fréchet space, and every continuous linear
functional on Li (m ® m) is represented by some u € L (7 ® m) with u vanishing
outside of some B € By(X), see Lemma 6.1.

Let us define

log(s +t) —logs)t, ifs>0,t> —s;
w<s,t>:={( o0 toss)

400, otherwise;
and
Irn(p,u) = b(p,u)d(r @m), pe L (m), u€ Lig(r @m);
TxX
Teplp) = [ wlpua(rom), pe Li(m), u e Lo m), B e Bo(X).
X
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We fix B € By(X) and we write mp for the restriction of m to B. Since 7 ® mp
is a finite non-atomic measure, and since ¢ > 0, by [Iof77, Th. 1] we find that I p
is lower semi-continuous with respect to the weak topology of L'(7) x L'(7 ® mp).
By [Bou81, II, p. 53, Prop. 8], this weak topology is actually the product topology of
the weak topologies on L!(7) and L'(7 ® mp).

Let (pa) C L(7) be a net weakly converging to p € L'(7) and (uq) C Li, (71 @m)
be a net weakly converging to u € LIIOC(W(X)m). On the one hand, in view of Lemma 6.1,
we find that (u,1p) is a net converging weakly in L!(7 ® mp) to ulg. On the other

hand,
liminf I g(pa, ta) = HminfI; g(pa,ualp) 2 Iz 5(p,uls) = I; B(p, u).

Thus, by the lower semi-continuity established above, we find that J; p is actually
lower semi-continuous with respect to the weak topology on L!(m) x L (7 @ m).
Since 9 > 0, the functional B — J, p is monotone increasing. By monotone con-

vergence

(3.9) sup  Jrp =Ir.
BeBo(X)

Thus, as a supremum of lower semi-continuous functions, J, is also lower semi-

continuous with respect to the weak topology on L!(7) x L (7 @ m).

P1(T)-lower semicontinuity. — Fix b > 0. We show that
Ay i= (= pr € PyT) I | m) < D)

is closed in 71 (Y). In view of Theorem 2.11, it suffices to show that it is sequentially
closed. Consider (u,) C Ap, with p, = p,7, converging to some p € (7). By (3.8)
and a theorem of La Vallée Poussin [DM75, Th. 22, p.38], the set A, is uniformly
integrable when regarded as a subset of L! (7). Hence, by the Dunford-Pettis theorem
[DM75, Th. 25, p.43], the family (p,) is weakly relatively compact in L!(r). Since
(pn) converges to u in &1 (T), we thus find that there exists p € L!(7) with u = pr
and (p,,) converges to p weakly in L!(r).

Let v € L*°(m ® m) such that there exists B € Bo(X) with v = 0 7 ® m-almost
everywhere outside of 7" x B. Take h € %,(X) such that 0 < h <1 and h =1 on B.
In view of Proposition 2.14, we find that (15p,) is uniformly integrable in L'().
By Dunford—Pettis theorem, the sequence (11,p,) converges weakly in L(7) to (tnp).
By the Mecke formula, we get that

/T><X vDppd(r @ m) = /T{/Bv(n — 65, x)n(dx) — /B v(n,x)m(dx)} pn(n)7(dn)

:/ FthndTr*/ Gppdm,
r T
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where

ron = [ anx) < ol (rem):

G(n) = /B o, 2ym(dz) < m(B)[[v] L (xom).

Thus, both F' and G € L*° (). By the weak convergence of (py, ) and (thpn)n, we thus
find that (Dpy,),, converges weakly in Li (7 @ m).

By weak lower semi-continuity of J on L () x L _

(mr®m) established in the first
part of the proof,

I(u| ) =73:(p,Dp) < liminf I, (p,, Dpyn) = liminf I(p, | 7) < b.
This shows that p € Ay and concludes the proof. O

By Jensen’s inequality both H(- | w) and J(- | w) are decreasing along the dual
Ornstein—Uhlenbeck semi-group. In particular, both Yom H and ZomJ are stable
under the action of P*. For local Dirichlet forms, in a quite general setting, the semi-
group maps L? densities to the domain of the Fisher information. In our non-local
setting, similar results are not available. Thus, we carry out ad hoc computations
owing to the explicit formula of the Dirichlet form in the Poisson setting.

Turorem 3.5. — Let p € PQomH and t > 0.
(i) The Ornstein—Uhlenbeck semi-group is reqularizing:

(3.10) Pipn € Yom7.

(ii) The Fisher information controls the entropy production along the Ornstein—
Uhlenbeck semi-group:

t
(3.11) TPy | ) = H(u | ) — / I(PLu | m)ds.

(iii) The Ornstein—Uhlenbeck semi-group converges exponentially fast to equilib-
riums:
(3.12) G(Py | ) < et H(yu | ).
Remark 3.6. — (i) and (ii) are the usual de Bruijn’s identity. They are classical for

diffusions. See, for instance, [BGL14, Prop.5.2.2] or [AGS14a, Th.4.16]. We provide
a proof for Poisson processes, for completeness.

Proof
(i) and (ii) Assume first that p € L?(7). As before, write 0(s) := slogs — s+ 1, for
s 2 0 and 6(s) := co otherwise. For all k € N, set

(3.13) Or(s) == / kAlogrV (=k)dr, s>0,
1

and 0y (s) := oo otherwise. Then, (6;) is an increasing sequence of Lipschitz functions
converging to 6. Let ¢ > 0, by (3.5), Pyp € Zom L. Since §;, is Lipschitz, we also find
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that 6},(P.p) is in the domain of the Dirichlet form corresponding to L, e.g. [BH91,
Prop. 3.3.1, p. 14]. Thus,

t t
/Hk(p)dw—/ﬂk(Ptp)dﬂ' = —/ /0;(Ptp)LPtpdﬂ'dt=/ /DG;C(Ptp)DPtpdﬂ'dm.
0 0

As k — oo, by monotone convergence, the left-hand side converges to H(Pyu | m) —
H(w|m). Now, we claim that the right-hand side is also monotone. First, by convexity
of 0y, we find that the integrand on the right-hand side is non-negative. Differentiating
twice yields that 641 — 0y is convex. It thus follows, that

(3.14) (O 11(s) = Op 1 (1) (s —7) = (04(s) = O (r))(s —7), 5,7 >0.
The above formula is the monotonicity of the integrand. We obtain (3.11) by monotone
convergence. This also gives (3.10) for almost every t. We conclude it holds for every ¢
by continuity.

Now we only assume that yp = pr € ZJomH For k € N, let pup = (p A k)w/Z,
where Zj is a normalization constant. We explicitly compute

1
3(Pisn. | m) = 5 [ D(Pip A K)DG(Prp)aram.
k
Similarly to (3.14), we have for s and r > 0:
(log(s A (k+1)) —log(rA(k+1))(sA(k+1)—rA(k+1))
> (log(s ANk) —log(r NEk))(s ANk —rAk).

By the previous argument for L?(7)-densities, we get that

t
Hmmmw—%wumzﬁﬂwmumw

Since Z; — 1, we conclude by monotone convergence taking k — oo.
(iii) follows by Gronwall lemma together with (ii) and (3.8). O

Remark 3.7. — The statement above and its proof can be immediately extended to
functions rather than probability measures. For p € L!(r), write

H(p) ::/plogpdwf/pdwlog/pdw;

I (p) ::/Dleogpdﬂdm.

If Hr(p) < o0, then

d
E :H:ﬂ-(Ptp) = *jﬂ-(Ptp), t> 0

4. CONTINUITY EQUATION

In order to construct a Riemannian distance, we first present a notion of infini-
tesimal variation of a curve T = () C Z1(7). Informally, the variation is obtained
through a weak formulation of the discrete continuity equation (1.1). In order to give
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a more rigorous definition let us recall that we write . for the algebraic linear span
of functions of the form e~*», h € €, (X).
For T > 0, we say that

= () e Z(0,T), 2(T)) and 7= (1) € F([0,T], Myo(T x X))

solve the continuity equation on [0,T] provided

T T

(CEr) 0:/ ap(t)/Gdutdt—i—/ go(t)/DGdutdt, Ges, ped=(0,T)),
0 0

and

(4.1) / 4|(T x B)at < 0o, B € By(X).
[0.7]

Here, and in all the paper, ¢ indicates a time derivative, and we identify 7 with a
measure on 7" x X x [0,1], by

v(dndzdt) = /Vt(dndx)dt.

With this identification, (4.1) can be written 7 € 44, 0(Y x X x [0,7]). Informally,
we can say that ¥ is tangent to the curve .

Remark 4.1. — Contrary to (1.1), the curve 7 does not depend explicitly on . When
constructing the distance in Section 5.1, the action functional will automatically select
solutions of a particular form.

Let us start with the following stability property for solutions to the continuity
equation.

Lemma 4.2, — Let (I, 7n) be a sequence of solutions to the continuity equation.
Assume that there exist m € F([0,T], Z(T)) and v = ndt € M3 0(T x X x [0,T))
such that

Hon EACIN pe, a.e. t €1[0,7],
n—oo

My 0(TXXX[0,T]) _
e A

Vn
n— oo

Then, (fz,7) is a solution to the continuity equation.

Proof. — The convergence of the first term in the right-hand side of (CE7) follows
from the assumption on (%,,) together with the dominated convergence theorem. The
convergence of the second term in the right-hand side of (4.1) and (CEr) follow
directly from the assumptions on (7). O
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4.1. EXAMPLES OF SOLUTIONS TO THE CONTINUITY EQUATION. We start with an impor-
tant example of solutions to the continuity equation built from the dual Ornstein—
Uhlenbeck semi-group.

Prorosition 4.3. — Let pg == pom € P1(T). For allt > 0, set
pt = Piuo = Pypomr, vy := —DPypgd(m @ m).

Then (@, V) is a solution to the continuity equation.

Proof. — Since pg € P1(T), by the Mecke identity we have that

(4.2) / / po(n + 6g)m(dz)m(dn) = I,,(B) < 0o, B € By(X).
r/B

Thus,

/OT|I/t(TxB)dt:/OT/T/B|DPtpo|dmd7rdt</OT(IM(B)—i—m(B)) dat.

The right-hand side is finite by (3.3). This shows that 7 satisfies (4.1).
Let ¢ € €°((0,T)) and G € .. We compute

T T
/ c,b(t)/Gd,utdt :/ gb(t)/PtGduO dt (by symmetry of P w.r.t. 7)
0 0
r d
= —/ o(t) / EPtG dpodt  (by integration by parts w.r.t t)
0

T
= —/ o(t) / P:LGdugdt (by definition of the generator)
0
T
=— // /LGPtpodﬂ' (by symmetry of Py w.r.t. 7)
0

:/OT o) // DG DP,podrdmdt  (by (3.4)).

This shows that (fz,7) is indeed a solution to the continuity equation and concludes
the proof. 0

The Ornstein—Uhlenbeck flow also preserves solutions of the continuity equation in
the following sense.

Prorosition 4.4. — Let € > 0. Assume that (1,7) is a solution to the continuity
equation. Consider the measures given for all t € [0,T] by

pyg =Plue, vi=e Pl
Then (a®,7%) is also a solution to the continuity equation.

Proof. — Let ¢ € € and G € .. Then, P.G € .#. Indeed, on the one hand, as
recalled in Section 3.1, P preserves %;(2"). On the other hand, by [Kall7, Lem. 3.1],
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Laplace transforms of thinnings and Poisson processes are explicitly known, thus with
G = e~ for some h € %) (X), and

1
e t(1—eh)’

o = exp(—<1 - fa- e_h)du)
we find the explicit expression

PG (n) =E[exp(—(e™" - n+&))] = cppe ),
This shows P preserves also ¢, and thus also ¥ =4 N%,(T). By (CEr) for (1z,7)

T T
0=/ ¢t/P5Gdutdt+/ tpt/DPEGdutdt.
0 0

We conclude (CEr) for (i°,7°), since, by (BE), DP.G = e ¢P.DG.
Since P* acts on 7 only on the first coordinate, if 7 satisfies (4.1) so does Pfv. O

hy :==log T

Solutions to the continuity equation are also invariant under time reparametriza-
tion.

Lemma 4.5 ([AGS08, Lem. 8.1.3]). Consider a strictly increasing and absolutely
continuous function X: [0,T] — [0, T, such that its inverse is also absolutely contin-
uous. Then (fi,7) solves (CEr) if and only if (o A\, N - T o \) solves the continuity
equation on (0,T").

4.2. EXTENDING THE NOTION OF SOLUTIONS. — Let . be the space of all G € %#(T)
such that DG € %}, o(Y x X). (CEr) makes sense for every F' € . In particular, it is
possible to define another notion of solution to the continuity equation by replacing .
by 4 in (CEr). The goal of this section is to shows that this yields the same notion
of solution.

4.2.1. The algebra of local sets in 1. Let B € By(X) be closed. We write Ap(T)
for the set of all A € B(T") such that

Vre X\B neA < n+d, €A

It is easily verified that Ap(7") is a sub-c-algebra of B(7) and that F is Ap(Y)-
measurable if and only if DF vanishes outside of 7" x B. Let 15 be the set of configu-
rations supported in B. Since B is closed, Tz is a closed subset of 7", by the Portman-
teau theorem, and thus it is a Polish space. We shall need the following lemma. Let
Bp(T)=0(p : B € Bp(X)), and write prg: T — T for the canonical projection.

Lemwva 4.6. The following o-algebras coincide

Bp(T) =Ap(Y) = pry'B(Ts).
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Proof. — Let B’ € Bp(X). Since v/ is Ap(T)-measurable, we find that Bg(Y) C
Ap(Y). On the other hand, B(T) is generated by all sets of the form

(4.3) {(n(C) =ki,...,n(Cy) = ke}, LEN, (Cy) € Bo(X), (k;) € N

Since Ap(Y) is a sub-c-algebra of B(T"), it is generated by those sets in (4.3) that are
also in Ap(T). It is readily verified that every set A as in (4.3) satisfies A € Ap(T)
if and only if C; C B for all i. Thus 25(7) C prg'B(T). The fact that Bp(T) and
pr;'B(T) coincide is standard. O

Finally, let us define the algebra
Q[(T) = UBQ[B (T)

The reader can easily verify that 2((7") is an algebra but in general not a o-algebra.
We have that 7 is the set of F' € .%,(T) that are also 2(2")-measurable.

4.2.2. The topology of H# and €} (H). For all closed B € By(X), we write 5
for the space of G € 47, such that DG = 0 outside of 7" x B. Alternatively, % is
the set of F' € #,(T) that are Ap(7)-measurable. The space ¢ is a Banach space
for the norm
|Gl = |Gl z,r) + DG 2, (rx x)-

The topology on 47 is the strict inductive limit in n € N of the Banach spaces
M3y = HB(on), for any fixed o € X. By [Bou81, Prop. 9(iii), p.I1.34], # is complete.
We consider the space €1((0,7T),5) of continuously differentiable and compactly
supported functions F: (0,7) — 2. In order to equip €.((0,T), ) with a suit-
able topology let us introduce some notation. Given a locally convex linear space E,
we write €3(E) = €((0,T),E), and, for n € N, €}, (E) for the space of those
functions F' that are supported on [1/n,T — 1/n]. We omit E from the notation
when F = R. For all kK and n € N, the spaces %%k(%) are Banach spaces. We equip
%} . (Z€) with the strict inductive-limit topology in n € N and k fixed. Then, we equip
€1 (A) with the strict inductive-limit topology in k € N of the €7, (). This also
coincides with the strict inductive limit in n € N of ‘KTln

Levmva 4.7. — The set # @ €2°((0,T)) is dense in €1().

Proof. — Let F € €}() and € > 0. There exists n € N such that F € 6}, , ().
Since J;, ® €., is dense in €, (), there exists F. € 6, ® €1, C A © €} such
that

HF&‘_F”n <e.

Let p be a continuous semi-norm on %4 (). By the universal property of inductive
limits [Bou81, Prop. 5, p.11.29], there exists ¢ > 0 such that

p(F. — F) < ¢||F: — F||n < ce.

Thus 2 ® €} is dense in €} (#). We obtain that . @ €>°((0,T)) is dense by
mollification. O
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4.2.3. The continuity equation holds on €} ()

Prorosirion 4.8. — Let (@,7) be a solution to the continuity equation. Then,
T T
0 0

Proof. Let (@,7) be a solution to the continuity equation. We split the proof in
two parts.

(4.4) holds for F = G @ ¢ € I @ €°((0,T)). — Let B € Bo(X) closed. Write My
for the space of functions G € #% such that (CEr) holds for (%, 7) when tested on
the space-time test function G ® ¢, for all ¢ € €2°((0,T)). Since (CE7) is linear with
respect to G, jg’% is a linear space containing constants.

Take (G,) C %/’% converging uniformly to some G. Firstly, since J¢5 is a Banach
space for the uniform convergence, G € J¢5. Secondly, we have that G,, — G uni-
formly on 7" and DG,, — DG uniformly on 7" x B. Thus, applying (CE7r) to G, ® ¢,
passing to the limit, and invoking Lebesgue dominated convergence theorem, we find
that G ® @ solves (CEr). This shows that G € %/”;3, and that j% is closed under
uniform convergence.

Take (G,,) C Hp an increasing and bounded sequence of non-negative functions.
Write G = lim,, G,,. By monotone convergence, we get that

T T
/ P (Gn)at —— / o(t) e (G)at.
0 0

By (4.1) and definition of /3, |DG, @ ¢| < clyypxjo,r] € L'(7). Thus, by dominated
convergence,

7(DG,, ® ) — (DG ® ).

This shows that G € j/f;, and that j@ is stable under uniformly bounded monotone
convergence.

Thus, /3 satisfies the assumptions of the monotone class theorem [DM75, Th. 21,
p-20]. Let #5 be the linear span of functions of the form e~*» for h € ©b,B(X).
By construction, .5 C %B and ¥ is stable by multiplication. Thus, %”B contains
all the bounded functions measurable with respect to the o-algebra generated by ..
An argument similar to that of [Las16, Lem. 2] shows that this o-algebra contains all
the vy, for h € %, g(X) and B’ C B. By Lemma 4.6, this o-algebra is Ap(2"). This
shows that J/fg = 3.

Take G € . By definition, there exists B € Bo(X) such that G € #5. We con-
clude by the first part.

(4.4) holds for F € €}(H)
By Lemma 4.7, we can find (F,,) C 7 @ €>°((0,T)) converging to F in €;(J).
By the previous part of the proof, we have that

Ai(E) + D(F,) = 0.
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By definition of the convergence on ¢4 (), we can apply dominated convergence to
conclude. g

4.3. PROPERTIES OF THE CONTINUITY EQUATION. — In this section we obtain several
results concerning the evolution of certain quantities along the continuity equation.
All the results are a consequence of the following simple observation.

4.3.1. The intensity measure along the continuity equation

Turorem 4.9. — Let (,7) be a solution to the continuity equation. Then, there exists
a set L C [0,T) of full measure such that

¢
Iut:Ius‘f‘/ vy (Y x )du, s,t € L.

The above result guarantees the following alternative:
— either yuy € 21(T) for almost every t € [0, 1];
— or there exists B € By(X) such that I,,,(B) = +oo for almost every t € [0, T].

We say that that the solution (&, 7) to the continuity is in 9?1 (Y") provided the former
holds.

Proof of Theorem 4.9. — Let (hi) C %, (X) given by Theorem 2.2 (i), and define
By, :=supp hy, € Bo(X) and Hy, := ip, . Further let € > 0, and set
1 — e—cn(he)
Hioln) = 70 e

By construction Hj, . is non-negative, bounded, and increasing as e — 0 to its limit Hj.

Moreover,
1— —chy(z)
(4.5) DoHpe(n) =e ) =" " peT zpeX.
€
This shows that DHy, . € % 0(1 x X) is also non-negative and is, as ¢ — 0, increasing

to its deterministic limit
D:ch(n):hk(x)a WETa»?GX-

In particular, Hy, . € 5, and, by Proposition 4.8, we find that, for all ¢ € €1((0,7)),
we have

T T
/ (pt#t(Hk;,g)dt = */ gﬁtl/t(DHk7s>dt.
0 0

This shows that the map ¢ — p:(Hy o) is a function in W11(0,T) with distributional

derivative 4
Etﬂt(Hk,s) = Vt(DHk,€)~

Since every element of W1(0,T) admits an absolutely continuous representative,
there exists a set Ly . C [0,7] of full measure such that

t
(46) ,Uft(Hk,s) = Ns(Hk,s) +/ I/u(DHk7s)du, S,t € LE.
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Letting € — 0, we obtain by monotone convergence that
NS(Hk,E) j IMS (hk)’ s€ [OvT}'

In the above equation, the limit I,,_(hy) could a priori assume the value +00. On the
other hand, since DHy . < ly ® 1p, by (4.5), we find by dominated convergence
on 7 x X that

(4.7) vs(DHy ) p— vs(l® hg), s€]0,T].
e—
Moreover, by monotonicity and non-negativity of DH}, ., we have that
Vs (DHy. o )| < [vs|(1 @ hy).

Since by (4.1), fOT|1/S|(1 ® hy)ds < oo, we can actually apply dominated convergence
on [0,7] to pass to the limit in (4.6), and by considering only convergence along
a sequence €, — 0, one can find a set Ly C [0,T] of full measure such that the
convergence holds on L and

t
Im(hk) :Ip.s(hk)+/ I/u(1®hk)du, s,t € L.
We conclude by defining the set of full measure L := NgLy. O

4.3.2. Ixistence of continuous representatives

Turorem 4.10. — Fwvery solution (', V) to the continuity equation in Py (1) admits
a unique representative (@, V) such that [0,T] 3 ¢t — p € P1(T) is continuous.
Moreover, for all s,t € [0,T],

(4.8) 11 (Fy) — s (Fy) = / (ur(E,) + vo(DE))dr,  F € €Y([0,T), 7).

Proof. — The uniqueness part is immediate, since continuous functions coinciding
almost everywhere must coincide everywhere. Let L C [0, 7] be the set of full measure
given by Theorem 4.9, and take ¢y € [0, T]. We consider the non-negative measure

A(B) =1, ( / (T x B)ds, B e B(X).

By construction, A € ///O+( ). Thus, in view of Lemma 2.5 and Theorem 4.9, there
exists a countable set (G,) = 9> C ¢ such that on {y} : t € L} the topology of Z(T)
is induced by that of the simple convergence on ¥*. Since all the G}’s are in ¢, by the
continuity equation, for each & € N, we have t + u;(Gy) € WH1(0,T) with distri-
butional derivative given by ¢ — v,(DGy) € L'(0,T). Setting ny = fOT\Vt(DGk)‘dt7
ap = 2"%(1 A (1/n)), and

/”'tv/’és Zak)‘ Gk:)l t,s € [OvT]v
keN

we have that ¢ is a distance on {u} : ¢ € L} metrizing the topology of (7). Let
(h) C %o(X) given by Theorem 2.2 (i). Letting my = fOT\Vt|(1 ® hy)dt, which is
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finite by (5.2); by, :== 27F(1 A (1/my)); and
p()\,CT) ::Zka/\_U)(hk”v )‘706%04_()()7

keN

we find that the distance p metrizes the topology of .#;" (X). In particular, by Propo-
sition 2.12 and Theorem 2.11 the distance

(ks 115) V= 8 1) + p( Ly It ),

metrizes the 42, (T)-topology on {u; : t € L}. By the continuity equation, we find a
set L1 C L of full measure such that

t
wi(Gr) = pl(Gy) +/ v(Grp)dr, keN, s, te L.
Moreover, by Theorem 4.9, we have that
t
I, (ht) = I, (hy) —|—/ vy (1® h)du < oo, keN, s, tel.

Thus, by Fubini theorem, we have that
t
O ) + p(Lr, Iy ) < Z(aknk +bpmy)dr, s,t € Ly.
S keN
Since by construction the series is convergent, on L, the map ¢t — pj} is uniformly
continuous. By continuation of uniformly continuous maps [Bou71, Th.2, p.II.20],
we can extend it to a continuous map ¢ +— p; € 1 (7)) that coincides with p’ on L.
This concludes the existence part of the claim.
Formula (4.8) is obtained for functions F' € €}(#) from (4.4) and by considering
a sequence of smooth functions on (s, ) and converging to 1(, 4+ and whose derivatives
converge to d; — 0y in the sense of distributions (see [Erb14, Lem. 3.1] for details). This
extends to F' € €1([0,T], 5#) by approximation. a

In the rest of the paper, we always implicitly consider the unique continuous repre-
sentative of a solution to the continuity equation. In particular, the sentence “consider
a solution (&7,7) in &1(Y)” has to be understood in the following way:

— Consider a solution (@, 7) such that pj € 21(T) for almost every ¢ € [0,T].
— Consider its unique continuous representative (g, 7).

At this point, we stress out that we do not know where 7 and i’ coincide. In particular,
we could have ug # pg.

Cororrary 4.11. Let (@, 7) be a solution to (CEr) in Z1(T), we have that
¢
(4.9) ut(F):,us(F)—i—/ vy(DF)du, F e, s, te|0,T).

Proof. Apply (4.8) with F; = F for all ¢t € [0, T]. |
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4.3.3. The relative entropy along the continuity equation. In (3.11), we have that the
Fisher information controls the entropy production along P*. A similar result holds
for the entropy along the continuity equation.

Turorem 4.12. — Let (i, 7) be a solution to the continuity equation such that, for all
t€[0,7], e = prm € DYomH and vy = wi(w ® m), and

D1
(4.10) / det+/ /| wy|? ngt
0

Then, for allt € [0,T]:

t
(4.11) H(pe | ) — H(po | ) = / /Dlogpsdusds.
0

Remark 4.13. Let us comment on the assumption (4.10). First of all by the
Cauchy—Schwarz inequality this ensures that Dlogp € L*(7), so that the right-hand
side of (4.11) is well-defined. Secondly, the condition on the Fisher information is
not very restrictive. Indeed, if we start with a solution of the continuity equation in
2om H, then by Proposition 4.4 we can always perturb it by the Ornstein—Uhlenbeck
semi-group in order to have a solution satisfying the finiteness of the Fisher infor-
mation by (3.11). Lastly, the condition involving the second integral in (4.10) might
seem more exotic. However, this quantity plays a natural role in the definition of the
action and the variational distance in the next section.

Remark 4.14. — Let us consider (i, 7) a solution to the continuity equation given by
the dual Ornstein—Uhlenbeck semi-group, as in Proposition 4.3. In this case,

¢ ¢
/ /Dlogpsdvsds = 7/ IJ(Phpo | m)ds
0 0

and formula (3.11) regarding the entropy production along the Ornstein—Uhlenbeck
semi-group coincides with (4.11).

Proof. For convenience, we first give a short heuristic proof of the statement
that goes back at least to the seminal work of [OV00]. We thus assume that p €
€*(]0,T), 5), with p bounded away from 0. Since

Dlogp = log(p + Dp) — logp,
we find that log p is also in €1 ([0, T, #). Applying (4.8) to F = log p yields

t t
Hpe | ) — H(po | m) = / //)Sdﬂ'ds +/ /Dlogpsdusds.
0 0

Since p; is a probability density for all ¢, we have f psdm = 0. This shows the claim
in this case. The rest of the proof formalizes this idea for general densities. We stress
however that all the ideas are contained in this short argument.

Now, we only assume that Dlogp € L' (7). We shall need two stability results for
solutions to the continuity equation under regularization.
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Stability of the continuity equation under time regularization. Let 3 be smooth, com-
pactly supported, non-negative, symmetric mollifier on R, and € > 0. We define
1
w& = g¢(/5)a

T
pi= [ pontt-mar
0

T
wi = / wepe (t — 7)dT.
0

Then p¢ € €1([0,T], L*(7)). Setting u5 = pim and v§ = wi(m ® m), we also have
that (1z°,7°) solves the continuity equation. Indeed taking F' € (), and letting

Fro= E/OT Fyp((r —t)/e)dt,

we have that F¢ € € () for all sufficiently small € > 0, and

T 1 (T (T .
/ Fiduzdt = f/ / /Ftl/J((t—T)/E)pTdﬂdth
0 €Jo Jo
T .
:/ /FprdﬂdT
0

T

= —/ /DFﬁwTd(WQ@m)dT
0
T

= —/ DF,wid(m @ m)dt.
0

Since F' € €r(s7) is arbitrary, (CE7) holds for (z°,7°). Moreover, by construction,
7° satisfies (4.1). This shows that (&%, 7°) is a solution to the continuity equation.

Stability of the continuity equation under space regularization. — Now, fix B € By(X),
and define

pl = Exlp | Ap(T)],
wf = Em@m[wtlY‘xB ‘ QlB(T) X %B(X)]

See, for instance, [DM80, §§39-43, pp.36-43] for reminders on conditional expec-
tations and martingales with respect to o-finite measures. In a more prosaic way,
we have that

(4.12) w?(-,z) =1g(@)E;[w(-,2) | Ap(T)], =€ X.

In view of the independence property of Poisson point processes, we have the explicit
formula:

pr(n) = /Pt(ﬂrB + &)mxp(df),

where, for C' € B(X), m¢ is a Poisson point process with intensity m;c. We let
pB = pPr and vP = wP(r @ m), and we claim that (7%,7P) is a solution to the
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continuity equation. By the tower property of conditional expectation

—B _ 4 B
ZB|(T x X x [0,T]) _/ Eram [|wP[]at
0

T
< / Erom[|wilyxslldt = [7/(T x B x [0,T]) < .
0

Thus, 7P satisfies (4.1). Now, let u be bounded and 2z (Y) ® B (X)-measurable.
In view of the explicit formula

D*(ulyrxp)(n) = /Bu(n — 0z, x)n(dx) —/ u(n, x)m(dz),

B
we find that, for y ¢ B,

D* (L su)(n + 8y) = /B (0 — b0+ 6,,2) (1 + 6,)(dz) — /B u(n + by, )m(dz)

= D*(ulrxp)(n).

Thus, D*(1yx pu) is Ap(T)-measurable. For F € 7, by the Mecke formula, we thus
find that

/DFlrxgudwdm: /FD*(lyxgu)dw
- / E,[F | 2p(T)]D* 1y pu)dr

= /DEW[F|QIB(T)]ud7rdm.

Since u was arbitrary,
Ergm[DF | A5(T) @ Bp(X)|lrxs = DEL[F | Ag].
Thus, for F' € ér(57),

T . T .
/ /Ftdufdt :/ /I[—z,r [Ft
0 0

T
0

mB(T)} djupdt

- —/OT/DFtIEW@m[wtlyxg|QIB(T)®‘BB(X)].
This shows that (7, 7?) solves (CE7).
Combining the two regularizations. — Now we define
i =Exlpf [ Ap(T))],
wi? = Ergm[wflrxp | 2Ap(T) ® Bp(X)].

We also consider the two associated measures (12, 7%8). Note that the two regular-
izations commute, that is we would get the same objects by first applying the regu-
E,B 76,3) iS

larization in space and then in time. From what precedes, we have that (u*",7

a solution to the continuity equation. Differentiating under the integral sign, we get
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that p°% € €1([0,T], L' (w)). The two previous facts show that p5¥ = D*wi?. Fix
k € N, recall 0}, defined in (3.13). We then find that

/ / )dﬂ:/ /Gg(pi’B)D*wi’Bdwds
/ // DO}, (p= B )wsBdrdmds.

As e — 0, we have that p=% — 5% in €°([0, T], L' (n)), and wSB — wB in L' (r @m)
for all almost every s € [0, T]. Thus by dominated convergence, we get that

/Ok (pB) dw—/@k (p8) d7r—/ //DG,C (pP)w! dwdmds-/ /Gk (pBYD*wBards.

By monotone convergence as k — oo, we find that

(4.13) H(pl|m)—H(u|r) = / /longD* Bdwds—/ //Dlong Bdardmads.

By the theorem of almost sure convergence of martingales, we find that p? — p;
almost surely as B — X. By [DMS80, Eq.103.1, p.186], we have that supg p? €
Llog L(m). Thus, the martingale also converges in Llog L(7) by dominated conver-
gence. It follows that we can take the limit in the left-hand side of (4.13).

We now show that we can also pass to the limit in the right-hand side. First of
all, by the theorem of almost sure convergence of martingales which also holds for
o-finite measures [DMS80, §41, p.37], we have that w” — w almost surely. Thus in
order to conclude it suffices to show that (DlogpPw?) is uniformly integrable in
L'(7m @ m®dt). Firstly, by the convexity of (s,t) — (logs —logt)(s —t) and Jensen’s
inequality for conditional expectation

D log pi’ Dupr’ < Ex[Dylog peDape | Ap(T)].
Secondly, by the convexity of (w, s,t) +— w?(log s — logt)/(s — t), Jensen’s inequality
for conditional expectation, and (4.12)

B 2D, log p? 9 D, log p¢
. — 5 < E'}r El Ap(T)|.
(ot 25258 ) < B [uttn) 2520 | ao(r
Finally, writing
2D, log pP
Dy 10gPt Wy (,$)| (Dg logpt Dupy )(| B('ax)’ Digt )
zPt
and using the two previous inequalities together with 2ab < a? + b? yields
D, lo
D2 tog PP | < 5 (ExlD2 og piDaps | U] + B [ ) 2552 () )
z Mt

Since this holds for all x € B and all ¢ € [0, T], we actually have shown that

Dlo
|D10gPBwB|<]Ew®m®dt{ (Dlongp+w ngp)

By [DM80, Th.41.1, p. 38] and (4.10), the right-hand side is the sum of two uniformly
integrable martingales and is thus uniformly integrable. O

Q[B(T) X %B(X) X %(O,T)].
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5. Riccl CURVATURE BOUNDS ON THE POISSON SPACE
5.1. A VARIATIONAL DISTANCE ON THE POISSON SPACE

5.1.1. The Lagrangian functional. — In view of what precedes, it is natural to con-
sider vector fields to be sections of .}, (1" x X). Let us define the length of the tangent
vector v at p. We set

s—1
(s, t) = ———— teR
(85 ) IOgS—IOgt’ s, € Ry,
and wf?
afs, t,w) = 00s.0) weR, s, teRy,
where by convention 0/0 := 0. For convenience, for F' € %, (1) we also write
F =0(F(n),F 0z)) = ————, 7, X.
() = O(F (), F(n+0:)) = g pye nelee

For all p € 21(Y) and v € M o(T x X), let us define
d d d
clu) = [ ¥ e P as,

do do ’5

where 0 € #,o(Y x X) is non-negative such that p ® m, C),, and v are absolutely
continuous with respect to . By homogeneity, the value of the action is independent
of the choice of o. Provided p = pm and v = w(m ®m), in view of (2.3), we can choose

o =7 ®m, and we find that:
|w|?

£e) = [ oo pln-+8,). i) w(ammia) = [ Haram.

We can then interpret £(u,v) as the norm of the “tangent vector” v in the “tangent
space” to Z1 (Y1) at u € .
In view of the convexity of a we immediately get the following lemma.

Lemwva 5.1, The Lagrangian L is jointly convex.
Levwva 5.2 — The map L: P1(Y) x My o(T x X) = Ry is lower semi-continuous.

Proof. — By Theorem 2.11 and since .#, (1" x X) is metrizable, it is enough to estab-
lish sequential lower semi-continuity. Let () C &1(Y) converging to p € £1(T) and
(Un) C Mp0(T x X) converging to v € .44 o(Y x X). Since « is lower semi-continuous
and convex we can write

a(p) =sup{p-q—a*(q): g € Q°},

where o* is the Fenchel conjugate of «. For p and ¢ € Q3, we let o, (p) = p-q—a*(q).
Then, by monotone convergence,

d m dC, d
L(p,v) = / sup aq<uc;g>’ £ V)da
qeQ? o do do

(5-1) d dC,, d
= sup /a pem L do
q€Q? e do ' do 'do
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By (ii) in Proposition 2.12, we find that, for ¢ fixed, the integral in the last line of (5.1)
is continuous on (1) X A 0(Y x X). As a supremum of continuous functions £ is
lower semi-continuous. |

Whenever g in absolutely continuous with respect to m, the following result shows
that we can restrict our study to v € .4 o(Y x X) that are absolutely continuous
with respect to @ ® m. The lemma below is an adaptation to our setting of [Erbl4,
Lem. 2.3]. Since our notation is quite different from this reference, we give a complete
proof.

Levya 5.3, — Let p=pr € P(T) and v € Mpo(T x X) such that L(p,v) < oo.
Then, v is absolutely continuous with respect to ™ ® m.

Proof. — Take A € B(Y) and B € B((X) such that 7(A)m(B) = 0, and o €
Mp0(T x X) non-negative and such that 7 ® m <« o and v < o. The homogeneity
of 6 yields:

0= [ btptaptn+ bm(anmian) = [ o HET LY

do

By positivity of # and o, the integrand vanishes o-almost everywhere on A x B.
By definition of £:

/ |av/do |’
do
6(d(p ® m)/do,dC,,/do)

The above quantity is finite by assumption. Since the denominator vanishes on A x B
so does the numerator. Thus v(A x B) = 0. O

Levva 5.4, — Let p=pr € P(T) and v € Mpo(T x X). Then,

L(Pip. Piv) < L(v), t>0.

Proof. — We can assume that L£(u,v) < oo otherwise there is nothing to prove.
By Lemma 5.3, we have that v = w(m ® m). By (2.3), we find that

L(Piu, Piv) = / a(Pup(n). Pupln + 62), Pyw(n, 2)) d(r @ m).

We conclude by convexity of «, Jensen’s inequality, and invariance of P with respect
to . O

We finish with a useful bound.
Lemma 5.5. Let p € () and v € My (T x X). Then:

WI(A x B) < (4(m(B) + L(B)&(u,1))'*, A €BX), B € Bo(X).
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Proof. — Take o = (u®@m) + C,, + |v| so that we have, u®@m = p'o, C,, = p?c, and
v = wo. We assume that £(u,v) < 0o, otherwise there is nothing to prove. We have
that

[v|(A x B) = / |w|do

AxB

= VO(ph, p?)/a(w, pt, p?)do
AxB

1/2 1/2
<([ ot ac) ([ athpuan)
AxB AxB

([ o) VEm

Bounding from above the logarithmic mean with the arithmetic mean, we have

| a0 Par < [ (o a0 = (um) (T x B) + Cu(X x B,
AxB TXB

which completes the proof, since the second marginal of ;1 ® m is m, and that of C,
is 1. |

5.1.2. The action functional. — We now define the action associated with a curve
e Z(0,1,2(7)). We set

1
Ap) = inf/ L (g, ve)dt,
0

where the infimum runs over all 7 such that (@,7) is a solution to the continuity
equation on [0, 1]. Whenever there is no such 7, we set A(fr) = oo.

As a direct application of Proposition 4.4 and Lemma 5.4, we obtain the following
contraction property for the action.

ProposrTion 5.6. For alle > 0,
A(PIm) < e **A(R).
We now establish that A is a good functional for minimization problems.
Lemva 5.7. The functional A is convew.

Proof. — Let @ and 1’ with finite action. Thus, there exist 7 and 7’ such that (g, 7)
and (@',7') solve (CEr). Let 7 € [0,1]. Then, with 7, = (1 — 7)v + 77’ and i, =
(1 — 7))@ + 7, we have that (@i, ,7,) ~ (CEr). Since £ is convex by Lemma 5.1,
we get:

1
Af,) < / L1 = 7)pe +7ay, (L= T)vp + Tp)dt < (1 - 7)A@) + TAR). O
0
Fix £ € 21(T). We write

e ([0,1), 21(1)) = {7 € €([0,1], Pr(T)) : po = £}
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As a consequence of Theorem 2.11, the space €¢ ([0, 1], &, (T)) is Polish when endowed
with the topology of uniform &7;(1")-convergence.

Lemma 5.8. The functional A: 6¢([0,1], Z1(Y)) — [0,00] is lower semi-continu-
ous.

Lemma 5.9. The action A has compact sub-level sets in €¢([0, 1], Z1(T)).

Proof of Lemmas 5.8 and 5.9. — Let r € (0,00) and set A = {A(f) < 7} N {po =&}
Take (fz,,) C A. Since A(f,) <, for all n € N, there exists U, € #,0(T x X) with
(fi,,, Ur) solving the continuity equation on [0, 1] and

1
A(fi,) </ L(pint, Vng)dt <7+ 1.
0

Let A € B(T), B € By(X), and I € B([0,1]). In view of Lemma 5.5, Theorem 4.9,
and Cauchy—Schwarz inequality for all n € N:

(5.2)
Tal(Ax B x ) < / \J(B) + Ly (B) + [7al(A % B x [0,]) £t g vn)"'?
I

< \Jm(B) + 1y (B) + [7a](A x B x [0,1]) [T|(r +1).
Setting I == [0,1] in (5.2) yields

Dal(A x B x [0,1]) < 1/[7al(A x B x [0,1]) + m(B) + L, (B) (r +1).
Solving explicitly this equation yields

(5.3) [7n|(A % B x[0,1]) < ar + by /m(B) + 1,,,(B),

with a, and b, > 0 depending only on r. This shows that (2.1a) in Theorem 2.2 is
satisfied.

Let us now show that (2.1b) is satisfied. Let £ > 0. By Theorem 2.2, we can find
I'e R(Y), K € R(X), and J € K(]0,1]) such that

0, 1]\ J|+m(B~K)+1,,(BNK)<e.
Now let A:==T x K x J € & x X x [0,1]). Then by (5.2) and (5.3), we get that
7, (T x B x[0,1]) N A) < [7,|((T\T) x (BN K) x ([0,1] \. J))

<e(r+1)y/e+a, + by

Thus, Theorem 2.2 (ii) applies, and, up to passing to a subsequence, we can find
U € Myo(T x X) such that 7,, — 7, as n — oo.
Recall that (7) is the algebra defined in Section 4.2.1. Define,

pi(A) = po(A) + /Ot vp(D1g)dr, AeA(T).

By Corollary 4.11, we find that for all F' € J#, p;(F') is the limit of ' (F). Thus p; is a
non-negative set function on the algebra 20(7") with total mass 1. By Hahn’s extension
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theorem [DS58, Th.II1.5.8, p.136], it can be uniquely be extended to a probability
measure p; on o(A(T)) = B(T). Moreover, since 4 C J, we find that pup —
in (7). A similar argument at the level of intensity measures shows that actually
p = py in 1 (7). By Lemma 4.2, the find that (@, 7) is a solution to the continuity
equation. Thus, by lower semi-continuity of £ (Lemma 5.2), we find that 7 € A. This
shows that A is compact and this establishes the two lemmas. O

As a consequence of the properties of A established above, we obtain the following
result.

Turorem 3.10. Let w € €([0,1], 21(Y)) such that A(r) < oo, then there exists
v € Myo(Y x X) such that (ji,7) solves the continuity equation on [0,1] and

A = [ Sl

5.1.3. The variational distance end the entropic costs. We now define our distance W.
Actually, we derive our entropic curvature for W through properties of a regularized
version of it.

Derinirion 5.11. — For € > 0, we define the entropic cost by
1
3 (&0, 61) = inf{fl(u) + 5/ Ipe | m)at = po = o, 1 = fl}~
0

We also set W := 35/2.

We call the quantity J. the entropic cost in analogy with the continuous setting (see
[GT21] and the references therein). It can be thought of as an entropic regularization
of W. Properties specific to W are studied below.

Tueorem 5.12. — Let e > 0 and & and & such that J-(£0,&1) < oo. Then, there
exists (i, %) solving the continuity equation such that

1 1
0. (60.61) = / L0, vf)at + / I(ps5 | m)at.

Proof. — Since ¢ is fixed, in this proof we drop the dependence on & whenever no
confusion may arise. The relative Fisher information is lower semi-continuous, by The-
orem 3.4, and convex, by Jensen’s inequality. Thus in view of Lemmas 5.7 and 5.8,
we get the lower semi-continuity and convexity of

(5.4) A () = A(R) + e / I | m)at.

Thus the set A. = {A® < r} is closed for all » € (0,00). Clearly, we have that
A; C {A < r}. Thus, A is relatively compact by Lemma 5.9. The result follows from
standard optimization arguments. |
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TarorEm 5.13. Let & and & such that Jc,(£0,&1) < oo for some e, > 0. For
e € (0,e,), write (u°,7°) for a minimizer of J-(&o,&1). Then, we have that

d=(&0,&1) o W2 (&, &)

Moreover, up to passing to a subsequence
(1 7°) —— (m,7),
e—0t

for a minimizer (i, U) for W(&o,&1).

Proof. — Let us write r := J._(&,&1) +1 < 00, and A := {A® < r}. Since the family
(A®) is decreasing in € when regarded as functionals on A, we have

de(80,&1) = inf{A°() : po = &0, p1 = &1, € A}

On A, we have that A® N\, A pointwise, and that A is lower semi-continuous. Thus,
by [Dal93, Prop.5.7], A® I'-converges to A on A. Now, since A® > A and since A
has compact sublevel sets, the first part of the claim follows from [Dal93, Prop. 7.7
& Th.7.8]. The second part of the claim follows from [Dal93, Cor. 7.20] provided we
can show that {(i°,7°) : € € (0,&,)} is compact. We argue as in Lemma 5.9. Indeed,
by construction ii* € {A® < r} C {A < r}. Thus, (5.2) holds with € in place of n and
the rest of the argument is the same. 0

We now study the properties of W. We start with a classical argument.

Levva 5.14. — For all T >0, and & and & € P4 (T):

T
W(&,&1) = inf{/ L2 (g, vy)at « (1, 7) ~ (CEr), po = &o, pr = 51}-

0
Proof. — Follows from a standard reparametrization argument. For instance, combine
[DNS09, Th. 5.4] with Lemma 4.5. a

We now summarize the main properties of W.

Tureorem 5.15

(i) The map W defines an extended distance on P1(T).

(ii) The topology induced by W on H1(T) is stronger than that of 21(T).

(iii) The map W is lower semi-continuous on P1(T) x P21(T).

(iv) Bounded sets with respect to W are 21(T)-relatively compact.

(v) For every n € P1(Y) the accessible component {W(n,-) < 0o} is a complete
geodesic space when equipped with 'W.

Proof

(i) The symmetry is immediate. We obtain the triangle inequality by concatenation
and using Lemma 5.14. Now take & and & € 221(T) with W(&y,&1) = 0. By Theo-
rem 5.12, take & realizing W(&p,&1). Then A(f) = 0, thus 7 = 0 and &, = & . This
shows that W is an extended distance.
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(ii) Let (&) € Z21(Y) and £ € Z1(T) be such that W(,,£) — 0. For all n € N,
take (f,,, 7p) realizing the infimum in W(&,, §). Let (hg) C %o(X) be as in Lemma 2.5.
For all k € N, set Gy, :== e™*"», By, € Bo(X) such that DG, = 0 outside of By. Arguing
as in the proof of Theorem 4.10, and then using Lemma 5.5, we find that

’/de@n —5)’ < [7al(T % By x [0,1)

N

1
/ (m(Br) + Ty o (B1) L (s ) V2t
0

Thus, by Lemma 2.5, we find that &, — £ with respect to the £(T")-topology. Take
h € €5(X). By Theorem 4.9 and Lemma 5.5, we find that

e, (h) = Le(h)| < [7al(1 @2 @ 110,1)

1
< [ )+ B 0) B 00) e
< OW(&,, ),

for some constant C' > 0 depending on h. This shows that I, — I in #(X).
By Proposition 2.12; we find that &, — £ in £1(7).
(iii) Fix r > 0, we want to show closedness of the set

A= {(&x) € 21(T) x 21(T) - W(& x) <7}

Let (&,,) and (x») C A converging respectively to £ and x € 71(7). By Theorem 5.12,
for all n € N, there exists a solution to the continuity equation (f,,,7,) realizing
W(&,, Xn)- Since &, — & and x, — X, arguing as in the proof of Lemma 5.9 we can
find (@, 7) solving the continuity equation and joining £ to x. Thus, by Lemma 5.8,
we find that

W(x. &) < A(R) < liminf A(7,) = lim inf W(x, &,)-
n— 00 n—oo

(iv) Follows from Lemma 5.9.
(v) The geodesic property follows from Theorem 5.12, the geodesic being given by
the minimizing curve 7. The completeness follows from (iii) and (iv). O

The quantity J i/ ? is not a distance for € > 0 (the reparametrization argument given
in Lemma 5.14 does not work here). However, we have the following quasi-triangle
inequality.

Prorosition 5.16. — Let &y,&1,& € P1(T) and e > 0. Then,
36(§0a§2) < 238(§0a§1) + 236(517§2)'

Proof. — We assume that the right hand side is finite. Let (z',7') and (2, 7?) real-
izing the two infima. By concatenation, using Lemma 4.5 and that the Lagrangian is
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quadratic in v, we find that
1/2 1/2
do<a [ lubordgates [ 30 mat
0 0

1 1
4 / L(iy 1 v )dt + / W2, | m)at
1/2 1/2

This gives the claim by an immediate change of variable and since £/4 < e. O

5.2. Tue ceomerry or (Zom H, W)

5.2.1. The metric space (ZomH, W). — We first show that Theorem 5.15 is non-
trivial by showing that Yom H yields an example of an accessible component for W.
The central tool is the following Talagrand inequality.

Turorem 5.17. — For all p € 21(7),
(5.5) W2 (p, ) < 2H(p | 7).
Moreover, for all p € ZPomH and all e > 0,

Je(p,m) < o0.

Remark 5.18. Classically, the Talagrand inequality is a consequence of the convex-
ity of the entropy (Theorem 5.28). Since W can be infinite, we derive the Talagrand
inequality a priori by other means.

Proof. — We show (5.5) first. We can assume that 4 € Zom H otherwise the claim
is empty. Let T > 0. Respectively by Proposition 4.3 and Remark 4.14, (3.8), and
(3.11), we find that

T
Wi, Pipt) < / WPy | m) 2at

/ (Piulm)
H(Pru|m)/2

d
= —2/0 d—tJ{(Pf,uhr)l/zdt

= 20(p | m)"/* = H(Php | m)' /2.

We conclude by letting T — oo, and by lower semi-continuity of W (Theo-
rem 5.15 (iii)).

Now let us prove the second part of the claim. On the one hand, since p € Yom H,
by (3.10) and Proposition 4.3, we see that _#.(u,Psu) < oo for all 6 > 0. In view of
Proposition 5.16, it is thus sufficient to show that _#.(Pju, ) <oo. Since W(p, 1) < oo
by the first part, we can consider a solution (&, 7) to the continuity equation mini-
mal for W(u, m). Applying Proposition 4.4 to this solution, and using that Pjm = =
yields that (P}z, e e 9P 37) is an admissible candidate for the minimization problem of
J<(Psp, 7). Furthermore, by (3.10), we find that it has finite e-energy. The proof is
complete. O
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The following definition is thus very natural.

Derinirion 5.19. — We write &77(Y) for the W-closure of Zom K.

The following is a consequence of Theorems 5.15 and 5.17.
Cororrary 5.20. — The space (25 (1), W) is a complete geodesic space.
Remark 5.21. We have

JomH C 1 (T) C 21(T).
A priori each inclusion could be strict.

Prorosirion 5.22. — Fiz p and £ € 27(T) then

d+
—W(Piu, &) < VI(Pfu|m), t>0.

dt

Proof. — Assume that p = pm € PQom7J, otherwise there is nothing to prove. Write,
for t > 0, s = P;p and vy := Dpd(m ® m). By Proposition 4.3, (&, 7) is a solution to
the continuity equation, and

L(pesve) = e | 7).
Thus by Proposition 5.23, we get:

t+s t+s
Wit 0r€) — Wiyies €) < Wipiess, ie) < / ouldu < / NTRELD
t t

The claim immediately follows. O

Recall that a curve i € .7 ([0, T], 221(Y)) is absolutely continuous with respect to W
provided there exists g € L*(0,T) such that:

t
W(,“’S?/”’t) g/ g(T‘)d?”, O<S<t<T

By definition the metric derivative of [ is the minimal ¢ in the above inequality
denoted by t — |fi|. Recall from [AGS08, Th. 1.1.2], that, for almost every t € (0,7,

w
|,[Lf| = lim (,ut—i-sa N’t) )
e—0 £

Prorosrrion 5.23. The curve i € €([0,T], 2{(Y)) is absolutely continuous with
respect to W if and only if there exists v € My o(Y x X) such that (i, 7) ~ (CEr)
and

T
/ L(pg, vy)dt < 0.
0

In this case, |fu|®> < L(pe,ve) for almost every t € [0,T]. Moreover, there exists a
unique V' € My (Y x X) such that (@, v') ~ (CEr) and

(5.6) e = L(ue,v)), for a.e. t €[0,T).

Proof. — See [DNS09, Th. 5.17]: the precompactness result in [DNS09, Cor. 4.10] cor-
responds to Lemmas 5.8 and 5.9. O
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In the previous section, we have informally chosen .}, ¢(7 x X) to be the tangent
space of &21(T). However, it would be natural to consider only vector fields that have
minimal Lagrangian. In order to do so, observe that if (&,7) and (jz,7') solve the
continuity equation, then for all ¢ € [0,1], v; — v} is divergence-free, in the sense that

(vy —v))(DF) =0, Fe2.
This leads to the following definition of the tangent space, for p € 225 (7),
T,2:(Y) ={v e Mol xX): L(p,v) < L(p,v+1) <oo, v divergence-free}.
From Proposition 5.23 and this definition, we get the following result.
Cororrary 5.24. — Take (L, V) a solution to the continuity equation such that T is

absolutely continuous with respect to W, and p, € 25 (), for allt € [0,1]. Then, U is
the unique solution to (5.6) if and only if vy € T,,, 21 (T).

As in the Euclidean case [AGS08, §8.1], we obtain an explicit representation of the
tangent as a closure of gradient fields.

Prorosirion 5.25. — Assume that p = pr € P7(T). Then, T,2{(Y) is the set of
measures v = w(m @ m) such that w is in the L?*(m @ m)-closure of {DF : F € #}.

Proof. — In view of Lemma 5.3, the claim follows by observing that v/ = w'(r @ m)
is divergence-free if and only if [ DFw'drdm = 0 for all F € J# and that the space
of such densities is the orthogonal space to the space of gradient fields. (|

5.2.2. Evolution variation inequality and entropic curvature bounds. We now estab-
lish the main results of the paper, namely we show that of the Ornstein—Uhlenbeck
semi-group is the gradient flow of the relative entropy on (£5(1"), W, 7). Despite W
being an extended distance on &;(Y"), the space (Z5(T), W, ) is a metric measure
space in the usual sense (that is, not extended).

Following Proposition 5.6 and Theorem 5.17, the following contraction estimates
hold.

Tueorem 5.26. — For po and puy € 21(T), and t > 0:

(5.7) W(PF 10, Pip1) < e "W(po, p11);
(5.8) W(P} o, m) < e  H(pg | 7).

We now establish a much stronger relationship between W and H by showing that
P* is the gradient flow of the entropy with respect to W.

Turorem 5.27. — The space Yom H is geodesically convex with respect to W. Further-
more, the following Fvolution Variation Inequality holds: for all u and & € Yom H,

1d 1 .
BV 3P| m)+ 5 o WAPL ) + s WAPL ) < H(E|m), 520,
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Proof. By the semi-group property of P*, it suffices to show the claim at s = 0.
Our strategy consists in starting from a minimizing curve (@, 7) for W(u, &) and
§ > 0 construct a deformation (@°,7°) that is admissible for W(P%u, €) and then use
estimates from the previous section in order to control W(P}u, &) — W(u, §). However,
since the Ornstein—Uhlenbeck semi-group is only regularizing from Yom H to YomJ,
and we have a priori no information on the regularity of geodesics, we implement
this strategy in two steps. First, we use the entropic cost J. for which we know that
minimizing curves are in the domain of the Fisher information, in order to derive a
weaker version of (EVI) for J., and for W passing to the limit. Second, we can use this
weak (EVI) in order to deduce that Zom K is geodesically convex, thus gaining some
regularity of geodesics. This regularity is sufficient in order to reimplement the above
strategy but directly at the level of W rather than J.. Since W has more structure
than J. we can deduce (EVI).

Approximation of minimizers via the Ornstein—Uhlenbeck semi-group. — Let ¢ > 0.
By Theorem 5.17, we get that J.(u, &) < oo. By Theorem 5.12, we can consider (ii°, 7°)
solving the continuity equation and realizing J. (i, £). By the finiteness of J(u$ | 7) for
almost every t € [0, 1] and Theorem 4.10, we can write, for all ¢ € [0, 1], u§ = p§= for
some probability density. By Lemma 5.3, we can take vf = w$(m ® m). Recall that
by Proposition 4.3, we can use the Ornstein—Uhlenbeck to construct solutions to the
continuity equation from a fixed initial measure. Here we use a similar strategy with
an additional correction taking into account that & also depends on ¢t. Namely, for all
6 > 0, we define

0 0
py” = Pispg = py°

V0 = e TOPUE — 6DPyspf (r @ m) = wi (r @ m).

By construction, we have ,uf)"s = pg = ¢ and ui’é = Pju. Let us show that (7=, 7°%)
solves the continuity equation. Indeed, let F € €1(]0,1],.%). By definition of L,
we have

(59) OiPisFy = OLPsFy + PsO F.

By definition of P* and (5.9),

1 1
/ /atFth;;ufdt = / / P(;tatFtduidt
0 0

(5.10) )
= / /(5‘tPt5Ft — §LPt5Ft)dILL§dt
0

On the one hand, since, by definition, (z°,7°) solves the continuity equation, and
since DPys = e %9P,5D, we have that:

1 1 1
(5.11) / / OiPs Frdpsdt = — / / DP;sFidvidt = — / / e P Fdugdt.
0 0 0
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On the other hand, since L and P commute, and by integration by parts between L
and D provided by the Mecke formula

1 1
0 0

combining (5.10), (5.11) and (5.12), we find that

1
/ / O, Fydpsdt = / / DF,dvi°d

That is to say that (7%, 7%°) solves the continuity equation.

Lizpansion of the Lagrangian along the approximation. By the Cauchy—-Schwarz in-
equality,

/ /|Dlogp‘€‘S =0ld(m @ m)dt

1/2/D1 1/2
//‘DlogpaéDsé‘ ‘%wf’é‘ d(m ® m)dt

1
<(/ﬂm|>ﬁ/amﬁﬁ%w)
0 0

Using that (a + b)? < 2a® + 2b%, we get

1/2

1 1
| et i< [ e P, Pigviar
0 0

1 2
DPyspi|
+ 52/ / | d(m @ m)dt
0 0(Pisp; + DPyspi, Pispi) ( )

By Lemma 5.4, the first term is not larger than A(i®) which is finite by construction.
The second term is, by definition, §2 fol J(Prsps | m)dt. By the contractivity of the
Fisher information along the Ornstein—Uhlenbeck semi-group and the assumption

on 4, we have that

1 1
/J(u§’5|7r)dt</ I | m)dt < oo.
0 0

Thus, we have established that

1
(5.13) / /|Dlog PSP w |d(r @ m)dt < oo.
0
By definition, we have that
wy’ - eft‘sPt(;wf — 5Dp§’5

Using that (a — b)? = a? — 2(a — b)b — b?, we find that

|wt6,6|2 _ e72t6|Pt6w§|2 _ 2511):76D,0?6 _ 62\Dp§’5|2.
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Thus, for ¢ € [0, 1], expanding the square in this way in the definition of £, we get
(5.14)

g0 g0 — * * £,0 c,0 £,0
L(ug® g ) = e 2L (P, Plsvy) — 25/“’1& Dlog py°d(m @ m) — 62 I(u” | ).

The first quantity is finite by Lemma 5.4, the second term is finite by (5.13), and
the last term is finite by assumption. Using that J > 0 and the contraction estimate
Lemma 5.4 for the Lagrangian yields:

(5.15) L(us,vi ) = L(u5, vf) < (e72 — l)ﬁ(ui,l/f)—25/wf’6D10gp§’5d(7r®m)~

The Ornstein—Uhlenbeck semi-group is an EVI1(0)-gradient flow. — By Theorem 4.12,
we find that

d
(5.16) % H(us® | ) = / Dlog p5ws’d(m @ m).

Since (7°,7°) is a minimizer for J.(u,¢), and since (7%, 75?) is admissible for

J-(P5p, &)
1
(5.17) 35(P§u,§)—35(u,§)</0 (L(pg°,v5°) = L(u§, vf))dt

1
we [ @0 7 - 308 | )

The second term in the right-hand side is non-positive by the contractivity of the
Fisher information along the Ornstein—Uhlenbeck semi-group. Since £ > 0 we can
discard the first term in the right-hand side of (5.15), and by Theorem 4.12, this
gives

d
Ly v7") = L5 v7) < —200 H (i | ).

Reporting in (5.17) yields

(5.18) 3(P31,€) — 3=(p, &) < —20(H(Pjp | ) — H(E | m)).

In (5.18), we first let € — 0 and invoke Theorem 5.13, and then divide by 24 and take
limsup;_,o+. This yields

a+
ds
Using the semi-group property of P* this yields that P* is an EVI(0)-gradient flow
of 3. In particular, by [DS08, Th. 2.1], we have that Yom XK is geodesically convex.

H(p | m) + S Tamo g WL E) < T(E | m).

The Ornstein—Uhlenbeck semi-group is an EVI(1)-gradient flow. — Now we repeat the
argument above working directly with W2. By Theorem 5.12, take (ji,7) realizing
W2 (i, €). By the geodesic convexity of Zom H, we find that, for all t € [0, 1], s = py,
and thus v, = w,m ® m by Lemma 5.3. Construct (7z°,7°) as above. By Lemma 5.14
and the Cauchy—Schwarz inequality, we have that

1 1
W MK\/ [ etar [ e at
0 0

JEP — M., 2024, lome 11



1006 .. DELLo Scmiavo, R. Herry & K. Suzukr

For all t € [0,1], s € Zom K, thus ! € ZomJ by (3.10). Actually, by (3.11), we find
that (4.10) in Theorem 4.12 is satisfied. In particular, we obtain an expression similar
o (5.14) for (@, 7%). Since J > 0, and using Lemma 5.4, we get that

W2 (P5p, € [ Pistie, Pisve)d 25/ (g |7T)dt]
(5.19)

[ L(pt, ve)dt — 25/ H(p | W)dt}

1 —28
1—e
9) = G = —
a)= [ e N
By integration by parts, we find that
1 1
d
(5.20) /0 S50 | m)at = 2 H(Piu | ) — H(E | ) — 25 /0 o218 38 | m)at

Substituting (5.20) in (5.19), and using that (jz,7) is a minimizer for W?(u, £), we get

1
W2 (PR3, €) — W2(s1.) < (al6) — 1) / £, v)at
+25a(8) [FH(& | 7) — e H(Pyu | m)]

1
+ 4a(5)52/ X H (1l | w)at
0

Dividing by ¢ and taking lim sups_,+, and using the lower semi-continuity of 3 and
that H decreases along P yields

da+
O o WHPLIL€) € W21 €) + 2(9(€ | ) — (s | ).
which is exactly (EVI) for s = 0. This yields (EVI) for all s by the semi-group property

of P*. |

where

We now draw two standard conclusions from the above Evolution Variation In-
equality.

Turorem 5.28. The relative entropy is strongly 1-geodesically convex. That is, for
every po and py € YomH, for every geodesic {u; : t € [0,1]} joining uo to p1,

F(pe | 7) < (L= ) H(po | ) + ¢ H(pa [ 1) — 5¢(1 — )W (o, pua), ¢ € [0, 1].

Proof. — Tt suffices to verify the assumptions in [DS08, Th. 3.2]. The ambient metric
space is (27 (), W), cf. Corollary 5.20. The entropy H( - |7) is lower semi-continuous
by Lemma 3.3 and bounded below; [DS08, Eq. (3.2a)] is (3.10); [DS08, Eq. (3.2b)]
follows from (3.11) since J(- | w) > 0; and [DS08, Eq. (3.2¢)] is (EVI). O

The descending slope of H at p € Zom H plays the role of the length of the gradient
in our non-smooth setting:

et g (O T) — 9(E ),
D7 31w) ._1§Hup W(p, &)
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Turorem 5.29. The Ornstein—Uhlenbeck semi-group is a gradient flow of the entro-
py in the following sense:

- d
D™ HP(Pip) = = H(Pip [ m) = I(Pip | m).

Proof. — This is a standard consequence of (EVI), see e.g. [AG13, Prop.4.6]
or [MS20, Eq. (3.17)]. As in the proof of Theorem 5.28, it suffices to verify that (- |7)
is a lower semi-continuous functional bounded below and with dense domain in the
metric space (Z7(7), W). O

We also have the following Poisson equivalent of the celebrated HWI inequality.
Turorem 5.30. Let € Z(T). Then:

H(p | 7)< Wit m) VTG ) — 5 W2 3t 7).

Proof. — The proof is identical to [EM12, Th.7.3]. The equivalent of [EM12,
Prop. 4.1] in our setting is Proposition 5.22. ]

6. APPENDIX

Levma 6.1. — Let (E,. %, m) be a o-finite measure space, and B C .F be a family of
measurable sets such that

(a) there exists an m-negligible set N and a countable nested exhaustion
(Bn)nen CB of E ~ N additionally such that for every B € ‘B there exists
n €N so that B C B,.

Forp e [l,00) let
LP

loc

(E)={f e L%E):|f1s|» < oo, B € B}
be endowed with the topology induced by the family of semi-norms

1fllp.5 = IIf 15]lLe-
Then, LY (E) is a Fréchet space. Further let q be the Hélder conjugate exponent to p.

loc

Then, T € LY (E)* if and only if there exists B € B and gp € LY(E) with gg = 0

loc

on B~ B and such that
7(7) = [ apfam. 1€ L (B).

(E) = LV

loc

Proof. — Tt is clear that LI (E ~ N), thus we may and will assume

with no loss of generality that N = @. By (a) and monotonicity of the semi-norms
B | |Ip,B, the topology of L (E) is induced by the countable family of semi-norms

|l llp,B, with (By), as in (a); thus L} (F) is a Fréchet space.

loc

Now, let T'€ LI _(E)*. By continuity of T' there exist k €N, constants a1, ..., a; >0,

loc

and sets By, ..., By, € B so that |T(f)] < X0, ai||fllp.5, for all f € LF._(E). Setting
a = max;<y a;, again by (a) there exists B € 9B so that

TN < aklfllp.s, | € Lige(E).
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Consider the map 1p: LY (E) — LP(B). By the above inequality, ker1p C ker T,
hence T = Ty o 1p factors over some T € LP(B)*. Since (B, mp) is o-finite, Tg is
represented by some function g € L1(B) in the standard way. Letting gp denote the

extension by 0 of g € LY(B) to E, we have therefore that
T(f) =Tp(1pf) = / glpfdmp = / gpfam, fe€ Lj, (E).
B E
The reverse implication is straightforward. O

Remark 6.2. — We note that the previous lemma applies to every metric measure
space (E,d, m) when B = B,(E) and m is finite on By (E).
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